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1. PRELIMINARIES
One can prove the following three propositions:

(1) For every integerholdsi is even iffi — 1 is odd.
(2) For every integerholdsi is odd iffi — 1 is even.

(3) LetX be atrivial set andc be a set. Supposec X. Let f be a function fromX into X.
Thenx is a fixpoint of f.

Let A, B, C be sets. Observe that every function frérinto CB is function yielding.
The following three propositions are true:

(4) For every function yielding functiofi holds Subrngf = rngf.
(5) For all setsA, B, x and for every functiorf such thak € Aandf € B” holds f(x) € B.

(6) For all sets\, B, C such that ifC = 0, thenB = 0 or A = 0 and for every functiorf from A
into CB holds dom f(k) = A— B.

Let us mention thad is function yielding.
In the sequeh denotes a natural number apdg, r denote elements of HP-WFF.
The following proposition is true

(7) For every sex holds0(x) = 0.

Let A be a set and leéB be a functional set. One can verify that every function frémto B is
function yielding.
One can prove the following propositions:

(8) For every seK and for every subse¥ of X holds[0+—— 1,1+ 0] - Xax = Xacx-
(9) For every seX and for every subsék of X holds[0— 1,1+ 0] - Xac x = Xax-
(10) Forallsets, b, x,y, X,y such thah # band[a— x,b—y] = [a— X/,b— y'] holds
x=X andy=Y.
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(11) For all sets, b, x, y, X, Y such tha # b andx € X andy € Y holds[a— x,b+—y] €
Miar— X,b—Y].

(12) For every non empty s&t and for every functiorf from 2 intoD there exist elementd,
dy of D such thatf = [0— di,1+—— dy].

(13) For all sets, b, ¢, d such that # b holds[a+— ¢,b+——d]:-[a+— b,b— & = [a+—
d,b—¢].

(14) For all sets, b, c, d and for every functiorf such thati# b andc € domf andd € domf
holdsf -[a— ¢,b+—d] = [a+—— f(c),b— f(d)].

2. THE CARTESIAN PRODUCT OFFUNCTIONS AND THE FREGE FUNCTION

Let f, g be one-to-one functions. Note tHat, g is one-to-one.
We now state several propositions:

(15) LetA, Bbe non empty set§;, D be setsf be a function fronC into A, andg be a function
fromD into B. Thenty(AxB)-[f,g]= f-m(CxD).

(16) LetA, Bbe non empty set§;, D be setsf be a function fronC into A, andg be a function
from D into B. Thentk(Ax B)-[ f,g9] =g -m(C x D).

(17) For every functiory holds0 < g = 0.

(18) For every function yielding functioh and for all functiong, hholdsf <, g-h= (f-h) «r
(g-h).

(19) LetC be a setA be a non empty sef, be a function fromA into C@uase gndg be a
function fromAinto 0. Then rndf < g) = {0}.

(20) LetA, B, C be sets such that B = 0, thenA = 0. Let f be a function fromA into C® andg
be a function fromA into B. Then rngf «pg) C C.

(21) For all setd\, B, C such that ifC = 0, thenB = 0 or A = 0 and for every functiorf from A
into CB holds dom Fregd ) = BA.

(23E] For all setsA, B, C such that ifC = 0, thenB = 0 or A= 0 and for every functiorf from
Ainto CB holds rng Freggf) C CA.

(24) LetA, B, C be sets such that@ = 0, thenB =0 or A= 0. Let f be a function fromA into
CB. Then Fregéf) is a function fromB” into CA.

3. ABOUT PERMUTATIONS
The following proposition is true

(25) For all setd\, B and for every permutatioR of A and for every permutatio® of B holds
[P, Q] is bijective.

Let A, B be non empty sets, I€ be a permutation of, and letQ be a function fronB into B.
The functorP = Q yields a function fronB” into BA and is defined by:

(Def. 1) For every functiorf from Ainto B holds(P = Q)(f) =Q-f-P~L.

Let A, B be non empty sets, I& be a permutation oA, and letQ be a permutation dB. One
can verify thatP = Q is bijective.
We now state three propositions:

1 The proposition (22) has been removed.
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(26) LetA, B be non empty set® be a permutation oA, Q be a permutation 0B, andf be a
function fromAintoB. Then(P= Q)" 1(f)=Q!. f.P.

(27) For all non empty set&, B and for every permutatioR of A and for every permutatio®
ofBholds(P= Q) 1=P1=0QL

(28) LetA, B, C be non empty setd, be a function fromA into CB, g be a function fromA into
B, P be a permutation 0B, andQ be a permutation of. Then((P= Q) f) «f (P-g) =

Q- f«ra.
4. SET VALUATIONS

A SetValuation is a non-empty many sorted set indexeti by
In the sequeY is a SetValuation.
Let us conside¥. The functor SetVa¥ yields a many sorted set indexed by HP-WFF and is
defined by the conditions (Def. 2).
(Def. 2)(i) (SetVaV)(VERUM) =1,
(i) for everyn holds(SetVaV)(propn) =V (n), and
(i) forall p,gholds(SetvVaV)(pAq) = (SetvaV)(p), (SetVaV)(q) ] and(SetvaV)(p=
q) = (SetvaV)(q)(SetaV)(p),
Let us conside¥, p. The functor SetVdV, p) is defined by:
(Def. 3) SetValV, p) = (SetVaV)(p).

Let us consideY, p. One can check that SetV#l p) is non empty.
One can prove the following propositions:
(29) SetvalV,VERUM) = 1.
(30) SetValV,propn) =V(n).
(31) SetValV,pAq)=[SetvalV,p), SetvalV,q)].
(32) SetvalV, p= q) = (SetvalV,q))Setvalv.p),
Let us consideY, p, . Observe that SetV@Y, p=- q) is functional.
Let us consideW, p, g, r. One can check that every element of SefVah = (q=-r)) is
function yielding.
Let us consideY, p, g, r. One can check that there exists a function from SéWal=- q) into

SetValV, p = r) which is function yielding and there exists an element of SéWal=- (q=r))
which is function yielding.

5. PERMUTING SET VALUATIONS

Let us consideY. A function is called a permutation &f if:
(Def. 4) domit=N and for everyn holds itn) is a permutation o¥ (n).

In the sequeP is a permutation o¥ .
Let us consideWV, P. The functor Perr® yields a many sorted function from SetValnto
SetVaV and is defined by the conditions (Def. 5).

(Def. 5)(i) (PermP)(VERUM) = idy,
(i) for everyn holds(PermP)(propn) = P(n), and

(iii) for all p, qthere exists a permutatigu of SetValV, p) and there exists a permutatigh
of SetValV, q) such thatp’ = (PermP)(p) andq’ = (PermP)(q) and(PermP)(pAq) =[P/,
g ]and(PermP)(p=q)=p =d.
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Let us consideV, P, p. The functor PerrfP, p) yields a function from SetV&V, p) into
SetValV, p) and is defined as follows:

(Def. 6) PerntP, p) = (PermP)(p).
Next we state four propositions:
(33) PerntP,VERUM) = idsetvalv,vERUM)-
(34) PerniP, propn) = P(n).
(35) PerntP pAq) =[Pern(P,p), Pern(P,q) .

(36) For every permutatiop’ of SetValV, p) and for every permutatiogf of SetValV,q) such
thatp’ = Perm(P, p) andq = Perm(P,q) holds PerniP,p=q)=p = (.

Let us consideY, P, p. Observe that Per(®, p) is bijective.
One can prove the following propositions:

(37) For every functiorg from SetValV, p) into SetVa(V,q) holds (Perm{P,p = q))(9) =
Pern(P.q)-g- (Pern(P.p))~*.

(38) For every functiorg from SetVa(V, p) into SetVa(V,q) holds (Perm(P,p = q))(g) =
(Perm(P,))~*-g-Pern(P. p).

(39) Forallfunctiond, gfrom SetValV, p) into SetVa(V, q) such thatf = (Perm(P,p=-q))(9)
holds PerniP,q) -g = f - Perm(P, p).

(40) LetgivenV, P be a permutation df, andx be a set. Supposeéis a fixpoint of PerniP, p).
Let f be a function. Iff is a fixpoint of PerniP, p = q), thenf(x) is a fixpoint of PerniP, g).

6. CANONICAL FORMULAE

Let us considep. We say thap is canonical if and only if:

(Def. 7) For every/ there exists a setsuch that for every permutatidhof V holdsx is a fixpoint
of Pern(P, p).

Let us note that VERUM is canonical.
Next we state several propositions:

(41) p= (q= p) is canonical.

42) (p=(g=r))=((p=q)= (p=r))is canonical.

(43) pAg=- pis canonical.

(44) pAg= qis canonical.

(45) p= (q= pAQ)is canonical.

(46) If pis canonical angb = g is canonical, thex is canonical.

(47) If pe HP_TAUT, thenpis canonical.

Let us mention that there exists an element of HP-WFF which is canonical.
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7. PsSeubDO-CANONICAL FORMULAE

Let us considep. We say thap is pseudo-canonical if and only if:

(Def. 8) For every/ and for every permutatioR of V holds there exists a set which is a fixpoint of

Perm(P, p).

Let us observe that every element of HP-WFF which is canonical is also pseudo-canonical.

One can prove the following propositions:

(48) p= (q= p) is pseudo-canonical.

49) (p=(q=r))=((p=9) = (p=r)) is pseudo-canonical.

(50) pAqg= pis pseudo-canonical.

(51) pAqg=- qis pseudo-canonical.

(52) p= (q= pAQ) is pseudo-canonical.

(53) If pis pseudo-canonical arl=- g is pseudo-canonical, thepis pseudo-canonical.

(54)

fixpoint of Pern{P, p) and there exists no set which is a fixpoint of P&Pm). Thenp = q
is not pseudo-canonical.

(55) ((prop0O=-propl = prop0 = prop0 is not pseudo-canonical.
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