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Summary. The main goal of the paper consists in proving schemes for defining by
structural induction in the language defined by Adam Grabowski [11]. The article consists of
four parts. Besides the preliminaries where we prove some simple facts still missing in the
library, they are:

- “About the language” in which the consequences of the fact that the algebra of formulae
is free are formulated,

- “Defining by structural induction” in which two schemes are proved,

- “The tree of the subformulae” in which a scheme proved in the previous section is used
to define the tree of subformulae; also some simple facts about the tree are proved.

MML Identifier: HILBERT2.

WWW: http://mizar.org/JEM/Volll/hilbert2.html

The articles[[14],[[10],[[1/7],[[16], [2],[[T2],[T18] [[3],.[9], 113], (8] [[4],[115],[[2],[[5],[[6],[F], and
[11] provide the notation and terminology for this paper.

1. PRELIMINARIES

In this papetX, x are sets.
We now state four propositions:

(1) LetZbe asetantl be a many sorted set indexed By Suppose that for every sesuch
thatx € Z holdsM(x) is a many sorted set indexed kyLet f be a function. Iff =(JM, then
domf =JZ.

(2) For all sets, y and for all finite sequencefs g such thatx) ~ f = (y) ~gholdsf =g.
(3) If (x) is a finite sequence of elementsXfthenx € X.

(4) LetgivenX andf be a finite sequence of elementsxafSuppose # 0. Then there exists
a finite sequenceg of elements oK and there exists an elemehof X such thatf =g~ (d).

We follow the rulesm, n are natural numberg, q, r, sare elements of HP-WFF, afid, T, are
trees.
The following proposition is true

P
(5) (x)eT,TLiff x=0o0rx=1.
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Let us observe thdlis tree yielding.

The scheménTreelnddeals with a treeq and a unary predicate, and states that:
For every element of 4 holds?|f]

provided the following conditions are met:

e Pley], and

e For every element of 4 such thatP[f] and for everyn such thatf ~ (n) € 4 holds
PIf~(n)].

In the sequely, T, are decorated trees.

Next we state three propositions:

(6) Forevery sexand for allTy, T, holds(x-treg(T1, T2) ) (0) = x.
(7)  (x-tregT1,T2))((0)) = T1(0) and(x-treg(T1, T2)) ((1)) = T»(0).
(8) (x-tregT1,T2))[(0) =Ty and(x-treg(T1, T2)) [(1) = To.

Let us considex and letp be a decorated tree yielding non empty finite sequence. Observe that
x-treg(p) is hon root.

Let us considex and letT; be a decorated tree. Note thatregT;) is non root. LefT, be a
decorated tree. Observe thatregT1, T,) is non root.

2. ABOUT THE LANGUAGE

Let us considen. The functor prom yields an element of HP-WFF and is defined by:
(Def. 1) prom= (3+n).
Let D be a set. Let us observe tHathas VERUM if and only if:
(Def. 2) VERUMEe D.
Let us observe thdd has propositional variables if and only if:
(Def. 3) For evenyn holds prom € D.
Let D be a subset of HP-WFF. Let us observe thdtas implication if and only if:
(Def. 4) For allp, g such thatp € D andqg € D holdsp=-q € D.
Let us observe thdd has conjunction if and only if:
(Def. 5) For allp, g such thatp € D andqg € D holdspAq € D.

In the sequel denotes a finite sequence.
Let us considep. We say thap is conjunctive if and only if:

(Def. 6) There exist, ssuch thap=rAs.
We say thap is conditional if and only if:
(Def. 7) There exist, ssuchthap=r =s.

We say thap is simple if and only if:
(Def. 8) There exists such thatp = propn.

The schem&lP Ind concerns a unary predicate and states that:
For everyr holds?(r]
provided the following requirements are met:
e P[VERUM|
e For everyn holds®[propn], and
e For allr, ssuch thatP[r] and?[s] holdsP[r As| andP[r = 9.
Next we state a number of propositions:
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(9) pis conjunctive, conditional, and simple pr= VERUM.
(20) lenp>1.
(11) If p(1) =1, thenpis conditional.
(12) If p(1) = 2, thenpis conjunctive.
(13) If p(1) = 3+n, thenpis simple.
(14) If p(1) =0, thenp=VERUM.
(15) lenp<len(pAq)andlermg<len(pAq).
(16) lenp<len(p=-q)andlem < len(p=-q).
(A7) Ifp=qg~t,thenp=aq.
(18) Ifp~g=r_sthenp=randg=s.
(19) IfpAng=rAs,thenp=rands=q.
(20) Ifp=g=r=sthenp=rands=q.
(21) If propn = propm, thenn=m.
(22) pArgq#r=s.
(23) pAg#VERUM.
(24) pAq# propn.
(25) p=-q# VERUM.
(26) p=-q# propn.
(27) pAg#pandpAgq#aq.
(28) p=q#pandp=q#q.
(29) VERUM # propn.

3. DEFINING BY STRUCTURAL INDUCTION

Now we present two schemes. The scherie MSSExLdeals with a se#d, a unary functor¥
yielding a set, and two 5-ary predicatesQ, and states that:
There exists a many sorted $étindexed by HP-WFF such thdd (VERUM) = 4
and for everyn holdsM (propn) = ¥ (n) and for allp, g holds®[p,q,M(p),M(q), M(pA
)] andQ[p,d,M(p),M(a),M(p=-q)]
provided the following requirements are met:
e For all p, g and for all sets, b there exists a setsuch thatP[p,q,a,b,c],
e Forall p, g and for all sets, b there exists a set such thatQ [p,qg,a,b,d],
e For all p, g and for all sets, b, ¢, d such thatP[p,q,a,b,c] and?[p,q,a,b,d] holds
c=d, and
e For allp, gand for all sets, b, ¢, d such thatQ[p,q,a,b,c| andQ|p,q,a,b,d] holds
c=d.
The schemeédP MSSLambdaleals with a set, a unary functor¥ yielding a set, and two
binary functorsG and A yielding sets, and states that:
There exists a many sorted 9dtindexed by HP-WFF such thall (VERUM) =
A4 and for everyn holds M(propn) = #(n) and for all p, g holds M(pA Q) =
G(M(p),M(a)) andM(p = q) = H(M(p),M(a))
for all values of the parameters.
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4. THE TREE OF THESUBFORMULAE

The many sorted set HP-Subformulae indexed by HP-WFF is defined by the conditions (Def. 9).

(Def. 9)(i) (HP-SubformulagVERUM) = the root tree of VERUM,
(i) for everyn holds(HP-Subformulag propn) = the root tree of prop, and

(i)  for all p, qthere exist tree®’,  decorated with elements of HP-WFF such tpat=
(HP-Subformulag p) andq = (HP-Subformulag(q) and (HP-SubformulagpAq) = pA

g-tree(p’,d') and(HP-Subformulag p = q) = (p = q)-treg(p’,d').
Let us considemp. The functor Subformulae yielding a tree decorated with elements of
HP-WFF is defined by:
(Def. 10) Subformulap = (HP-Subformulag p).

The following propositions are true:

(80) Subformulae VERUM-= the root tree of VERUM.

(31) Subformulae prop= the root tree of prop.

(32) SubformulagpAq) = pAg-treg Subformulag, Subformulagy).

(33) Subformulagp = q) = (p = q)-tregSubformulag, Subformulagj).

(34) (Subformulag)(0) = p.

(35) Forevery elemerftof dom Subformulae holds Subformulap| f = SubformulaéSubformulag)(f).
(36) If pe LeavegSubformulag]), thenp = VERUM or pis simple.

REFERENCES

[1] Grzegorz Bancerek. The fundamental properties of natural numbBetsnal of Formalized Mathematic4, 1989./http://mizar.
org/JFM/Voll/nat_1.html}

[2] Grzegorz Bancerek. Introduction to treedournal of Formalized Mathematic4, 1989. http://mizar.org/JFM/Voll/trees_1.
htmll

[3] Grzegorz Bancerek. The ordinal numbedsurnal of Formalized Mathematic&, 1989.http://mizar.org/JFM/Voll/ordinall.
htmll

[4] Grzegorz Bancerek. Cartesian product of functiodsurnal of Formalized Mathematic8, 1991. http://mizar.org/JFM/Vol3/
funct_6.html.

[5] Grzegorz Bancerek. &ig’'s Lemma.Journal of Formalized Mathematic8, 1991 /http://mizar.org/JFM/Vol3/trees_2.html,

[6] Grzegorz Bancerek. Sets and functions of trees and joining operations of d@esal of Formalized Mathematicd, 1992. http:
//mizar.org/JFM/Vold/trees_3.html|

[7] Grzegorz Bancerek. Joining of decorated trelsirnal of Formalized Mathematic§, 1993.http://mizar.org/JFM/Vol5/trees
4. htmll

[8] Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite seqdemces.of Formalized Mathematics
1,1989.http://mizar.org/JFM/Voll/finseq_l.htmll

[9] Czestaw Bylnski. Functions and their basic propertidsurnal of Formalized Mathematic$, 1989/http://mizar.org/JFM/Voll/
funct_1.html.

[10] Czestaw Bylhski. Some basic properties of setournal of Formalized Mathematicd, 1989. http://mizar.org/JFM/Voll/
zfmisc_1.html.

[11] Adam Grabowski. Hilbert positive propositional calculukurnal of Formalized Mathematic41, 1999.http://mizar.org/JFM/
Volll/hilbertl.htmll

[12] Andrzej Nedzusiako-fields and probability.Journal of Formalized Mathematic4, 1989.http://mizar.org/JFM/Voll/prob_1.
html.

[13] Beata Padlewska. Families of selsurnal of Formalized Mathematic$, 1989 http://mizar.org/JFM/Voll/setfam_1.htmll

[14] Andrzej Trybulec. Tarski Grothendieck set theodpurnal of Formalized Mathematicéxiomatics, 1989http://mizar.org/JFM/
Axiomatics/tarski.htmll


http://mizar.org/JFM/Vol1/nat_1.html
http://mizar.org/JFM/Vol1/nat_1.html
http://mizar.org/JFM/Vol1/trees_1.html
http://mizar.org/JFM/Vol1/trees_1.html
http://mizar.org/JFM/Vol1/ordinal1.html
http://mizar.org/JFM/Vol1/ordinal1.html
http://mizar.org/JFM/Vol3/funct_6.html
http://mizar.org/JFM/Vol3/funct_6.html
http://mizar.org/JFM/Vol3/trees_2.html
http://mizar.org/JFM/Vol4/trees_3.html
http://mizar.org/JFM/Vol4/trees_3.html
http://mizar.org/JFM/Vol5/trees_4.html
http://mizar.org/JFM/Vol5/trees_4.html
http://mizar.org/JFM/Vol1/finseq_1.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/zfmisc_1.html
http://mizar.org/JFM/Vol1/zfmisc_1.html
http://mizar.org/JFM/Vol11/hilbert1.html
http://mizar.org/JFM/Vol11/hilbert1.html
http://mizar.org/JFM/Vol1/prob_1.html
http://mizar.org/JFM/Vol1/prob_1.html
http://mizar.org/JFM/Vol1/setfam_1.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Axiomatics/tarski.html

[15]

[16]

[17]

[18]

DEFINING BY STRUCTURAL INDUCTION IN THE. .. 5

Andrzej Trybulec. Many-sorted set3ournal of Formalized Mathematic§, 1993/http://mizar.org/JEM/Vol5/pboole.htmll

Andrzej Trybulec. Subsets of real numbedsurnal of Formalized MathematicAddenda, 2008http://mizar.org/JFM/Addenda/
numbers.htmll

Zinaida Trybulec. Properties of subselsurnal of Formalized Mathematic$, 1989 http://mizar.org/JFM/Voll/subset_1.htmll

Edmund Woronowicz. Relations and their basic propertideairnal of Formalized Mathematic4, 1989.http://mizar.org/JFM/
Voll/relat_1.htmll.

Received April 23, 1999

Published January 2, 2004


http://mizar.org/JFM/Vol5/pboole.html
http://mizar.org/JFM/Addenda/numbers.html
http://mizar.org/JFM/Addenda/numbers.html
http://mizar.org/JFM/Vol1/subset_1.html
http://mizar.org/JFM/Vol1/relat_1.html
http://mizar.org/JFM/Vol1/relat_1.html

	defining by structural induction in the … By andrzej trybulec

