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The articlesl[4],[6], 5], 71, [3], [1], and[2] provide the notation and terminology for this paper.

1. DEFINITION OF THE LANGUAGE

Let D be a set. We say th&t has VERUM if and only if:
(Def.1) (0) €D.
Let D be a set. We say th&t has implication if and only if:
(Def. 2) For all finite sequencas q such thatp € D andq € D holds(1) ~ p~q e D.
Let D be a set. We say th&t has conjunction if and only if:
(Def. 3) For all finite sequencas q such thatp € D andq € D holds(2) ~ p~q e D.
Let D be a set. We say thét has propositional variables if and only if:
(Def. 4) For every natural numberholds(3+n) € D.
Let D be a set. We say thatis HP-closed if and only if:
(Def. 5) D C N* andD has VERUM, implication, conjunction, and propositional variables.

Let us observe that every set which is HP-closed is also non empty and has VERUM, implica-
tion, conjunction, and propositional variables and every subsit efhich has VERUM, implica-
tion, conjunction, and propositional variables is also HP-closed.

The set HP-WFF is defined by:

(Def. 6) HP-WFF is HP-closed and for every §esuch thaD is HP-closed holds HP-WFE D.

Let us mention that HP-WFF is HP-closed.

Let us note that there exists a set which is HP-closed and non empty.

One can check that every element of HP-WFF is relation-like and function-like.
Let us observe that every element of HP-WFF is finite sequence-like.

A HP-formula is an element of HP-WFF.

The HP-formula VERUM is defined by:

(Def. 7) VERUM= (0).

Let p, g be elements of HP-WFF. The functpes- g yielding a HP-formula is defined as follows:
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(Def.8) p=qg={(1)"p_q.
The functorp A q yields a HP-formula and is defined as follows:
(Def.9) pAQ=(2)"p~q.

We follow the rulesT, X, Y are subsets of HP-WFF anml g, r, sare elements of HP-WFF.
Let T be a subset of HP-WFF. We say thiatis Hilbert theory if and only if the conditions
(Def. 10) are satisfied.

(Def. 10)() VERUMe T, and

(i) for all elementsp, g, r of HP-WFF holdsp=- (q=p) € T and(p=(q=r)) = ((p=
g =(p=r))eTandpArg=peTandpArg=qeTandp=(q= pAq) €T and if
peTandp=qecT,thenqeT.

Let us consideK. The functor CnPoX yielding a subset of HP-WFF is defined as follows:
(Def. 11) r € CnPoxX iff for every T such thafl is Hilbert theory andX C T holdsr € T.

The subset HEFAUT of HP-WFF is defined as follows:
(Def. 12) HPTAUT = CnPo®yp-wer.

The following propositions are true:

(1) VERUM e CnPo.
(2) p=(q= pAQ) € CnPosX.
@) (p=(a=r))=((p=a)=(p=r)) € CnPOX.
(4) p=(q= p) € CnPoX.
(5) pAg= pe CnPoX.
(6) pAg= g€ CnPo.
(7) If pe CnPosX andp =g € CnPosX, theng € CnPo.
(8) If T is Hilbert theory andX C T, then CnPoX C T.
(9) X C CnPo<.

(10) If X CY, then CnPoX C CnPoy.

(11) CnPosCnPo$ = CnPos.

Let X be a subset of HP-WFF. Observe that CnRds Hilbert theory.
The following propositions are true:

(12) T is Hilbert theory iff CnPo3 =T.
(13) If T is Hilbert theory, then HFFAUT C T.

Let us note that HFFAUT is Hilbert theory.
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2. THE TAUTOLOGIES OF THEHILBERT CALCULUS - IMPLICATIONAL PART
The following propositions are true:

(14) p= p<HPTAUT.

(15) If g€ HP_TAUT, thenp = q € HP_TAUT.

(16) p= VERUM € HP_TAUT .

17) (p=9)= (p=p) € HP_TAUT.

(18) (g=p)= (p=p) € HP_TAUT.

(19) (gq=r)=((p=09)= (p=r)) € HP.TAUT.

(20) If p=(q=r) € HP_.TAUT, theng=- (p=r) € HP_TAUT.

(21) (p=9)=((g=r)=(p=r)) € HP.TAUT.

(22) If p=qeHPTAUT, then(g=r)= (p=r) € HP_TAUT.

(23) If p=qgeHP_TAUT andg=r € HP_TAUT, thenp=r € HP_TAUT.

(24) (p=@=r))=((s=qg = (p=(s=r))) e HP.TAUT.
(25) ((p=q)=r)=(q=r) € HP.TAUT.

(26) (p=(q=7r))=(q= (p=Tr)) € HP.TAUT.

(27) (p= (p=10q)) = (p=q) € HP_-TAUT.

(28) q= ((q=p) = p) € HP_TAUT.
(29) Ifs= (g= p) € HP_.TAUT andq € HP_TAUT, thens=- p € HP_TAUT .

3. CONJUNCTIONAL PART OF THE CALCULUS
The following propositions are true:
(30) p= pApecHPTAUT.
(31) pAgeHPTAUTIff pe HP.TAUT andq e HP_TAUT.
(32) pAqeHPTAUTIff gA pe HP.TAUT.

(33) (pAg=r1)=(p=(q=r)) e HP_TAUT.
(34) (p=(g=r))= (pAg=r) € HP.TAUT.
(385 (r=p)=(r=0a) = (r=pAq)ecHPTAUT.
(36) (p=g)Ap=0geHPTAUT.

(37) (p= g ApASs=qeHPTAUT.

(38) (g=s)= (pAg=s) € HP_.TAUT.

(39) (g=s) = (gAp=s) € HP_.TAUT.

(40) (pAs=0q)= (pAS=qAsS) € HP_TAUT.
(41) (p=q) = (pAs=gAsS) € HP.TAUT.

(42) (p=q)A(pAS)=gAs€ HP.TAUT.
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(43) pAg=qApeHP.TAUT.

(44) (p=qg)A(pAS)=sAqeHP.TAUT.

(45) (p=q) = (pAs=sAQ) € HP.TAUT.

(46) (p=q)= (sAp=sAQ) € HP.TAUT.

(47) pA(sAnqQ)= pA(gAS) € HP.TAUT.

(48) (p=q)A(p=9) = (p=gAs) € HP.TAUT.
(49) pAgAsS= pA(gAS) € HP_TAUT.

(50) pA(gqAS)= pAgASE HP_TAUT.
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