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The articles([11],[6],[[14],[115],[18],[[16],.[9].[[2].[7], [[1B], 4], [5], [17],[[8],[10],[12], and 1]
provide the notation and terminology for this paper.

1. PRELIMINARIES

We follow the rules¥V, C, x denote sets an#l, B denote elements of Substitution8&C).
Leta, b be sets. Observe thé{a, b) } is function-like and relation-like.
One can prove the following propositions:

(1) For all non empty setg, C there exists an elemeifitof V-C such thatf # 0.

(2) For all sets, b such thab € SubstitutionSe¥,C) anda € b holdsa is a finite function.
(3) For every element of V—-C and for every seg such thag C f holdsg € V—-C.

(4) V-5CC2vel,

(5) If Visfinite andC is finite, thenv —C is finite.

Let us observe that there exists a set which is functional, finite, and non empty.

2. SOME PROPERTIES OFSETS OFSUBSTITUTIONS
The following four propositions are true:

(6) For every finite elemerat of V--C holds{a} € SubstitutionSeV,C).

(7) 1If A~ B=A, then for every seh such thata € A there exists a sét such thato € B and
bCa

(8) If u(A~ B) =A then for every set such that € Athere exists a sétsuch thab € B and
bCa

(9) If for every seta such thata € A there exists a sdt such thatb € B andb C a, then
WA~ B)=A

LetV be a set, le€ be afinite set, and I&t be an element of F{iv —C). The functor Involved\
is defined by:

(Def. 1) x € InvolvedA iff there exists a finite functior such thatf € A andx € domf.
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In the sequeC is a finite set.
One can prove the following propositions:

(10) For every seV and for every finite se€ and for every elemem of Fin(V—C) holds
InvolvedA C V.

(11) For every se¥ and for every finite se€ and for every elemers of Fin(V—C) such that
A= 0 holds InvolvedA = 0.

(12) For every seV and for every finite se€ and for every elemerA of Fin(V—-C) holds
InvolvedA is finite.

(13) For every finite set and for every elemer of Fin(0—C) holds Involved\ = 0.

LetV be a set, le€ be a finite set, and I& be an element of F{iv —C). The functor—Ayields
an element of FifV —C) and is defined as follows:

(Def. 2) —A={f;f ranges over elements of InvolvBe-C : A\g.clement otvc (JEA = f#£Q)}.
One can prove the following propositions:
(14) A~ —A=0.
(15) IfA=0,then—A={0}.
(16) If A={0},then—A=0.

(17) For every se¥ and for every finite sef and for every elemeni of SubstitutionSeV,C)
holdsu(A™ —A) = LsubstLattv,c)-

(18) For every non empty sgtand for every finite non empty s€tand for every elemer# of
SubstitutionS€¥,C) such thath = 0 holdsp(—A) = T sypstLattv,c)-

(19) LetV be a setC be a finite setA be an element of Substitution$étC), a be an element
of V-C, andB be an element of Substitution®$¢{C). Supposd = {a}. If A~ B =0, then
there exists a finite sétsuch thab e —Aandb C a.

LetV be a set, le€ be a finite set, and l&&, B be elements of Fify -C). The functorA — B
yields an element of F{iv -C) and is defined as follows:

(Def.3) A— B= (V-C)n{U{f(i)\i;i ranges over elements ®—C : i € A}; f ranges over
elements oA—-B: domf = A}.

The following two propositions are true:

(20) LetA, B be elements of Fify »C) ands be a set. Supposec A — B. Then there exists
a partial functionf from A to B such thats = (J{f(i) \ i;i ranges over elements bf-C:
i € A} and dontf = A.

(21) For every se¥ and for every finite se€ and for every elemer of Fin(V—C) such that
A= 0holdsA— A= {0}.

We adopt the following ruleas, v are elements of SubstL&#t C), ais an element 0¥ —C, and
K, L are elements of Substitution$¢{C).
One can prove the following proposition

(22) For every seX such thatX C u holdsX is an element of SubstL#,C).
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3. LATTICE OF SUBSTITUTIONS ISIMPLICATIVE

Let us consideW, C. The functor pseudaomplV,C) yields a unary operation on the carrier of
SubstLattV,C) and is defined as follows:

(Def. 4) For every element of SubstitutionS€¥,C) such that/ = u holds(pseudacompiV,C))(u) =
H(—).

The functor StronglmV,C) yields a binary operation on the carrier of SubstPAIE) and is
defined by:

(Def.5) For all elementas, V' of SubstitutionSe¥,C) such thatu = u and v = v holds
(Stronglmp(V,C))(u, v) = p(u’ — V).

Let us consideu. The functor 2 yielding an element of Fin(the carrier of Substl(&tC)) is
defined by:

(Def. 6) 2¢0=2".
The functor]\ O yielding a unary operation on the carrier of SubstNA(€) is defined as follows:
(Def. 7) (O\uO)(v) =u\ v

Let us consideY, C. The functor AtontV,C) yielding a function fromV —C into the carrier of
SubstLattV,C) is defined by:

(Def. 8) For every elemerat of V—C holds(Atom(V,C))(a) = i{a}.
One can prove the following propositions:
(23) Ik Atom(V,C) = FinUnion(K, singletory -.¢.).
(24) For every element of SubstitutionSe¥,C) holdsu = | ||, Atom(V,C).
(25 (O\WD)WCu.

(26) For every elemena of V-—-C such thata is finite and for every set such thatc €
(Atom(V,C))(a) holdsc = a.

(27) For every elemena of V-C such thatk = {a} andL = u and L~ K = 0 holds
(Atom(V,C))(a) C (pseudacompkV,C))(u).

(28) For every finite elemertof V—-C holdsa € (Atom(V,C))(a).

(29) Letu, v be elements of Substitution$&tC). Suppose that for every sesuch that € u
there exists a sétsuch thab € vandb C cua. Then there exists a sbtsuch thabec u>— v
andbC a.

(30) Leta be a finite element 0¥ —C. Suppose for every elemehtof V—-C such thath € u
holdsb ~ a andum (Atom(V,C))(a) C v. Then(Atom(V,C))(a) C (Stronglmp(V,C))(u, v).

(31) uri(pseudocomplV,C))(u) = LsupstLattv.c)-
(32) un(Stronglmp(V,C))(u,v) C V.

Let us consideY, C. Observe that SubstL&t C) is implicative.
Next we state the proposition

(33) u=v=|%((the meet operation of SubstLaftC))°(pseudacomplV,C), (Strongimp(V,C))°(0\y
0,v))).
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