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Summary. In the article we present antilinear functionals, sesquilinear and hermitan
forms. We prove Schwarz and Minkowski inequalities, and Parallelogram Law for non neg-
ative hermitan form. The proof of Schwarz inequality is based_oh [16]. The incorrect proof
of this fact can be found il [13]. The construction of scalar product in quotient vector space
from non negative hermitan functions is the main result of the article.
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The articles|[18],[[5],[128],[[L],[10],[1¥7],[[8], [[1r],[[3], (2], [21L], ([12],[124],[14],[120],[16], 18], 122],
[14], [15], [11], and [10] provide the notation and terminology for this paper.

1. AUXILIARY FACTS ABOUT COMPLEX NUMBERS
One can prove the following propositions:

(1) Forevery elemerd of C such thata=a holds(a) = 0.

Nat?

(2) Forevery elemerg of C such thati# Oc holds|% + 7|Da(|a)i| =1 andD((% + ﬁf‘a
a) = |a and0((5@ 4 =0@jy. ) = 0,

lal lal
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(3) Forevery elemera of C there exists an elemehbf C such thatb| =1 andd(b-a) = |a|
andO(b-a) =0.

(4) For every elemerd of C holdsa-a = |a|2 4 0i.

(5) For every elemerd of Cg such that = a holds(a) = 0.
6) T = ()~

(™) e iee = Leg.

(8) For every elemerd of Cr such thata # Oc, holds\% +

—&ice)-a) = |a] andO((52 + 2 ic,) -a) =0.
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(9) Forevery elemerg of Cr there exists an elemebbf Cg such thatb| =1 andd (b-a) = |a|
andO(b-a) =0.

(10) For all elements, b of Cg holdsO (a—b) = O(a) — O(b) andO(a—b) = O(a) — O(b).

(11) For all elements, b of Cg such thatd(a) = 0 holdsO(a-b) = O(a) - O(b) andO(a-b) =
O(a) - O(b).

(12) For all elements, b of Cg such thatd(a) = 0 andd(b) = 0 holdsO(a- b) = 0.
(13) For every elemerat of Cg holdsO(a) = O(a).

(14) For every elemera of Cg such thatl(a) = 0 holdsa = a.

(15) For all real numbens sholds(r +0icy) - (S+0ice) =T - S+ Oigg.

(16) For every elemera of Cg holdsa- a = |al? + Oice.

(17) For every elemerst of Cg such that 6< (a) andd(a) = 0 holds|a] = O(a).
(18) For every elemerst of Cg holdsC(a) + O (@) =2-0(a).

2. ANTILINEAR FUNCTIONALS IN COMPLEX VECTOR SPACES

LetV be a non empty vector space structure dierand letf be a functional ivV. We say thatf
is complex-homogeneous if and only if:

(Def. 1) For every vectov of V and for every scalaa of V holdsf(a-v) =a- f(v).

Let V be a non empty vector space structure oller Note that OFunction® is complex-
homogeneous.

Let V be an add-associative right zeroed right complementable vector space-like hon empty
vector space structure ov€g. Observe that every functional Whwhich is complex-homogeneous
is also O-preserving.

LetV be a non empty vector space structure dgr Observe that there exists a functional in
V which is additive, complex-homogeneous, and 0-preserving.

LetV be a non empty vector space structure dverAn antilinear functional of/ is an additive
complex-homogeneous functional\in

LetV be a non empty vector space structure dilerand letf, g be complex-homogeneous
functionals inV. Note thatf + g is complex-homogeneous.

Let V be a non empty vector space structure ollerand letf be a complex-homogeneous
functional inV. Observe that-f is complex-homogeneous.

LetV be a non empty vector space structure oller let a be a scalar oV, and letf be a
complex-homogeneous functionalNn Note thata- f is complex-homogeneous.

Let V be a non empty vector space structure dierand letf, g be complex-homogeneous
functionals inV. Observe thaf — g is complex-homogeneous.

LetV be a non empty vector space structure dvemand letf be a functional iV. The functor
f yielding a functional iV is defined as follows:

(Def. 2) For every vectov of V holds f (v) = f(v).

LetV be a non empty vector space structure dégrand letf be an additive functional iN'.
One can check that is additive.

LetV be a non empty vector space structure dverand letf be a homogeneous functional in
V. Observe thaff is complex-homogeneous.

Let V be a non empty vector space structure ollerand letf be a complex-homogeneous
functional inV. One can verify thaff is homogeneous.

LetV be a non trivial vector space ov€i and letf be a non constant functional \h. Note
that f is non constant.

LetV be a non trivial vector space ov€f. Note that there exists a functional Vhwhich is
additive, complex-homogeneous, non constant, and non trivial.

Next we state a number of propositions:
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(19) Forevery non empty vector space struciii@verCg and for every functionaf in V holds
f=f.

(20) For every non empty vector space structiveover Cg holds OFunctionaV/ =
OFunctionay.

(21) For every non empty vector space structdrever Cg and for all functionalsf, g in V
holdsf+g= f+1.

(22) For every non empty vector space strucii@erCg and for every functionaf in V holds
—f=-1.

(23) LetV be a non empty vector space structure der f be a functional irV, anda be a

scalarofV. Thena-f =a- f.

(24) For every non empty vector space structdrever Cg and for all functionalsf, g in V
holdsf—g=f —7.

(25) LetV be a non empty vector space structure dver f be a functional iV, andv be a
vector ofV. Thenf (v) = Oc. if and only if f (v) = Oc,.

(26) For every non empty vector space strucii@verCg and for every functionaf inV holds
kerf =kerf.

(27) LetV be an add-associative right zeroed right complementable vector space-like non empty

vector space structure ov€f and f be an antilinear functional &f. Then kerf is linearly
closed.

(28) LetV be a vector space ové&lg, W be a subspace &f, and f be an antilinear functional
of V. If the carrier oW C ker f, thenf /\y is complex-homogeneous.

Let V be a vector space oveélr and let f be an antilinear functional of. The functor
QcFunctionaf yielding an antilinear functional of /., is defined as follows:

(Def. 3) QcFunctional = /7.

One can prove the following proposition

(29) LetV be a vector space ov€¥, f be an antilinear functional &f, Abe a vector of /.,
andv be a vector o¥/. If A= v+ Ker f, then(QcFunctionaf)(A) = f(v).

LetV be a non trivial vector space ov€g and letf be a non constant antilinear functional of
V. Note that QcFunctiondlis non constant.

Let V be a vector space ovétr and let f be an antilinear functional of. Observe that
QcFunctionaf is non degenerated.

3. SESQUILINEAR FORMS IN COMPLEX VECTOR SPACES

LetV, W be non empty vector space structures dveiand letf be a form ofv, W. We say thaff
is complex-homogeneous wrt. second argument if and only if:

(Def. 4) For every vectov of V holds f (v, -) is complex-homogeneous.

Next we state the proposition

(30) LetV, W be non empty vector space structures digrv be a vector oV, w be a vector
of W, a be an element dfg, and f be a form ofV, W. Supposé is complex-homogeneous
wrt. second argument. Thefri({v,a-w)) =a- f({v, w}).

LetV be a non empty vector space structure @¥eiand letf be a form oV, V. We say thaff
is hermitan if and only if:
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(Def. 5) For all vectors, uof V holds f ({(v, u)) = f({u,Vv)).
We say thatf is diagonal real valued if and only if:
(Def. 6) For every vectov of V holdsO(f({v, v})) =0.
We say thaff is diagonal plus-real valued if and only if:
(Def. 7) For every vectov of V holds 0< O(f({v, v))).

Let V, W be non empty vector space structures oler Observe that NulFor(v,W) is
complex-homogeneous wrt. second argument.

LetV be a non empty vector space structure dver Note that NulForn\,V) is hermitan and
NulForm(V,V) is diagonal plus-real valued.

LetV be a non empty vector space structure der Note that every form o¥/, V which is
hermitan is also diagonal real valued.

LetV be a non empty vector space structure cler Observe that there exists a form\of
V which is diagonal plus-real valued, hermitan, diagonal real valued, additive wrt. first argument,
homogeneous wrt. first argument, additive wrt. second argument, and complex-homogeneous wrt.
second argument.

LetV, W be non empty vector space structures duer Observe that there exists a form\of
W which is additive wrt. first argument, homogeneous wrt. first argument, additive wrt. second
argument, and complex-homogeneous wrt. second argument.

LetV, W be non empty vector space structures dver A sesquilinear form o, W is an addi-
tive wrt. first argument homogeneous wrt. first argument additive wrt. second argument complex-
homogeneous wrt. second argument fornv V.

LetV be a non empty vector space structure der One can verify that every form &f, V
which is hermitan and additive wrt. second argument is also additive wrt. first argument.

LetV be a non empty vector space structure der Note that every form o/, V which is
hermitan and additive wrt. first argument is also additive wrt. second argument.

LetV be a non empty vector space structure déer Observe that every form &f, V which
is hermitan and homogeneous wrt. first argument is also complex-homogeneous wrt. second argu-
ment.

LetV be a non empty vector space structure dverNote that every form 0¥, V which is her-
mitan and complex-homogeneous wrt. second argument is also homogeneous wrt. first argument.

Let V be a non empty vector space structure aler A hermitan form ofV is a hermitan
additive wrt. first argument homogeneous wrt. first argument forin, df.

LetV, W be non empty vector space structures @erlet f be a functional iV, and letg be a
complex-homogeneous functional\mi. Observe thaf ® g is complex-homogeneous wrt. second
argument.

Let V, W be non empty vector space structures ollgr let f be a complex-homogeneous
wrt. second argument form &f, W, and letv be a vector ol/. Observe thaf(v,-) is complex-
homogeneous.

LetV, W be non empty vector space structures dverand letf, g be complex-homogeneous
wrt. second argument forms ®, W. One can check that + g is complex-homogeneous wrt.
second argument.

LetV, W be non empty vector space structures dverlet f be a complex-homogeneous wrt.
second argument form &f, W, and leta be a scalar o¥/. One can verify tha&- f is complex-
homogeneous wrt. second argument.

LetV, W be non empty vector space structures diégerand letf be a complex-homogeneous
wrt. second argument form &f, W. Observe that-f is complex-homogeneous wrt. second
argument.

LetV, W be non empty vector space structures dverand letf, g be complex-homogeneous
wrt. second argument forms ®f, W. Observe thaf — g is complex-homogeneous wrt. second
argument.

LetV, W be non trivial vector spaces ov€l:. One can check that there exists a formvof
W which is additive wrt. first argument, homogeneous wrt. first argument, additive wrt. second
argument, complex-homogeneous wrt. second argument, non constant, and non trivial.
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LetV, W be non empty vector space structures @veand letf be a form oV, W. The functor
f yields a form ofv, W and is defined as follows:

(Def. 8) For every vectov of V and for every vectow of W holds f ({v, w)) = f({v,w)).

LetV, W be non empty vector space structures dierand letf be an additive wrt. second
argument form o¥, W. Observe thaf is additive wrt. second argument.

Let V, W be non empty vector space structures olgrand letf be an additive wrt. first
argument form o¥/, W. Observe thaf is additive wrt. first argument.

LetV, W be non empty vector space structures dveand letf be a homogeneous wrt. second
argument form o¥%, W. Note thatf is complex-homogeneous wrt. second argument.

LetV, W be non empty vector space structures duerand letf be a complex-homogeneous
wrt. second argument form &, W. One can verify thaf is homogeneous wrt. second argument.
LetV, W be non trivial vector spaces ovEg and letf be a non constant form &f, W. Observe

that f is non constant.
One can prove the following proposition

(31) LetV be a non empty vector space structure duer f be a functional inv, andv be a
vector ofV. Thenf @ T ({v,v)) = |f(V)|?+ Oic,.

LetV be a non empty vector space structure dierand letf be a functional ivV. Observe
that f @ f is diagonal plus-real valued, hermitan, and diagonal real valued.

LetV be a non trivial vector space ov€f. One can check that there exists a formvofv
which is diagonal plus-real valued, hermitan, diagonal real valued, additive wrt. first argument, ho-
mogeneous wrt. first argument, additive wrt. second argument, complex-homogeneous wrt. second
argument, non constant, and non trivial.

One can prove the following propositions:

(32) Forall non empty vector space structwesV overCg and for every formf of V, W holds
f=f.

(33) For all non empty vector space structudés W over Cg holds NulFormV,W) =
NulForm(V,W).

(34) For all non empty vector space structuvesN over Cg and for all formsf, g of V, W
holdsf+g=f +4.

(35) For all non empty vector space structiwe$V overCg and for every formf of V, W holds
—f=—T.

(36) LetV, W be non empty vector space structures dver f be a form ofv, W, anda be an
element ofCg. Thena-f =a- f.

(37) For all non empty vector space structuvesV over Cg and for all formsf, g of V, W
holdsf—g=f - 7.

(38) LetV, W be vector spaces ovélr, v be a vector oV, w, t be vectors ofV, andf be an
additive wrt. second argument complex-homogeneous wrt. second argument fgriiv/of
Thenf ((v,w—t)) = f({v. w)) — f({v1)).

(39) LetV, W be vector spaces ovélg, v, u be vectors oV, w, t be vectors oV, andf be a
sesquilinear form of ,W. Thenf ({(v—u, w—t)) = f ({v, w)) — f({v, t)) — (f ({u, w)) — f ({u,
t))).

(40) LetV, W be add-associative right zeroed right complementable vector space-like non
empty vector space structures o¥&t, v, u be vectors o, w, t be vectors oV, a, b be
elements ofCg, andf be a sesquilinear form &f, W. Thenf({v+a-u,w+b-t)) = f({v,
wh)+b-f((v,t))+(a f((u,w))+a-(b-f({ut)))).
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(41) LetV, W be vector spaces ovéir, v, u be vectors ol, w, t be vectors oiV, a, b be
elements ofCg, andf be a sesquilinear form &f, W. Thenf({v—a-u,w—b-t)) = f((v,

w)) —B- F((w ) - (a- f((u,w)) —a- (B- f((u,))).

(42) LetV be an add-associative right zeroed right complementable vector space-like non empty
vector space structure ov€g, f be a complex-homogeneous wrt. second argument form of
V,V, andv be a vector o¥/. Thenf ({v, Oy}) = Oc,.

(43) LetV be a vector space ovétg, v, w be vectors oV, and f be a hermitan form of
V. Then f((vw)) + F({(v,w)) + f({v, W) + F((v w)) = ((F({v+w v+w)) — F({v—w,
V_W)))'HCF' f((v+iCF'W’V+iCF'W>))_i(CF' f((V_iCF'W’V_iCF'W))-

LetV be a non empty vector space structure oier let f be a form ofV, V, and letv be a
vector ofV. The functori|v||2 yields a real number and is defined by:

(Def. 9) [Iv[[f =DO(f({wV))).
We now state a number of propositions:

(44) LetV be an add-associative right zeroed right complementable vector space-like non empty
vector space structure ov€g, f be a diagonal plus-real valued diagonal real valued form of
V,V, andv be a vector o¥/. Then|f({v, v})| = O(f({v,v))) and||v||? = |f({v, V}))|.

(45) LetV be a vector space ové&ls, v, w be vectors oV, f be a sesquilinear form &f, V, r
be a real number, aralbe an element ofr. Supposéal =1 andd(a- f({w, v))) = | f({w,
v))| andO(a- f({w, v))) = 0. Then f({v— (r+Oicg)-a-w,v—(r +0ic;) -a-w)) = (f({v,
V) = (r+0icg) - (@ F((w, v))) = (r +Oice) - (@- F({v, W)))) + (r? + Oicce ) - F({w, w)).

(46) LetV be a vector space ovélr, v, w be vectors oW/, f be a diagonal plus-real valued
hermitan form ofV, r be a real number, ara be an element ofr. Supposdal = 1 and
O(a- f({w,v))) =|f({w, v))| andO(a- f({w, v))) =0. ThenO(f({v— (r +0Oic;)-a-w,v—
(r+0ice) -a-w))) = (IM[F — 2 [F((w,v))[ 1)+ [[w][? % and O< (|Iv][? — 2+ F({w, v))] -
r)+[Iwl[F-r?.

(47) LetV be a vector space ovE&lg, v, w be vectors o¥/, andf be a diagonal plus-real valued
hermitan form olv. If ||w||2 = 0, then|f({w, v))| = 0.

(48) LetV be a vector space ové&l, v, w be vectors oV, andf be a diagonal plus-real valued
hermitan form ofv. Then|f({v, w))|? < [|v]|? - ||w||3.

(49) LetV be a vector space ové€ls, f be a diagonal plus-real valued hermitan formvofand
v, W be vectors o¥/. Then|f({v,w))[? < |f({v, V))| - | f({w, w))|.

(50) LetV be a vector space ovélr, f be a diagonal plus-real valued hermitan fornvofand
v, w be vectors o¥/. Then||v+w||Z < (/||V|3 + /| Iw]|2)2.

(51) LetV be avector space ov€lr, f be a diagonal plus-real valued hermitan fornvofand
v, w be vectors o¥/. Then|f({v+w, v+w))| < (/TF((v V)] + /[ F({w, w))])2.

(52) LetV be a vector space ovélg, f be a hermitan form of/, andv, w be elements of.
Then|[v+w|[? -+ [[v—w|[f = 2- ||V[[f +2-[|w]|?.

(53) LetV be avector space ov€l, f be a diagonal plus-real valued hermitan fornvoaindv,
wbe elements oF. Then|f({v+w, v+w))|+|f((v—w,v—w))| =2-|F({v, v})|+2- | f ({w,
w))l.

LetV be a non empty vector space structure dierand letf be a form ofV, V. The functor
[|-1|+ yields a RFunctional of and is defined as follows:

(Def. 10)  For every elementof V holds(||- ||1)(V) = {/||V||3.

LetV be a vector space ovélr and letf be a diagonal plus-real valued hermitan form\of
Then||- ||+ is a Semi-Norm oV.
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4. KERNEL OFHERMITAN FORMS AND HERMITAN FORMS IN QUOTIENT VECTOR SPACES

LetV be an add-associative right zeroed right complementable vector space-like non empty vector
space structure ovéir and letf be a complex-homogeneous wrt. second argument foivh of
Observe that diagkdris non empty.

Next we state several propositions:

(54) LetV be a vector space ové€lr andf be a diagonal plus-real valued hermitan form/of
Then diagkef is linearly closed.

(55) For every vector spaséoverCg and for every diagonal plus-real valued hermitan fdrm
of V holds diagkef = leftkerf.

(56) For every vector spadéoverCg and for every diagonal plus-real valued hermitan fdrm
of V holds diagkef = rightkerf.

(57) For every non empty vector space struciirever Cg and for every formf of VV, V holds
diagkerf = diagkerf .

(58) For all non empty vector space structwesV overCg and for every formf of V, W holds
leftker f = leftker f and rightkerf = rightker f.

(59) For every vector spagéoverCg and for every diagonal plus-real valued hermitan fdrm
of V holds LKerf = RKer f.

(60) LetV be avector space ov€i, f be a diagonal plus-real valued diagonal real valued form
of V, V, andv be a vector oV. If O(f({v,v})) =0, thenf({v,v)) = Oc.

(61) LetV be a vector space ovéir, f be a diagonal plus-real valued hermitan formVif
andv be a vector o¥. Supposel(f((v,v))) =0 andf is non degenerated on left and non
degenerated on right. Then= 0y.

LetV be a non empty vector space structure duerletW be a vector space ovélg, and let
f be an additive wrt. second argument complex-homogeneous wrt. second argument Yorm of
W. The functor RQForrf( f) yields an additive wrt. second argument complex-homogeneous wrt.
second argument form &f, W /., and is defined as follows:

(Def. 11) RQForm(f) = RQForn{(f).
Next we state the proposition

(62) LetV be a non empty vector space structure @verW be a vector space ovélg, f be an
additive wrt. second argument complex-homogeneous wrt. second argument fgriwof
v be a vector oV, andw be a vector oWW. Then(RQForni(f))({v,w+ RKer f}) = f((v,

w)).

LetV, W be vector spaces ovéir and letf be a sesquilinear form &f, W. Observe that
LQForm(f) is additive wrt. second argument and complex-homogeneous wrt. second argument
and RQForm(f) is additive wrt. first argument and homogeneous wrt. first argument.

Let V, W be vector spaces ovéir and letf be a sesquilinear form of, W. The functor
QFornt f yielding a sesquilinear form o/ kerf, "V /rier7 IS defined by the condition (Def. 12).

(Def. 12) LetA be a vector of’/LKerf, B be a vector of’V/RKerT, v be a vector o, andw be a
vector ofW. If A= v+ LKer f andB = w+ RKer f, then(QForni f)((A, B)) = f({v, w)).

LetV, W be non trivial vector spaces ov€f and letf be a non constant sesquilinear form of
V,W. One can verify that QForfrf is non constant.

LetV be a right zeroed non empty vector space structure ©pglet W be a vector space over
Cg, and letf be an additive wrt. second argument complex-homogeneous wrt. second argument
form of V, W. Note that RQForr( f) is non degenerated on right.

One can prove the following propositions:
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(63) LetV be a non empty vector space structure dverW be a vector space ové&lg, and f
be an additive wrt. second argument complex-homogeneous wrt. second argument form of
V, W. Then leftkerf = leftker(RQFornt(f)).

(64) For all vector spaceg, W over Cg and for every sesquilinear forrh of V, W holds
RKer f = RKerLQForm(f).

(65) For all vector spaceg, W over Cg and for every sesquilinear forrh of V, W holds
LKer f = LKer(RQForni(f)).

(66) For all vector spaceg, W over Ck and for every sesquilinear forrh of V, W holds
QFornt f = RQForni (LQForm(f)) and QForm f = LQForm(RQForni (f)).

(67) LetV, W be vector spaces ove€g and f be a sesquilinear form oW, W.
Then leftke(QForni f) = leftkerRQForni(LQForm(f))) and rightkefQFornt f) =
rightkef RQForni (LQForm(f))) and leftkefQFornt f) = leftker(LQForm(RQForni(f)))
and rightketQFornt f) = rightke LQForm(RQForni (f))).

Let V, W be vector spaces ovélr and letf be a sesquilinear form df, W. One can
check that RQForir{LQForm(f)) is non degenerated on left and non degenerated on right and
LQForm(RQForni(f)) is non degenerated on left and non degenerated on right.

LetV, W be vector spaces ov€lr and letf be a sesquilinear form &f, W. Note that QFormf
is non degenerated on left and non degenerated on right.

5. SCALAR PRODUCT IN QUOTIENT VECTOR SPACE GENERATED BY NONNEGATIVE
HERMITAN FORM

LetV be a non empty vector space structure déerand letf be a form ofV, V. We say thaff is
positive diagonal valued if and only if:

(Def. 13) For every vector of V such thaw # Oy holds 0< O(f({v, v})).

LetV be a right zeroed non empty vector space structure GgetObserve that every form of
V, V which is positive diagonal valued and additive wrt. first argument is also diagonal plus-real
valued.

LetV be a right zeroed non empty vector space structure @gerOne can verify that every
form of V, V which is positive diagonal valued and additive wrt. second argument is also diagonal
plus-real valued.

LetV be a vector space ov€i: and letf be a diagonal plus-real valued hermitan fornvofThe
functor (-|-)+ yielding a diagonal plus-real valued hermitan fornY ¢f ke, 1 is defined as follows:

(Def. 14) (-|-)¢+ = QFornt f.

We now state three propositions:

(68) LetV be a vector space ov€l, f be a diagonal plus-real valued hermitan fornVo#, B
be vectors o’f’/LKerf, andv, w be vectors o¥V. If A=v+ LKer f andB =w+ LKer f, then

(1A B)) = F({v, W)).

(69) For every vector spa&éoverCg and for every diagonal plus-real valued hermitan fdrm
of V holds leftke((-|-) 1) = leftker(QFornt f).

(70) For every vector spa&éoverCg and for every diagonal plus-real valued hermitan fdrm
of V holds rightkef(|-) ) = rightker QFornt f).

Let V be a vector space ovéir and letf be a diagonal plus-real valued hermitan form of
V. Observe that:|-); is non degenerated on left, non degenerated on right, and positive diagonal
valued.

LetV be a non trivial vector space ovEE and letf be a diagonal plus-real valued non constant
hermitan form oV. Note that(-|-) t is non constant.
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