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Summary. In[2] the pseudo-metric digfx on compact subsefsandB of a topolog-
ical space generated from arbitrary metric space is defined. Using this notion we define the
Hausdorff distance (see e.gl [6]) AfandB as a maximum of the two pseudo-distances: from
Ato B and fromB to A. We justify its distance properties. At the end we define some special
notions which enable to apply the Hausdorff distance operator “HausDist” to the subsets of
the Euclidean topological spadg.

MML ldentifier: HAUSDORE.
WWW: http://mizar.org/JEM/Voll5/hausdorf.html

The articles([16],[[19],[[1],[[17],[[11],118],[20] /4] [15] [7], 110] 9], [12] /3] /18] [I6].[R],[114],
and [13] provide the notation and terminology for this paper.

1. PRELIMINARIES

Letr be areal number. Thefr} is a subset oR.
Let M be a non empty metric space. Note thagp, is To.
Next we state a number of propositions:

(1) For all real numbers, y such thai > 0 andy > 0 and maxx,y) = 0 holdsx = 0.
(2) For every non empty metric spalttand for every poink of M holds(dist(x))(x) = O.

(3) For every non empty metric spabkand for every subsé? of M and for every poink
of M such thak € P holds 0€ (dist(x))°P.

(4) LetM be a non empty metric spade,be a subset oMqp, X be a point ofM, andy be a
real number. lfy € (dist(x))°P, theny > 0.

(5) For every non empty metric spagkand for every subsét of My, and for every set such
thatx € P holds(distmin(P))(x) = 0.

(6) LetM be a non empty metric spagebe a point oM, g be a point oMyp, andr be a real
number. Ifp=qandr > 0, then Ball[p,r) is a neighbourhood df.

(7) LetM be a non empty metric spack,be a subset dilyp, and p be a point ofM. Then
p € Aif and only if for every real numbar such thatr > 0 holds Bal(p,r) meetsA.
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(8) LetM be a non empty metric spacgbe a point ofM, andA be a subset ofp. Then
p € Aif and only if for every real number such thatr > 0 there exists a poirg of M such
thatg € Aandp(p,q) <.

(9) LetM be a non empty metric spadebe a non empty subset bfiop, andx be a point of
M. Then(distmin(P))(x) = 0 if and only if for every real numbersuch that > 0 there exists
a pointp of M such thatp € P andp(x, p) <.

(10) LetM be a non empty metric spade be a non empty subset Miop, andx be a point of
M. Thenx € P if and only if (distyin(P))(x) = 0.

(11) LetM be a non empty metric spade,be a non empty closed subsetMf, andx be a
point of M. Thenx € P if and only if (distyin(P))(X) = 0.

(12) For every non empty subs&bf R there exists a non empty subdedf R such thaih = X
and infA = inf X.

(13) For every non empty subskbf R! there exists a non empty sub¥eof R such thatA = X
and suA = supX.

(14) LetM be a non empty metric spade be a non empty subset bfiop, X be a point ofM,
andX be a subset dR. If X = (dist(x))°P, thenX is lower bounded.

(15) LetM be a non empty metric spad@pe a non empty subset bfp, andx, y be points of
M. If y € P, then(distnin(P))(X) < p(X,Y).

(16) LetM be a non empty metric spadebe a non empty subset Miqp, I be a real number,
andx be a point ofM. If for every pointy of M such thaty € P holds p(x,y) > r, then
(distnin(P))(x) > .

(17) LetM be a non empty metric spadepe a non empty subset by, andx, y be points of
M. Then(distnin(P))(x) < p(x,Y) + (distmin(P))(y)-

(18) LetM be a non empty metric spadepe a subset dfliop, andQ be a non empty subset of

(19) LetM be a non empty metric spadkpe a subset d1, B be a non empty subset bf, and
C be a subset d1|B. If AC BandA = C andC is bounded, theA is bounded.

(20) LetM be a non empty metric spad&pe a subset d1, andA be a subset d¥p. If A=B
andA is compact, the is bounded.

(21) LetM be a non empty metric spadebe a non empty subset bfiop, andz be a point of
M. Then there exists a poimt of M such thatv € P and(distyin(P))(2) < p(w,2).

Let M be a non empty metric space andxdte a point ofM. Note that distx) is continuous.

Let M be a non empty metric space andXebe a compact non empty subset\f,. One can
verify that distyax(X) is continuous and digfn(X) is continuous.

One can prove the following propositions:

(22) LetM be a non empty metric spadebe a non empty subset bfip, andx, y be points of
M. If y € P andP is compact, theridistnax(P))(X) > p(X,y).

(23) LetM be a non empty metric spadebe a non empty subset bfp, andzbe a point oM.
If Pis compact, then there exists a paindf M such thatv € P and(distnax(P))(2) > p(w, z).

(24) LetM be a non empty metric spade,Q be non empty subsets Miop, andz be a point of
M. If P is compact an® is compact anad € Q, then(distyin(P))(2) < disthax(P. Q).

(25) LetM be a non empty metric spade,Q be non empty subsets bfiop, andz be a point of
M. If P is compact an@ is compact and € Q, then(distnax(P))(2) < disfhax(P.Q).
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(26) LetM be a non empty metric spade, Q be non empty subsets bfiop, andX be a subset
of R. If X = (distnax(P))°Q andP is compact an® is compact, theix is upper bounded.

(27) LetM be a non empty metric spade, Q be non empty subsets bfiop, andX be a subset
of R. If X = (distmin(P))°Q andP is compact an@ is compact, theiX is upper bounded.

(28) LetM be a non empty metric spade be a non empty subset Miop, andz be a point of
M. If P is compact, theiidisinin(P))(2) < (disinax(P))(2).

(29) For every non empty metric spalk and for every non empty subsBtof Mp holds
(distmin(P))°P = {0}.

(30) LetM be a non empty metric space aRdQ be non empty subsets bfiop. If P is compact
andQ is compact, then diSf>(P,Q) > 0.

(31) For every non empty metric spabk and for every non empty subsBtof M, holds
dis{h™>(P,P) =

(32) LetM be a non empty metric space aRdQ be non empty subsets bfiop. If Pis compact
andQ is compact, then digt(P,Q) > 0.

(33) LetM be a non empty metric spad@, R be non empty subsets bfi,, andy be a point of
M. If Qis compact andR is compact ang € Q, then(distyin(R))(y) < disfh®{(R, Q)

2. THE HAUSDORFFDISTANCE

Let M be a non empty metric space and RtQ be subsets ofyp. The functor HausDigP, Q)
yields a real number and is defined by:

(Def. 1) HausDistP, Q) = max(distha(P, Q), disth{(Q, P)).

Let us note that the functor HausOB!Q) is commutative.
One can prove the following propositions:

(34) LetM be a non empty metric spad@, R be non empty subsets bfi,, andy be a point of
M. If Qis compact andR is compact ang € Q, then(distyin(R))(y) < HausDistQ,R).

(35) LetM be a non empty metric space aRd Q, R be non empty subsets dfiop. I
P is compact and is compact andR is compact, then digf>(P,R) < HausDistP, Q) +
HausDistQ,R).

(36) LetM be a non empty metric space aRd Q, R be non empty subsets dflop. If
P is compact and) is compact andR is compact, then di$f(R P) < HausDistP,Q) +
HausDistQ,R).

(37) LetM be a non empty metric space aRdQ be non empty subsets bfiop. If P is compact
andQ is compact, then HausDi{®t Q) > 0.

(38) For every non empty metric spabk and for every non empty subsBtof My holds
HausDistP,P) = 0.

(39) LetM be a non empty metric space aRdQ be non empty subsets bp. If P is compact
andQ is compact and HausD{® Q) = 0, thenP = Q.

(40) LetM be a non empty metric space aRdQ, R be non empty subsets dfp. If P
is compact and) is compact andR is compact, then HausD{® R) < HausDistP, Q) +
HausDistQ,R).

Let n be a natural number and IBf Q be subsets of]. The functor dighx(P,Q) yields a real
number and is defined as follows:
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(Def. 2) There exist subse®, Q' of (E")yp such thatP = P andQ = Q' and disfi(P.Q) =
dis{h2(P', Q).
Let n be a natural number and IBt Q be subsets of]. The functor HausDi$P, Q) yields a
real number and is defined by:

(Def. 3) There exist subseB, Q' of (£")ip such thatP = P’ andQ = Q' and HausDigP,Q) =
HausDistP’, Q).

Let us notice that the functor HausOiBQ) is commutative.
In the sequeh is a natural number.
The following propositions are true:

(41) For all non empty subse® Q of £{ such thatP is compact andQ is compact holds
HausDistP, Q) > 0.

(42) For every non empty subdeof £; holds HausDigP, P) = 0.

(43) For all non empty subse®, Q of £{ such thatP is compact andQ is compact and
HausDistP, Q) = 0 holdsP = Q.

(44) For all non empty subsels Q, R of £ such thaP is compact an® is compact andR is
compact holds HausDi®® R) < HausDistP, Q) + HausDis{Q,R).
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