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Summary. We prove a version of Hahn-Banach Theorem.

MML Identifier: HAHNBAN.

WWW: http://mizar.org/JFM/Vol5/hahnban.html

The articles[[1B],[[6],[[19],[[1],17],[9],[20],([3], [4], [1¥],[16],[[15],[[10],16] 110 ],[[8],[[18],[[14],
[12], and [2] provide the notation and terminology for this paper.

1. PRELIMINARIES
One can prove the following propositions:

(ZH For every seK and for all functionsf, g such thaiX C domf andf C gholdsf[X =g[X.

(3) For every non empty sétand for every seb such thatA # {b} there exists an elemeat
of A such thata # b.

(4) For all setsX, Y holds every non empty subsetXf-Y is a non empty functional set.

(5) LetBbe anon empty functional set arficbe a function. Suppose= |JB. Then domf =
(U{domg : g ranges over elements Bf and rngf = | J{rngg: g ranges over elements Bf.

(6) For every non empty subsAtof R such that for every extended real numbeuch that
r € Aholdsr < —co holdsA = {—w}.

(7) For every non empty subsAtof R such that for every extended real numbeuch that
r € Aholds+oo <r holdsA = {4}.

(8) LetAbe anonempty subsetBfandr be an extended real numberr i supA, then there
exists an extended real numissuch thase Aandr < s.

(9) LetAbe anonempty subset Bfandr be an extended real number. If &k r, then there
exists an extended real numtesuch thase Aands<r.

(10) LetA, B be non empty subsets Bf. Suppose that for all extended real numberssuch
thatr € Aands e B holdsr <s. Then supA < infB.

(12E] Letx, y be extended real numbers apdj be real numbers. = pandy=q, thenp<q
iff x<y.

1 The proposition (1) has been removed.
2 The proposition (11) has been removed.
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2. SETSLINEARLY ORDERED BY THEINCLUSION

Let A be a non empty set. Note that there exists a subsk&wndfich is C-linear and non empty.
One can prove the following proposition

(13) For all setx, Y and for everyC-linear subseB of X=Y holds| B € X-=Y.

3. SUBSPACES OF AREAL LINEAR SPACE

In the sequeV denotes a real linear space.
Next we state a number of propositions:

(14) For all subspacash, W, of V holds the carrier oy C the carrier ofAV; +Ws.

(15) LetWi, Ws be subspaces &f. Supposé/ is the direct sum oiV; andWs. Letv, v, Vo be
vectors ofV. If vy € Wy andv, e W andv = v1 + vy, thenv(Wlwz) = (Vv1, V2).

(16) LetWi, Ws be subspaces &f. Supposé/ is the direct sum ofV; andWs. Letv, vy, v be
vectors ofV. If v<W1W2) = (v, V2), thenv=vj + vp.

(17) LetWi, Ws be subspaces &f. Supposé/ is the direct sum oV; andWs. Letv, vy, v be
vectors ofV. If v<W1_W2) = (v1, V2), thenv; € W andv, € Wa.

(18) LetWi, Ws be subspaces &f. Supposé/ is the direct sum oiV; andW.. Letv, v, v» be
vectors ofV. If V(Wl-VVZ) = (v1, Vo), thenv(W2 W) = (v2, v1).

(19) LetW, W, be subspaces &f. Suppos® is the direct sum oy andWs,. Letv be a vector
of V. If ve Wy, thenv(Wl\Nz) = (v, Ov).

(20) LetW, W5 be subspaces &f. Suppos® is the direct sum oi\; andWs. Letv be a vector
of V. If ve Wo, thenv(Wlwz) = (Oy, V).

(21) LetV; be a subspace &f, Wy be a subspace &, andv be a vector oV. If ve W, then
vis a vector olv;.

(22) For all subspaceag, Vo, W of V and for all subspaces), Wo of W such thaiV, =V, and
W, =V, holdsWy +Ws =V +Va.

(23) For every subspad¥ of V and for every vectoy of V and for every vectow of W such
thatv = w holds Lin({w}) = Lin({v}).

(24) Letv be a vector oV andX be a subspace &f. Supposer ¢ X. Lety be a vector of
X+ Lin({v}) andW be a subspace o + Lin({v}). If v=yandW = X, thenX + Lin({v})
is the direct sum o# and Lin({y}).

(25) Letv be a vector oV, X be a subspace &f, y be a vector oX + Lin({v}), andW be a
subspace oK +Lin({v}). If v=yandX =W andv ¢ X, theny(W‘Lm({y})) = (Ow, y).

(26) Letv be a vector oV, X be a subspace &f, y be a vector ofX + Lin({v}), andW be
a subspace oK + Lin({v}). Supposev =y andX =W andv ¢ X. Let w be a vector of
X+Lin({v}). IfweX, thenw(WTLiM{y})) = {(w, Ov).

(27) For every vectov of V and for all subspaceah, W, of V there exist vectorss, vo of V
such that/(Wle) = (v, V2).

(28) Letv be a vector o, X be a subspace &f, y be a vector ofX + Lin({v}), andW be
a subspace oKX + Lin({v}). Supposev =y andX =W andv ¢ X. Let w be a vector of
X+ Lin({v}). Then there exists a vectarof X and there exists a real numhesuch that

Wiwuinryp) = 06V
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(29) Letv be a vector o¥/, X be a subspace &f, y be a vector oX + Lin({v}), andW be a
subspace oK + Lin({v}). Supposesr =y andX =W andv ¢ X. Let wy, wp be vectors of
X+Lin({v}), X1, X2 be vectors oX, andry, ro be real numbers. I(wl)(wum{y})) = {xq,

ri-v) and(wy) (wiin(iyh) = (X2, r2-Vv), then(wy + W2)(w,un({y})) = X1+ Xz, (r1+r2)-V).

(30) Letv be a vector ol/, X be a subspace &f, y be a vector ofX + Lin({v}), andW be
a subspace oX + Lin({v}). Supposev =y andX =W andv ¢ X. Let w be a vector of
X+ Lin({v}), x be a vector o, andt, r be real numbers. I\fv(w Lin(ty})) = (x, r-v), then

(t'W)(w,Lin({y})) ={t-xt-r-v).

4. FUNCTIONALS

LetV be an RLS structure. A functional Wis a function from the carrier of into R.
Let us consideY and letl; be a functional in/. We say that; is subadditive if and only if:

(Def. 3§ For all vectorsc, y of V holdsly(x+y) < 11(x) +11(y).
We say that; is additive if and only if:
(Def. 4) For all vectors;, y of V holdsli(X+Y) = 11(X) + l1(y).
We say that; is homogeneous if and only if:
(Def. 5) For every vectox of V and for every real numberholdsl(r -x) =r - 11(X).
We say that; is positively homogeneous if and only if:
(Def. 6) For every vectox of V and for every real numbersuch that > 0 holdsly(r-x) =r - [1(x).
We say that; is semi-homogeneous if and only if:
(Def. 7) For every vectax of V and for every real numbersuch that > 0 holdsl1(r-x) =r-11(X).
We say that; is absolutely homogeneous if and only if:
(Def. 8) For every vectox of V and for every real numberholdsl(r -x) = |r| - 11(X).
We say that; is O-preserving if and only if:
(Def. 9) 11(0v)=0.
Let us consideY. One can check the following observations:
x every functional i/ which is additive is also subadditive,
x every functional iV which is homogeneous is also positively homogeneous,
x every functional iV which is semi-homogeneous is also positively homogeneous,
x every functional in/ which is semi-homogeneous is also 0-preserving,
x every functional iV which is absolutely homogeneous is also semi-homogeneous, and

x every functional inV which is O-preserving and positively homogeneous is also semi-
homogeneous.

Let us conside¥. Note that there exists a functionalVhwhich is additive, absolutely homo-
geneous, and homogeneous.

Let us consideY. A Banach functional iV is a subadditive positively homogeneous functional
in V. A linear functional inV is an additive homogeneous functionaMn

One can prove the following four propositions:

3 The definitions (Def. 1) and (Def. 2) have been removed.
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(31) Forevery homogeneous functiohah V and for every vectov of V holdsL(—v) = —L(v).

(32) For every linear functional in VV and for all vectorss, vp of V holdsL(vy —v,) = L(v1) —

L(Vz).

(33) For every additive functiondl in V holdsL(0y) = 0.

(34) LetX be a subspace &f, f; be a linear functional irX, v be a vector ol/, andy be a

vector ofX + Lin({v}). Supposer = y andv ¢ X. Letr be a real number. Then there exists a
linear functionalp; in X + Lin({v}) such thatp; [the carrier ofX = f; andpsi(y) =r.

5. HAHN-BANACH THEOREM

We now state three propositions:

(35) LetV be areal linear spac¥, be a subspace ®f, q be a Banach functional i, andf; be

a linear functional inX. Suppose that for every vectoof X and for every vectov of V such
thatx = v holds f1(x) < q(v). Then there exists a linear functionad in V such thatp; [the
carrier ofX = f1 and for every vectox of V holds p;(x) < q(x).

(36) For every real normed spadeholds the norm o¥ is an absolutely homogeneous subad-

ditive functional inV.

(37) LetV be a real normed spac¥, be a subspace &f, and f; be a linear functional in
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X. Suppose that for every vectgrof X and for every vectov of V such thatx = v holds
f1(x) < ||v||. Then there exists a linear functionad in V such thatp; [the carrier ofX = f;
and for every vectox of V holdspz(x) < ||x]|.
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