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1. PRELIMINARIES

In this papem, b, ¢, d, e, f are sets.
Next we state three propositions:

(1) |If (a) = (b), thena=nh.
(2) If (a,b) =(c,d), thena=candb=d.
(3) If{a,b,c)=(d,e f), thena=dandb=eandc=f.

2. THE PrRoODUCT OF THEFAMILIES OF THE GROUPS

We follow the rulesi, | are setsf, g, h are functions, andis a many sorted set indexed hy
Let Rbe a binary relation. We say thtis groupoid yielding if and only if:

(Def. 1) For every sey such thaty € rngR holdsy is a non empty groupoid.

Let us mention that every function which is groupoid yielding is also 1-sorted yielding.

Let| be a set. Note that there exists a many sorted set indexedbigh is groupoid yielding.

Let us note that there exists a function which is groupoid yielding.

Let | be a set. A family of semigroups indexed bys a groupoid yielding many sorted set
indexed byl.

Let| be a non empty set, I€& be a family of semigroups indexed byand leti be an element
of . ThenF(i) is a non empty groupoid.

Let| be a set and lgE be a family of semigroups indexed by Note that the support df is
non-empty.

Let| be a set and Igt be a family of semigroups indexed by The functor[] F yields a strict
groupoid and is defined by the conditions (Def. 2).

(Def. 2)(i) The carrier of 1 F = [ (the support of), and

(i) for all elementsf, g of [](the support ofF) and for every set such thati € | there
exists a non empty groupolg and there exists a functidnsuch that; = F (i) andh = (the
multiplication of []1F)(f, g) andh(i) = (the multiplication ofF)(f (i), g(i)).
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Let| be a set and Igt be a family of semigroups indexed byObserve thaf] F is non empty.

Let!| be a set and gt be a family of semigroups indexed byNote that every element ¢ F
is function-like and relation-like.

Let| be a set, leE be a family of semigroups indexed byand letf, g be elements of] (the
support ofF). Note that (the multiplication of|F)(f, g) is function-like and relation-like.

We now state the proposition

(4) LetF be afamily of semigroups indexed byG be a non empty groupoig, g be elements
of [TF, andx, y be elements oB. Supposéec | andG=F(i) andf = pandg=qandh=p-q
andf(i) =xandg(i) = y. Thenx-y = h(i).

Letl be a set and gt be a family of semigroups indexed by We say thafF is group-like if
and only if:

(Def. 3) For every set such that € | there exists a group-like non empty group&idsuch that
Fr=F(@).

We say thaF is associative if and only if:
(Def. 4) For every setsuch that € | there exists an associative non empty grougaiduch that
Fr=F(i).
We say thaF is commutative if and only if:
(Def. 5) For every setsuch thai € | there exists a commutative non empty groupgdicuch that
Fr=F(i).
Let| be a non empty set and [Etbe a family of semigroups indexed byLet us observe that
F is group-like if and only if:
(Def. 6) For every elementof | holdsF (i) is group-like.
Let us observe thdk is associative if and only if:
(Def. 7) For every elementof | holdsF (i) is associative.
Let us observe thdt is commutative if and only if:

(Def. 8) For every elemetitof | holdsF (i) is commutative.

Let| be a set. Note that there exists a family of semigroups indexddadyich is group-like,
associative, and commutative.

Let| be a set and leE be a group-like family of semigroups indexed hyNote that[]F is
group-like.

Let| be a set and I&t be an associative family of semigroups indexed b@bserve thaf]F
is associative.

Let| be a set and let be a commutative family of semigroups indexed bpbserve thaf] F
is commutative.

One can prove the following propositions:

(5) LetF be a family of semigroups indexed byandG be a non empty groupoid. ife | and
G = F (i) and[]F is group-like, therG is group-like.

(6) LetF be a family of semigroups indexed byandG be a non empty groupoid. ife | and
G = F (i) and[]F is associative, the@ is associative.

(7) LetF be a family of semigroups indexed byandG be a non empty groupoid. ife | and
G = F (i) and[]F is commutative, thef® is commutative.

(8) LetF be a group-like family of semigroups indexed IbySuppose that for every sesuch
thati € | there exists a group-like non empty group@dsuch thatG = F (i) ands(i) = 1.
Thens= 1nk.
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(9) LetF be a group-like family of semigroups indexed lbgndG be a group-like non empty
groupoid. Ifi € I andG = F(i) andf = 1, thenf(i) = 1.

(10) LetF be an associative group-like family of semigroups indexed &ydx be an element
of [F. Suppose that
(i) x=g,and
(i) for every seti such thaf € | there exists a grou@ and there exists an elemgntf G such
thatG = F(i) ands(i) = y~* andy = g(i).
Thens=x"1.

(11) LetF be an associative group-like family of semigroups indexed, bybe an element of
[1F, G be a group, ang be an element dB. If i € | andG =F (i) andf =xandg= x~1and

f(i) =y, theng(i) =y 1.

Let | be a set and IgE be an associative group-like family of semigroups indexed.byhe
functor sunt yielding a strict subgroup df| F is defined by the condition (Def. 9).

(Def. 9) Letx be a set. Thew € the carrier of surf if and only if there exists an elemegtof
[1(the support of) and there exists a finite subskof | and there exists a many sorted set
f indexed byJ such thatg = 1 andx = g+-f and for every sef such thatj € J there
exists a group-like non empty groupdBisuch thatG = F (j) and f () € the carrier ofG and

f(j) # le.

Let| be a set, leE be an associative group-like family of semigroups indexed, tand letf,
g be elements of suf One can verify that (the multiplication of suf)(f, g) is function-like and
relation-like.

We now state the proposition

(12) For every finite setand for every associative group-like famiyof semigroups indexed
by | holds[]F = sumF.

3. THE PRODUCT OFONE, TWO AND THREE GROUPS
The following proposition is true
(13) For every non empty groupofgh holds{G;) is a family of semigroups indexed Hy}.

Let G; be a non empty groupoid. Thé;) is a family of semigroups indexed Hy}.
One can prove the following proposition

(14) For every group-like non empty groupd®i holds (Gi) is a group-like family of semi-
groups indexed by1}.

Let G; be a group-like non empty groupoid. Thé@;) is a group-like family of semigroups
indexed by{1}.
Next we state the proposition

(15) For every associative non empty group@gholds(G;) is an associative family of semi-
groups indexed by1}.

Let G; be an associative non empty groupoid. TK@&a) is an associative family of semigroups
indexed by{1}.
The following proposition is true

(16) For every commutative non empty group@d holds (G;) is a commutative family of
semigroups indexed bjl}.
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Let G; be a commutative non empty groupoid. Thiy) is a commutative family of semi-
groups indexed by1}.

We now state the proposition

(17) For every grous; holds(Gs) is a group-like associative family of semigroups indexed by

{1}

Let G1 be a group. TheKGy) is a group-like associative family of semigroups indexed by.
The following proposition is true

(18) LetG; be a commutative group. Théf;) is a commutative group-like associative family
of semigroups indexed bjy1}.

Let G; be a commutative group. Thef®;) is a group-like associative commutative family of
semigroups indexed bjl}.

Let G, be a non empty groupoid. One can verify that every elemei @fie support 0fGs))
is finite sequence-like.

Let G1 be a non empty groupoid. One can verify that every elemefii(@) is finite sequence-
like.

Let G1 be a non empty groupoid and bebe an element dB;. Then(x) is an element of [(G1).
One can prove the following proposition

(19) For all non empty groupoid3;, G, holds (G, Gy) is a family of semigroups indexed by
{1,2}.

Let G, G, be non empty groupoids. Thé;,G;) is a family of semigroups indexed Hy, 2}.
We now state the proposition

(20) For all group-like non empty groupoi@;, G, holds (G1,G,) is a group-like family of
semigroups indexed bjl, 2}.

Let G1, Gy be group-like non empty groupoids. Thé@;,G,) is a group-like family of semi-
groups indexed by1,2}.

We now state the proposition

(21) For all associative non empty groupof@s, Gz holds(G1, Gy) is an associative family of
semigroups indexed bjl, 2}.

Let G1, Gy be associative non empty groupoids. Th&,G,) is an associative family of
semigroups indexed b1, 2}.

One can prove the following proposition

(22) For all commutative non empty groupoi@s, G, holds(G;, G,) is a commutative family
of semigroups indexed by, 2}.

Let G1, G, be commutative non empty groupoids. Th@y, Gy) is a commutative family of
semigroups indexed b1, 2}.

Next we state the proposition

(23) For all groupsGy, Gy holds (G1,Gy) is a group-like associative family of semigroups
indexed by{1,2}.

Let Gy, G, be groups. TheliGy, Gy) is a group-like associative family of semigroups indexed
by {1,2}.
We now state the proposition

(24) LetGj, Gy be commutative groups. Thé, Gy) is a group-like associative commutative
family of semigroups indexed bjl, 2}.
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Let G;, G, be commutative groups. Theli1,G,) is a group-like associative commutative
family of semigroups indexed bjl, 2}.

Let Gy, G be non empty groupoids. One can check that every elemgntbie support ofGq,
Gy)) is finite sequence-like.

Let Gy, G2 be non empty groupoids. Observe that every elemefit(@f, G,) is finite sequence-
like.

Let G1, G2 be non empty groupoids, l&tbe an element of1, and lety be an element o,.
Then(x,y) is an element of](G1,Gy).

Next we state the proposition

(25) For all non empty groupoid&;, Gy, Gs holds (G, Gy, G3) is a family of semigroups
indexed by{1,2, 3}.

Let Gy, Gg, G3 be non empty groupoids. Théfb1, Gz, G3) is a family of semigroups indexed
by {1,2,3}.
We now state the proposition

(26) For all group-like non empty groupoid3;, Gy, Gz holds (G1,Gz,G3) is a group-like
family of semigroups indexed b{1,2,3}.

Let G, Gp, G3 be group-like non empty groupoids. Thé;, G, Gz) is a group-like family of
semigroups indexed by, 2, 3}.
One can prove the following proposition

(27) LetGy, Gy, G3 be associative non empty groupoids. TH&1, Gy, Gg) is an associative
family of semigroups indexed b{1,2,3}.

Let G1, G, Gz be associative non empty groupoids. TH&n, G, G3) is an associative family
of semigroups indexed b{1, 2, 3}.
One can prove the following proposition

(28) LetGy, Gy, Gz be commutative non empty groupoids. THE, G,, Gg) is a commutative
family of semigroups indexed bjl,2, 3}.

Let G1, Gy, Gz be commutative non empty groupoids. Th@By, Gy, Gs) is a commutative
family of semigroups indexed bjl, 2, 3}.
The following proposition is true

(29) For all groupsGy, Gy, Gz holds (G1, Gy, G3) is a group-like associative family of semi-
groups indexed by1,2 3}.

Let G1, Gy, Gz be groups. TherGi,Gz,G3) is a group-like associative family of semigroups
indexed by{1,2,3}.
Next we state the proposition

(30) LetGy, Gy, Gz be commutative groups. The®1, Gy, Gs) is a group-like associative
commutative family of semigroups indexed £, 2,3}.

Let G1, G2, Gs be commutative groups. Théf®:, Gy, Gs) is a group-like associative commu-
tative family of semigroups indexed H{, 2, 3}.

Let G1, Gy, Gz be non empty groupoids. Note that every elemer@the support ofG1, Gy,
G3)) is finite sequence-like.

Let G1, G2, Gz be non empty groupoids. Note that every elemenf]¢G1, G, Gg) is finite
sequence-like.

Let G1, Gy, Gz be non empty groupoids, letbe an element o6, lety be an element o6,
and letz be an element dBs. Then(x,y,z) is an element of (G, Gz, Gs).

For simplicity, we adopt the following ruless;, Gy, Gz denote non empty groupoidsy, Xz
denote elements @1, yi1, y» denote elements @;, andz;, z denote elements 3.

Next we state three propositions:
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(B1) (x1) - (X2) = (X1-X2).
(32) (x1,y1) - (X2,¥2) = (X1-X2,Y1-Y2).
(33)  (X1,Y1,21) - (X2,¥2,22) = (X1- X2, Y1 Y2,21- 22).

In the sequeG1, Gy, G3 are group-like non empty groupoids.
Next we state three propositions:

B4 Iney = Loy
(35)  Iniei.6:) = (Liay)» Liey))-
(36)  11(61,65.65) = (L(1)> L(3,): LiGa))-

For simplicity, we adopt the following conventior;, G, Gz denote groupsx denotes an
element ofG1, y denotes an element &, andz denotes an element f;.
We now state several propositions:

(37) ((x) quaelement off](Gy)) 1 = (x71).
(38) ({x,y) quaelement off](Gy,Gp)) "t = (x Ly 1).
(39) ((x,y,2) quaelement off](G1,G2,G3)) 1= (x" Ly 1 z1).

(40) Letf be afunction from the carrier @, into the carrier of](G1). Suppose that for every
element of Gy holds f (x) = (x). Thenf is @ homomorphism fror®; to [1(G1).

(41) For every homomorphisrh from Gy to [1(G1) such that for every elementof G; holds
f(x) = (x) holds f is an isomorphism.

(42) Gpand[](Gy) are isomorphic.
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