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Summary. Theorems that were not proved [n13] and[inl[14] are discussed. In the
article we define notion of conjugation for elements, subsets and subgroups of a group. We
define the classes of conjugation. Normal subgroups of a group and normalizator of a subset
of a group or of a subgroup are introduced. We also define the set of all subgroups of a group.
An auxiliary theorem that belongs rather to [2] is proved.

MML Identifier: GROUP_3.

WWW: http://mizar.org/JFM/Vol2/group_3.html

The articles[[10],[16],[[15],[13],[[16],[[41,15],112],171,[18],114],[19], 1], [11], and [13] provide the
notation and terminology for this paper.

For simplicity, we use the following conventior, y are setsG is a group,a, b, ¢, g, h are
elements of5, A, B, C, D are subsets dg, H, H1, Hz, H3z are subgroups d, nis a natural number,
andi is an integer.

One can prove the following propositions:

(1) a-b-b'=aanda-b'-b=aandb™!-b-a=aandb-b-'-a=aanda-(b-b"!)=a
anda-(b~1-b) =aandb~!-(b-a)=aandb-(b~!-a)=a

(2) Gis acommutative group iff the multiplication & is commutative.
(3) {1} is commutative.

(4) IfACBandCCD,thenA-CCB-D.

(5) IfACB,thena-ACa-BandA-aCB-a

(6) If Hy is a subgroup oHy, thena-H; Ca-Hy; andH;-aC Hz-a.

(7) a-H={a}-H.

(8) H-a=H-{a}.

9 (a-A)-H=a-(A-H).
(10) (A-a)-H=A-(a-H).
(11) (a-H)-A=a-(H-A).
(12) (A-H)-a=A-(H-a).
(13) (H-a)-A=H-(a-A).
(14) (H-A)-a=H-(A-a)
(15) (Hi-a)-Hz=Hi-(a-Hy)
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CLASSES OF CONJUGATIONNORMAL SUBGROUPS

Let us considef. The functor SubGGg yielding a set is defined as follows:
(Def. 1) x € SubGIGiff xis a strict subgroup d&.

Let us conside6s. Observe that Sub@ is non empty.
The following propositions are true:

(18E] For every strict groujs holdsG € SubGIG.
(19) If Gis finite, then SubGa is finite.
Let us conside6, a, b. The functora? yielding an element o6 is defined as follows:
(Def.2) a®=btl-a-h
We now state a number of propositions:
(20) a®=bl.a-banda®=b"1-(a-b).
(21) Ifa%="h9, thena="h.
(22) (le)*=1c.
(23) IfaP =1, thena= 1c.
(24) als=a
(25) a®=a
(26) a® =aand(al@=al.
(27) & =aiffa-b=b-a
(28) (a-b)9=a%-bo.
(29) (a9)h=agh,
(30) ()P =aand(@ )P=a
(32f (ahHP=(@)™
(33) (@)°=(")"
(34) (d)°=(a)".
(35) If Gis a commutative group, thef = a.
(36) Iffor all a, b holdsa? = a, thenG is commutative.
Let us conside6, A, B. The functorA® yields a subset oB and is defined as follows:
(Def.3) AB={d":gec A A hecB]}.
One can prove the following propositions:
(38 x € AB iff there existg, h such tha = g" andg € Aandh € B.
(39) ABA£OQiff A% 0andB#0.
(40) ABCBl.A.B.
(41) (A-B)° CAC.BC.

1 The propositions (16) and (17) have been removed.
2 The proposition (31) has been removed.
3 The proposition (37) has been removed.
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(42) (AB)C =ABC,
43) (AP =(A%)t
(44) {a}® ={a"}.
(45) {a}® ={a"a"}.
(46) {a,b}c = {acb°}.
(47) {ab}ledt = {a¢ ad b° b}
Let us consideG, A, g. The functorA9 yielding a subset o is defined by:
(Def. 4) A9 =Al9},
The functorg” yielding a subset o6 is defined by:
(Def. 5) g*={g}*
We now state a number of propositions:
(50 x e A9 iff there existsh such thak = h9 andh € A.
(51) xe g*iff there existsh such thak = g" andh € A.
(52) g*CAt.g-A
(53) (AB)Y = ABY

(54) (A9)° =A0®
(55) (P =o"®
(56) (Ad)P = A2b,
(57) (ah)P=ahrP
(58) (aV)A=a""

(59) A=gl.A.g

(60) (A-B)2C A2.B2,

(61) Ale =A

(62) If A0, then(1c)” = {1g}.

(63) (A%a ' =Aand(Ad 2=A

(GSE] G is a commutative group iff for al, B such thaB # 0 holdsAB = A.

(66) G is a commutative group iff for al\, g holdsA? = A.

(67) Gis a commutative group iff for alh, g such thatA # 0 holdsg” = {g}.
Let us consideG, H, a. The functorH? yields a strict subgroup @ and is defined by:

(Def. 6) The carrier oH2 = H®.

We now state a number of propositions:

(70@ x € Ha iff there existsy such thaix = g# andg € H.

4 The propositions (48) and (49) have been removed.
5 The proposition (64) has been removed.
6 The propositions (68) and (69) have been removed.
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(71) ThecarrieroH®=a!.-H-a

(72) (H®)P =Hab

(73) For every strict subgroup of G holdsH!c = H.

(74) For every strict subgroug of G hoIds(H"")a_1 =H and(H""_l)a =H.
(76)] (HiNH2)2 = Hi2NH2,

(77) OrdH) = Ord(H?).

(78) H is finite iff H2 is finite.

(79) If H is finite, then ordH) = ord(H?).

(80) ({1}e)*={1}e.

(81) For every strict subgroup of G such thaH? = {1} holdsH = {1}¢.
(82) For every grougs and for every elemerg of G holds(Qg)? = Qg.
(83) For every strict subgroup of G such thaH? = G holdsH = G.

(84) |o:H|=]e:H?.

(85) If the left cosets of is finite, thenje : H|y = |e : H3|y.

(86) If Gis a commutative group, then for every strict subgrélpf G and for everya holds
H&=H.

Let us conside6, a, b. We say that andb are conjugated if and only if:
(Def. 7) There existg such thata = b9.
Next we state three propositions:
(88 aandb are conjugated iff there exisgssuch that = af.
(89) aandaare conjugated.
(90) If aandb are conjugated, themanda are conjugated.

Let us conside(, a, b. Let us notice that the predicatieandb are conjugated is reflexive and
symmetric.
Next we state three propositions:

(91) Ifaandb are conjugated andlandc are conjugated, themandc are conjugated.
(92) Ifaand X are conjugated ordanda are conjugated, them= 1.
(93) af% = {b:aandb are conjugated
Let us conside6, a. The functora® yields a subset o and is defined by:
(Def.8) a* = al%.
The following propositions are true:
(95 x € a* iff there existsb such thab = x anda andb are conjugated.

(96) ac b*iff aandb are conjugated.

7 The proposition (75) has been removed.
8 The proposition (87) has been removed.
9 The proposition (94) has been removed.



CLASSES OF CONJUGATIONNORMAL SUBGROUPS 5

(97) a%ea’.
(98) aea".
(99) Ifaeb* thenbea®.
(100) a* =Db"*iff a® meetd®.
(101) a*={1g}iff a=1c.
(102) a*-A=A-a".
Let us conside6, A, B. We say thatA andB are conjugated if and only if:
(Def. 9) There existg such thatA = BY.
The following propositions are true:
(104@ A andB are conjugated iff there existgsuch thaB = A9.
(105) AandA are conjugated.
(106) If AandB are conjugated, theld andA are conjugated.

Let us considef5, A, B. Let us notice that the predica#eandB are conjugated is reflexive and
symmetric.
Next we state three propositions:

(107) If AandB are conjugated and andC are conjugated, the&sandC are conjugated.
(108) {a} and{b} are conjugated ifd andb are conjugated.

(109) If AandHj are conjugated, then there exists a strict subgtbupf G such that the carrier
of H, = A

Let us conside6, A. The functorA® yielding a family of subsets db is defined by:
(Def. 10) A* = {B:AandB are conjugatefl
One can prove the following propositions:
(111@ x € A iff there existsB such thaix = B andA andB are conjugated.
(113§ Ac B iff AandB are conjugated.
(114) AJc A"
(115) AecA.
(116) IfAeB°®, thenBe A°.
(117) A® = B" iff A*® meetsB®.
(118) {a}*={{b}:bea"}.
(119) IfGis finite, thenA® is finite.
Let us conside6s, Hi, Ho. We say that; andH; are conjugated if and only if:
(Def. 11) There existg such that the groupoid ¢i; = H,9.

Next we state three propositions:

10 The proposition (103) has been removed.
11 The proposition (110) has been removed.
12 The proposition (112) has been removed.
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(121f For all strict subgroupsl;, Hz of G holdsH; andH, are conjugated iff there exisgssuch
thatH, = H; 9.

(122) For every strict subgrouy; of G holdsH; andH; are conjugated.

(123) For all strict subgroupds, H, of G such thatH; andH; are conjugated holdd, andH;
are conjugated.

Let us considefs and letH;, Hz be strict subgroups db. Let us notice that the predicalte
andH, are conjugated is reflexive and symmetric.
We now state the proposition

(124) LetH, Hy be strict subgroups db. Supposéd; andH; are conjugated and, andH3 are
conjugated. Thehl; andHgz are conjugated.

Let us conside6, H. The functorH® yields a subset of Sub@ and is defined by:

(Def. 12) x e H* iff there exists a strict subgroup; of G such thax = H; andH andH; are conju-
gated.

We now state several propositions:
(127@ If x e H*, thenx s a strict subgroup db.
(128) For all strict subgroupd;, H, of G holdsH; € H,* iff H; andH, are conjugated.
(129) For every strict subgroup of G holdsHY9 € H*.
(130) For every strict subgroup of G holdsH € H*.
(131) For all strict subgroupds, H, of G such thatH; € H,* holdsH, € H;°.
(132) For all strict subgroupd, Hz of G holdsH1* = Hy* iff H1® meetsH,*®.
(133) IfGis finite, thenH* is finite.

(134) For every strict subgrou; of G holdsH; andH, are conjugated ifl; andH, are conju-
gated.

Let us conside6 and letl; be a subgroup dB. We say that; is normal if and only if:
(Def. 13) For evena holdsl;? = the groupoid of;.

Let us consideG. Observe that there exists a subgrouggafhich is strict and normal.
Next we state a number of propositions:

(137@ {1} is normal andg is normal.

(138) For all strict normal subgroups, N, of G holdsN; NN, is normal.

(139) For every strict subgroup of G such thaiG is a commutative group hold4$ is normal.
(140) H is a normal subgroup @ iff for every aholdsa-H =H - a.

(141) For every subgroug of G holdsH is a normal subgroup @ iff for every aholdsa-H C
H-a.

(142) For every subgrougd of G holdsH is a normal subgroup d@ iff for every aholdsH -a C
a-H.
13 The proposition (120) has been removed.

14 The propositions (125) and (126) have been removed.
15 The propositions (135) and (136) have been removed.
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(143) For every subgroug of G holdsH is a normal subgroup @ iff for every AholdsA-H =
H-A

(144) LetH be a strict subgroup db. ThenH is a normal subgroup d if and only if for every
a holdsH is a subgroup oH?2.

(145) LetH be a strict subgroup @b. ThenH is a normal subgroup @ if and only if for every
aholdsH? is a subgroup oH.

(146) For every strict subgroup of G holdsH is a normal subgroup @b iff H®* = {H}.

(147) LetH be a strict subgroup @b. ThenH is a normal subgroup d@ if and only if for every
asuch thaa € H holdsa® C H.

(148) For all strict normal subgroup, N, of G holdsN; - Nz = N - Ny.

(149) LetNz, N2 be strict normal subgroups &. Then there exists a strict normal subgrduip
of G such that the carrier df = N; - No.

(150) For every normal subgrotpof G holds the left cosets dfl = the right cosets ofl.

(151) LetH be a subgroup oB. Suppose the left cosets Hfis finite and|e : H|y = 2. ThenH
is a normal subgroup d@.

Let us consideG and let us consided. The functor NA) yielding a strict subgroup o6 is
defined as follows:

(Def. 14) The carrier of KA) = {h: A" = A}.
The following propositions are true:

(154f9 x e N(A) iff there existsh such thak = h andA" = A.

(155) A® =|e:N(A)|.

(156) If A* is finite or the left cosets of () is finite, then there exists a finite $&tsuch that
C=A*and car€C = |e: N(A)|x.

(157) a =|e:N({a})|.

(158) Ifa* is finite or the left cosets of a}) is finite, then there exists a finite g@tsuch that
C=2a*and car€C = |e: N({a})|n.

Let us conside6 and let us considdfl. The functor NH) yields a strict subgroup @ and is
defined by:

(Def. 15) NH) = N(H).
Next we state several propositions:

(160@ For every strict subgroupl of G holdsx € N(H) iff there existsh such thatx = h and
HM =H.

(161) For every strict subgrou of G holdsH® = [e : N(H)|.

(162) LetH be a strict subgroup db. SupposeH* is finite or the left cosets of () is finite.
Then there exists a finite S€tsuch thaC = H* and cardC = |e : N(H) |x.

(163) LetG be a strict group anHl be a strict subgroup @. ThenH is a normal subgroup @&
if and only if N(H) = G.

(164) For every strict grou@ holds N{1}s) = G.
(165) For every strict grou@ holds NQg) = G.
(166) For every finite seX such that card = 2 there exisk, y such thak # y andX = {x,y}.

16 The propositions (152) and (153) have been removed.
17 The proposition (159) has been removed.
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