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Construction of Grobner bases.
S-Polynomials and Standard Representations
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Summary. We continue the Mizar formalization of Glbner bases following [6]. In
this article we introduce S-polynomials and standard representations and show how these no-
tions can be used to characterizeéd@mer bases.

MML Identifier: GROEB_2.

WWW: http://mizar.org/JFM/Voll5/groeb_2.html

The articles[[2B],[131],[132],[[34],133],.18],[13],.[15] [128],130] 191171, 15],114] [112] / T19] / 118],
[24], [27], [17], [1], [4], [13], [21], [20], [29], [26], [16], [10], [25], [2], [22], [11], and[35] provide
the notation and terminology for this paper.

1. PRELIMINARIES
The following propositions are true:

(1) For every seX and for every finite sequengeof elements oX such thatp # 0 holds
pI1=(pa).

(2) LetL be a non empty loop structurp,be a finite sequence of elementsL.ofandn, m be
natural numbers. In < n, thenpnfm= pfm.

(3) LetL be an add-associative right zeroed right complementable non empty loop structure,
p be a finite sequence of elementslgfandn be a natural number. Suppose that for every
natural numbek such thak € domp andk > nholdsp(k) = 0_.. Theny p= S (p[n).

(4) LetL be an add-associative right zeroed Abelian non empty loop strudture,a finite
sequence of elements bf andi, j be natural numbers. ThenSwag f,i, j) =73 f.

(5) Letnbe an ordinal numbef, be a term order ofi, andbs, by, bz be bags of. If by <t bs
andby <t bz, then max (by,b2) <t bs.

(6) Letnbe an ordinal numbeT, be a term order ofi, andbs, by, bs be bags of. If bs <t b;
andbs <t by, thenbz <t minrt(by,by).

Let X be a set and ldt;, by be bags oiX. Let us assume th&k | b;. The functorg—; yields a
bag ofX and is defined as follows:

(Def. 1) bp+ 2 =by.
Let X be a set and ldby, by be bags oX. The functor Icnfiby, b,) yields a bag oX and is
defined by:
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(Def. 2) For every sédt holds lcn{bs, by) (k) = max(by (k), ba(k)).

Let us note that the functor lofing, by) is commutative and idempotent. We introduce (bmb,)
as a synonym of Icifipg, by).
Let X be a set and ldt;, by be bags oK. We say thabs, b, are disjoint if and only if:

(Def. 3) For every setholdsby (i) = 0 orby(i) = 0.

We introduceby, by are non disjoint as an antonymof, b, are disjoint.
We now state several propositions:

(7) Forevery seX and for all bagds, by of X holdsb; | lcm(bs,by) andb; | lem(by, by).

(8) Forevery seX and for all bagés, by, bs of X such thab; | bz andb; | bs holds Icnby, by) |
bs.

(9) LetX be asetT be aterm order oKX, andbs, by be bags oX. Thenb,, b, are disjoint if
and only if lem(by, by) = by + by.

(10) For every seX and for every bad of X holds% = EmptyBagX.
(11) For every seX and for all bagds, by of X holdsh, | by iff lcm (bg,by) = by.

(12) For every seX and for all bag#s, by, bs of X such thab; | lcm(bg, bs) holds lcn{bg, by) |
|Cm(bg,b3).

(13) For every seK and for all bagds, by, bz of X such that lcniby, by) | lem(by, bs) holds
lem(bg, bs) | lem(by, bs).

(14) For every seh and for all bagsy, by, bs of n such that Icniby, bs) | lcm(bz, bs) holds
by | |Cm(b2,b3).

(15) Letn be a natural numbef, be a connected admissible term ordenp&ndP be a non
empty subset of Bags Then there exists a bdgof n such thab € P and for every bady’ of
nsuch that’ € P holdsb <1 I'.

Let L be an add-associative right zeroed right complementable non trivial loop structure and let
a be a non-zero element bf Observe that-a is non-zero.

Let X be a set, let. be a left zeroed right zeroed add-cancelable distributive non empty double
loop structure, lem be a monomial ofX, L, and leta be an element of. Note thata-m is
monomial-like.

Letnbe an ordinal number, I&tbe a left zeroed right zeroed add-cancelable distributive integral
domain-like non trivial double loop structure, lpbe a non-zero polynomial af, L, and leta be a
non-zero element df. One can verify thaa- p is non-zero.

One can prove the following propositions:

(16) Letn be an ordinal numbeil be a term order of, L be a right zeroed right distributive
non empty double loop structurp, g be series of,, L, andb be a bag ofi. Thenbx (p+q) =
bxp+bxq.

(17) Letn be an ordinal numbef be a term order ofi, L be an add-associative right zeroed
right complementable non empty loop structupehe a series of, L, andb be a bag oh.
Thenbx —p= —bxp.

(18) Letnbe an ordinal numbeT, be a term order of,, L be a left zeroed add-right-cancelable
right distributive non empty double loop structupebe a series of,, L, b be a bag oh, and
abe an element df. Thenbx(a- p) =a- (bxp).

(19) Letn be an ordinal numbefl be a term order of, L be a right distributive non empty
double loop structurep, q be series oh, L, anda be an element of. Thena-(p+q) =
a-p+a-q.

(20) LetX be a setl be an add-associative right zeroed right complementable non empty double
loop structure, and be an element df. Then—(a_(X,L)) = —a_(X,L).
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2. S-ROLYNOMIALS
Next we state the proposition

(21) Letn be a natural numbef be a connected admissible term ordemplL be an add-
associative right complementable right zeroed commutative associative well unital distribu-
tive Abelian field-like non degenerated non empty double loop structurePd®la subset
of Polynom-Ringn,L). Suppose gL ¢ P. Suppose that for all polynomials, p2 of n, L
such thatp; # p2 andp; € P and p2 € P and for all monomialsm, mp of n, L such that
HM (my # p1, T) = HM(mp % p2, T) holds PolyRedRéP, T) reducesm x p; — mp * p2 to OyL.
ThenP is a Groebner basis wit.

Let n be an ordinal number, |1&t be a connected term order of let L be an add-associative
right complementable right zeroed commutative associative well unital distributive field-like non
trivial double loop structure, and Igh, pp be polynomials oh, L. The functor S-Polgpi, p2,T)
yielding a polynomial oh, L is defined as follows:

(Def. 4)  S-Polypy, pz, T) = HC(pz, T) - (SMHTELTME (02T py ) — HO(py, T) - (ST LTI 2T
P2).

The following propositions are true:

(22) Letn be an ordinal numbefT be a connected term order of L be an add-associative
right complementable right zeroed commutative associative well unital distributive field-like
Abelian non trivial double loop structurB,be a subset of Polynom-Rifig L), andps, p2 be
polynomials ofn, L. If p; € Pandp; € P, then S-Polyps, p2, T) € P—ideal

(23) Letn be an ordinal numbeil be a connected term order of L be an add-associative
right complementable right zeroed commutative associative well unital distributive field-
like non trivial double loop structure, army, p2 be polynomials oh, L. If p; = py, then
S-Poly(p1, p2, T) = OnL.

(24) Letnbe an ordinal numbeT, be a connected term ordermfL be an add-associative right
complementable right zeroed commutative associative well unital distributive field-like hon
trivial double loop structure, analy, m; be monomials of, L. Then S-Polymy,mp, T) =
OnL.

(25) Letnbe an ordinal numbef, be a connected term ordermfL be an add-associative right
complementable right zeroed commutative associative well unital distributive field-like non
trivial double loop structure, and be a polynomial oh, L. Then S-Polyp,0,L,T) = O,L
and S-PolyO,L, p,T) = O,L.

(26) Letn be an ordinal numbeil be an admissible connected term ordenpE be an add-
associative right complementable right zeroed commutative associative well unital distribu-
tive field-like non trivial double loop structure, am®, p> be polynomials ofn, L. Then
S-Poly(p1, p2, T) = OnL or HT(S-Poly(p1, p2, T), T) <7 lem(HT (p1, T),HT(p2,T)).

(27) Letn be an ordinal numbefT be a connected term order of L be an add-associative
right complementable right zeroed commutative associative well unital distributive field-like
non trivial double loop structure, arg, p, be non-zero polynomials of, L. If HT (p2, T) |
HT(p1,T), then HQp,, T) - p1 top reduces to S-Polps, p2,T), p2, T.

(28) Letn be a natural numbeil be a connected admissible term ordemoil be an add-
associative right complementable right zeroed commutative associative well unital distribu-
tive Abelian field-like non degenerated non empty double loop structureGdneda subset of
Polynom-Ringn,L). Supposés is a Groebner basis wit. Letgs, gz, h be polynomials oh,

L. If g1 € Gandgy € G andhis a normal form of S-Poligs, g2, T) w.r.t. PolyRedR€IG, T),
thenh = OyL.
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(29) Letn be a natural numbefT, be a connected admissible term ordenpE be an Abelian
add-associative right complementable right zeroed commutative associative well unital dis-
tributive field-like non degenerated non empty double loop structure Gahd a subset of
Polynom-Ringn,L). Suppose that for all polynomiatg, g2, h of n, L such thaig; € G and
02 € G andh is a normal form of S-Polig:, g2, T) w.r.t. PolyRedR€IG, T) holdsh = OyL.

Let g1, g2 be polynomials o, L. If g1 € G andgy € G, then PolyRedRéG, T) reduces
S-Poly(g1,092, T) to O,L.

(30) Letn be a natural numbef, be an admissible connected term ordenpf. be an add-
associative right complementable right zeroed commutative associative well unital distribu-
tive Abelian field-like non degenerated non empty double loop structuredneda subset of
Polynom-Ringn,L). Suppose £L ¢ G. Suppose that for all polynomiats, g of n, L such
thatg; € G andg; € G holds PolyRedRéG, T) reduces S-Pol:, g2, T) to O,L. ThenG is
a Groebner basis wit.

Let n be an ordinal number, |1& be a connected term order of let L be an add-associative
right complementable right zeroed commutative associative well unital distributive field-like non
trivial double loop structure, and IBtbe a subset of Polynom-RifigL). The functor S-PolfP, T)
yielding a subset of Polynom-Rifig L) is defined by:

(Def.5) S-PolyP, T) = {S-Poly(p1, p2, T); p1 ranges over polynomials of L, p, ranges over poly-
nomials ofn, L: p1 € P A py € P}

Let n be an ordinal number, |1& be a connected term order of let L be an add-associative
right complementable right zeroed commutative associative well unital distributive field-like non
trivial double loop structure, and I€tbe a finite subset of Polynom-RifryL). One can verify that
S-Poly(P, T) is finite.

The following proposition is true

(31) Letn be a natural numbef be an admissible connected term ordenpf. be an add-
associative right complementable right zeroed commutative associative well unital distribu-
tive Abelian field-like non degenerated non empty double loop structureGGarmela subset
of Polynom-Ringn,L). Suppose £L ¢ G and for every polynomiag of n, L such thag € G
holdsg is a monomial ofh, L. ThenG is a Groebner basis wit.

3. STANDARD REPRESENTATIONS
The following propositions are true:

(82) LetL be a non empty multiplicative loop structui® pe a non empty subset bf A be a
left linear combination oP, andi be a natural number. TheXii is a left linear combination
of P.

(33) LetL be a non empty multiplicative loop structuf@be a non empty subset bf A be a
left linear combination oP, andi be a natural number. Thek); is a left linear combination
of P.

(34) LetL be a non empty multiplicative loop structuf®,Q be non empty subsets bf andA
be a left linear combination d&?. If P C Q, thenA s a left linear combination od.

Let n be an ordinal number, ldt be a right zeroed add-associative right complementable
unital distributive non trivial non empty double loop structure, Febe a non empty subset of
Polynom-Ringn, L), and letA, B be left linear combinations &®. ThenA~ Bis a left linear com-
bination ofP.

Let n be an ordinal number, lét be a right zeroed add-associative right complementable unital
distributive non trivial non empty double loop structure, fidde a polynomial ofi, L, letP be a non
empty subset of Polynom-Rifig, L), and letA be a left linear combination &. We say thafAis a
monomial representation dfif and only if the conditions (Def. 6) are satisfied.
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(Def. 6)() SA=f,and

(i) for every natural numberrsuch that € domA there exists a monomiat of n, L and there
exists a polynomiap of n, L such thatp € P andA; = mx p.

We now state two propositions:

(35) Letnbe an ordinal numbek, be a right zeroed add-associative right complementable unital
distributive non trivial non empty double loop structurfebe a polynomial oh, L, P be a
non empty subset of Polynom-RifrgL), andA be a left linear combination d®. Suppose
A is a monomial representation 6f Then Support C [J{Supportm= p); m ranges over
monomials ofn, L, p ranges over polynomials of, L: ;. nawral numper(i € dOMA A A =
m p)}.

(36) Letnbe an ordinal numbek, be a right zeroed add-associative right complementable unital
distributive non trivial non empty double loop structufeg be polynomials of, L, P be a
non empty subset of Polynom-RifrgL), andA, B be left linear combinations d&?. Suppose
Ais a monomial representation 6fandB is a monomial representation gf ThenA~ Bis a
monomial representation df+ g.

Let n be an ordinal number, |16t be a connected term order oflet L be a right zeroed add-
associative right complementable unital distributive non trivial non empty double loop structure, let
f be a polynomial of, L, let P be a non empty subset of Polynom-Ringd.), let A be a left linear
combination ofP, and letb be a bag oh. We say thaf is a standard representationfofP, b, T if
and only if the conditions (Def. 7) are satisfied.

(Def. 7)()) YA=f,and

(i) for every natural number such thati € domA there exists a non-zero monomial of
n, L and there exists a non-zero polynompabf n, L such thatp € P andA; = mx p and
HT(m«p,T) <t b.

Let n be an ordinal number, 16t be a connected term order oflet L be a right zeroed add-
associative right complementable unital distributive non trivial non empty double loop structure, let
f be a polynomial oh, L, let P be a non empty subset of Polynom-Ringd.), and IetA be a left
linear combination oP. We say tha# is a standard representationfofP, T if and only if:

(Def. 8) Ais a standard representationfofP, HT(f, T), T.

Let n be an ordinal number, I1&t be a connected term order oflet L be a right zeroed add-
associative right complementable unital distributive non trivial non empty double loop structure, let
f be a polynomial of, L, let P be a non empty subset of Polynom-R(ngd.), and letb be a bag of
n. We say thaff has a standard representatiorPob, T if and only if:

(Def. 9) There exists a left linear combination®fvhich is a standard representationfoP, b, T.

Let n be an ordinal number, |6 be a connected term order oflet L be a right zeroed add-
associative right complementable unital distributive non trivial non empty double loop structure, let
f be a polynomial of, L, and letP be a non empty subset of Polynom-Ringd-). We say thatf
has a standard representatiorPofl if and only if:

(Def. 10) There exists a left linear combinationRivhich is a standard representationfo, T.

One can prove the following propositions:

(37) Letn be an ordinal numbefl be a connected term order of L be a right zeroed add-
associative right complementable unital distributive non trivial non empty double loop struc-
ture, f be a polynomial of, L, P be a non empty subset of Polynom-Rind.), A be a left
linear combination oP, andb be a bag ofi. Supposé is a standard representation fofP,

b, T. ThenAis a monomial representation &f
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(38) Letn be an ordinal numbefl be a connected term order of L be a right zeroed add-
associative right complementable unital distributive non trivial non empty double loop struc-
ture, f, g be polynomials of, L, P be a non empty subset of Polynom-Ring-), A, B be left
linear combinations o, andb be a bag of. Suppose\ is a standard representationfgfP,

b, T andB is a standard representationgfP, b, T. ThenA~ B is a standard representation
of f+g,P, b T.

(39) Letn be an ordinal numbefl be a connected term order of L be a right zeroed add-
associative right complementable unital distributive non trivial non empty double loop struc-
ture, f, g be polynomials of, L, P be a non empty subset of Polynom-Ring-), A, B be left
linear combinations dP, b be a bag oh, andi be a natural number. Suppo&és a standard
representation of, P, b, T andB = Afi andg = S (A}i). ThenB is a standard representation
of f—g,P,bT.

(40) Letnbe an ordinal numbeT, be a connected term ordermfL be an Abelian right zeroed
add-associative right complementable unital distributive non trivial non empty double loop
structure,f, g be polynomials of, L, P be a non empty subset of Polynom-Ring.), A, B
be left linear combinations d?, b be a bag oh, andi be a natural number. Suppao&és a
standard representation 6f P, b, T andB = Aj; andg = Y (Ali) andi < lenA. ThenB is a
standard representation 6f-g, P, b, T.

(41) Letn be an ordinal numbefl be a connected term order of L be a right zeroed add-
associative right complementable unital distributive non trivial non empty double loop struc-
ture, f be a non-zero polynomial of, L, P be a non empty subset of Polynom-Ring.),
andA be a left linear combination d?. Supposé\ is a monomial representation 6f Then
there exists a natural numbeand there exists a non-zero monomialof n, L and there
exists a non-zero polynomial of n, L such thai € domA andp € P andA(i) = m« p and
HT(f,T) <t HT(mx*p,T).

(42) Letn be an ordinal numbefl be a connected term order of L be a right zeroed add-
associative right complementable unital distributive non trivial non empty double loop struc-
ture, f be a non-zero polynomial of, L, P be a non empty subset of Polynom-Ring.),
andA be a left linear combination d®. SupposeA is a standard representation QfP, T.

Then there exists a natural numband there exists a non-zero mononmedf n, L and there
exists a non-zero polynomiag of n, L such thatp € P andi € domA andA; = mx p and
HT(f,T) = HT(mxp,T).

(43) Letn be an ordinal numbef be an admissible connected term ordenpE be an add-
associative right complementable right zeroed commutative associative well unital distribu-
tive Abelian field-like non degenerated non empty double loop structure a polynomial of
n, L, andP be a non empty subset of Polynom-R(ngd-) such that PolyRedR@®, T) reduces
f to O,L. Thenf has a standard representatiorPofl .

(44) Letn be an ordinal numbefl be an admissible connected term ordenpE be an add-
associative right complementable right zeroed commutative associative well unital distribu-
tive field-like non trivial double loop structurd, be a non-zero polynomial af, L, andP be
a non empty subset of Polynom-RiimgL). If f has a standard representatiorPof, thenf
is top reducible wrP, T.

(45) Letn be a natural numbefl be a connected admissible term ordempl be an add-
associative right complementable right zeroed commutative associative well unital distribu-
tive Abelian field-like non degenerated non empty double loop structure Gabe a non
empty subset of Polynom-Rifig L). ThenG is a Groebner basis wit if and only if for ev-
ery non-zero polynomiaf of n, L such thatf € G—ideal holdsf has a standard representation
of G, T.
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