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The articles [12], [5], [1], [10], [2], [13], [6], [11], [14], [3], [4], [7], [8], and [9] provide the notation
and terminology for this paper.

We adopt the following rules:i, j, k are natural numbers,p is a point ofE2
T, and f is a non

constant standard special circular sequence.
We now state a number of propositions:

(1) Let givenk. Suppose 1≤ k andk+2≤ len f . Let giveni, j. Suppose that

(i) 1≤ i,

(ii) i +1≤ lenthe Go-board off ,

(iii) 1 ≤ j,

(iv) j +2≤ widththe Go-board off ,

(v) fk+1 = the Go-board off ◦ (i +1, j +1), and

(vi) fk = the Go-board off ◦(i +1, j) and fk+2 = the Go-board off ◦(i +1, j +2) or fk+2 = the
Go-board off ◦ (i +1, j) and fk = the Go-board off ◦ (i +1, j +2).

ThenL(1
2 · ((the Go-board off ◦ (i, j))+ (the Go-board off ◦ (i + 1, j + 1))), 1

2 · ((the Go-

board of f ◦ (i, j +1))+(the Go-board off ◦ (i +1, j +2)))) misses̃L( f ).

(2) Let givenk. Suppose 1≤ k andk+2≤ len f . Let giveni, j. Suppose that

(i) 1≤ i,

(ii) i +2≤ lenthe Go-board off ,

(iii) 1 ≤ j,

(iv) j +2≤ widththe Go-board off ,

(v) fk+1 = the Go-board off ◦ (i +1, j +1), and

(vi) fk = the Go-board off ◦ (i + 2, j + 1) and fk+2 = the Go-board off ◦ (i + 1, j + 2) or
fk+2 = the Go-board off ◦ (i +2, j +1) and fk = the Go-board off ◦ (i +1, j +2).

ThenL(1
2 · ((the Go-board off ◦ (i, j))+ (the Go-board off ◦ (i + 1, j + 1))), 1

2 · ((the Go-

board of f ◦ (i, j +1))+(the Go-board off ◦ (i +1, j +2)))) misses̃L( f ).
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(3) Let givenk. Suppose 1≤ k andk+2≤ len f . Let giveni, j. Suppose that

(i) 1≤ i,

(ii) i +2≤ lenthe Go-board off ,

(iii) 1 ≤ j,

(iv) j +2≤ widththe Go-board off ,

(v) fk+1 = the Go-board off ◦ (i +1, j +1), and

(vi) fk = the Go-board off ◦(i +2, j +1) and fk+2 = the Go-board off ◦(i +1, j) or fk+2 = the
Go-board off ◦ (i +2, j +1) and fk = the Go-board off ◦ (i +1, j).

ThenL(1
2 · ((the Go-board off ◦ (i, j))+ (the Go-board off ◦ (i + 1, j + 1))), 1

2 · ((the Go-

board of f ◦ (i, j +1))+(the Go-board off ◦ (i +1, j +2)))) misses̃L( f ).

(4) Let givenk. Suppose 1≤ k andk+2≤ len f . Let giveni, j. Suppose that

(i) 1≤ i,

(ii) i +1≤ lenthe Go-board off ,

(iii) 1 ≤ j,

(iv) j +2≤ widththe Go-board off ,

(v) fk+1 = the Go-board off ◦ (i, j +1), and

(vi) fk = the Go-board off ◦ (i, j) and fk+2 = the Go-board off ◦ (i, j + 2) or fk+2 = the
Go-board off ◦ (i, j) and fk = the Go-board off ◦ (i, j +2).

ThenL(1
2 · ((the Go-board off ◦ (i, j))+ (the Go-board off ◦ (i + 1, j + 1))), 1

2 · ((the Go-

board of f ◦ (i, j +1))+(the Go-board off ◦ (i +1, j +2)))) misses̃L( f ).

(5) Let givenk. Suppose 1≤ k andk+2≤ len f . Let giveni, j. Suppose that

(i) 1≤ i,

(ii) i +2≤ lenthe Go-board off ,

(iii) 1 ≤ j,

(iv) j +2≤ widththe Go-board off ,

(v) fk+1 = the Go-board off ◦ (i +1, j +1), and

(vi) fk = the Go-board off ◦(i, j +1) and fk+2 = the Go-board off ◦(i +1, j +2) or fk+2 = the
Go-board off ◦ (i, j +1) and fk = the Go-board off ◦ (i +1, j +2).

ThenL(1
2 · ((the Go-board off ◦ (i + 1, j)) + (the Go-board off ◦ (i + 2, j + 1))), 1

2 · ((the

Go-board off ◦ (i +1, j +1))+(the Go-board off ◦ (i +2, j +2)))) misses̃L( f ).

(6) Let givenk. Suppose 1≤ k andk+2≤ len f . Let giveni, j. Suppose that

(i) 1≤ i,

(ii) i +2≤ lenthe Go-board off ,

(iii) 1 ≤ j,

(iv) j +2≤ widththe Go-board off ,

(v) fk+1 = the Go-board off ◦ (i +1, j +1), and

(vi) fk = the Go-board off ◦ (i, j +1) and fk+2 = the Go-board off ◦ (i +1, j) or fk+2 = the
Go-board off ◦ (i, j +1) and fk = the Go-board off ◦ (i +1, j).

ThenL(1
2 · ((the Go-board off ◦ (i + 1, j)) + (the Go-board off ◦ (i + 2, j + 1))), 1

2 · ((the

Go-board off ◦ (i +1, j +1))+(the Go-board off ◦ (i +2, j +2)))) misses̃L( f ).
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(7) Let givenk. Suppose 1≤ k andk+2≤ len f . Let giveni. Suppose that

(i) 1≤ i,

(ii) i +2≤ lenthe Go-board off ,

(iii) fk+1 = the Go-board off ◦ (i +1,1), and

(iv) fk = the Go-board off ◦ (i +2,1) and fk+2 = the Go-board off ◦ (i +1,2) or fk+2 = the
Go-board off ◦ (i +2,1) and fk = the Go-board off ◦ (i +1,2).

ThenL(1
2 · ((the Go-board off ◦ (i,1)) + (the Go-board off ◦ (i + 1,1)))− [0,1], 1

2 · ((the

Go-board off ◦ (i,1))+(the Go-board off ◦ (i +1,2)))) misses̃L( f ).

(8) Let givenk. Suppose 1≤ k andk+2≤ len f . Let giveni. Suppose that

(i) 1≤ i,

(ii) i +2≤ lenthe Go-board off ,

(iii) fk+1 = the Go-board off ◦ (i +1,1), and

(iv) fk = the Go-board off ◦ (i,1) and fk+2 = the Go-board off ◦ (i + 1,2) or fk+2 = the
Go-board off ◦ (i,1) and fk = the Go-board off ◦ (i +1,2).

ThenL(1
2 · ((the Go-board off ◦ (i +1,1))+(the Go-board off ◦ (i +2,1)))− [0,1], 1

2 · ((the

Go-board off ◦ (i +1,1))+(the Go-board off ◦ (i +2,2)))) misses̃L( f ).

(9) Let givenk. Suppose 1≤ k andk+2≤ len f . Let giveni. Suppose that

(i) 1≤ i,

(ii) i +2≤ lenthe Go-board off ,

(iii) fk+1 = the Go-board off ◦ (i +1,widththe Go-board off ), and

(iv) fk = the Go-board off ◦ (i + 2,widththe Go-board off ) and fk+2 = the Go-board of
f ◦ (i + 1,widththe Go-board off −′ 1) or fk+2 = the Go-board off ◦ (i + 2,widththe Go-
board of f ) and fk = the Go-board off ◦ (i +1,widththe Go-board off −′ 1).

ThenL(1
2 ·((the Go-board off ◦(i,widththe Go-board off −′1))+(the Go-board off ◦(i +

1,widththe Go-board off ))), 1
2 · ((the Go-board off ◦ (i,widththe Go-board off )) + (the

Go-board off ◦ (i +1,widththe Go-board off )))+ [0,1]) misses̃L( f ).

(10) Let givenk. Suppose 1≤ k andk+2≤ len f . Let giveni. Suppose that

(i) 1≤ i,

(ii) i +2≤ lenthe Go-board off ,

(iii) fk+1 = the Go-board off ◦ (i +1,widththe Go-board off ), and

(iv) fk = the Go-board off ◦ (i,widththe Go-board off ) and fk+2 = the Go-board off ◦ (i +
1,widththe Go-board off −′ 1) or fk+2 = the Go-board off ◦ (i,widththe Go-board off )
and fk = the Go-board off ◦ (i +1,widththe Go-board off −′ 1).

ThenL(1
2 · ((the Go-board off ◦ (i + 1,widththe Go-board off −′ 1)) + (the Go-board of

f ◦ (i + 2,widththe Go-board off ))), 1
2 · ((the Go-board off ◦ (i + 1,widththe Go-board of

f ))+(the Go-board off ◦ (i +2,widththe Go-board off )))+ [0,1]) misses̃L( f ).

(11) Let givenk. Suppose 1≤ k andk+2≤ len f . Let giveni, j. Suppose that

(i) 1≤ j,

(ii) j +1≤ widththe Go-board off ,

(iii) 1 ≤ i,

(iv) i +2≤ lenthe Go-board off ,

(v) fk+1 = the Go-board off ◦ (i +1, j +1), and

(vi) fk = the Go-board off ◦(i, j +1) and fk+2 = the Go-board off ◦(i +2, j +1) or fk+2 = the
Go-board off ◦ (i, j +1) and fk = the Go-board off ◦ (i +2, j +1).
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ThenL(1
2 · ((the Go-board off ◦ (i, j))+ (the Go-board off ◦ (i + 1, j + 1))), 1

2 · ((the Go-

board of f ◦ (i +1, j))+(the Go-board off ◦ (i +2, j +1)))) misses̃L( f ).

(12) Let givenk. Suppose 1≤ k andk+2≤ len f . Let given j, i. Suppose that

(i) 1≤ j,

(ii) j +2≤ widththe Go-board off ,

(iii) 1 ≤ i,

(iv) i +2≤ lenthe Go-board off ,

(v) fk+1 = the Go-board off ◦ (i +1, j +1), and

(vi) fk = the Go-board off ◦ (i + 1, j + 2) and fk+2 = the Go-board off ◦ (i + 2, j + 1) or
fk+2 = the Go-board off ◦ (i +1, j +2) and fk = the Go-board off ◦ (i +2, j +1).

ThenL(1
2 · ((the Go-board off ◦ (i, j))+ (the Go-board off ◦ (i + 1, j + 1))), 1

2 · ((the Go-

board of f ◦ (i +1, j))+(the Go-board off ◦ (i +2, j +1)))) misses̃L( f ).

(13) Let givenk. Suppose 1≤ k andk+2≤ len f . Let given j, i. Suppose that

(i) 1≤ j,

(ii) j +2≤ widththe Go-board off ,

(iii) 1 ≤ i,

(iv) i +2≤ lenthe Go-board off ,

(v) fk+1 = the Go-board off ◦ (i +1, j +1), and

(vi) fk = the Go-board off ◦(i +1, j +2) and fk+2 = the Go-board off ◦(i, j +1) or fk+2 = the
Go-board off ◦ (i +1, j +2) and fk = the Go-board off ◦ (i, j +1).

ThenL(1
2 · ((the Go-board off ◦ (i, j))+ (the Go-board off ◦ (i + 1, j + 1))), 1

2 · ((the Go-

board of f ◦ (i +1, j))+(the Go-board off ◦ (i +2, j +1)))) misses̃L( f ).

(14) Let givenk. Suppose 1≤ k andk+2≤ len f . Let given j, i. Suppose that

(i) 1≤ j,

(ii) j +1≤ widththe Go-board off ,

(iii) 1 ≤ i,

(iv) i +2≤ lenthe Go-board off ,

(v) fk+1 = the Go-board off ◦ (i +1, j), and

(vi) fk = the Go-board off ◦ (i, j) and fk+2 = the Go-board off ◦ (i + 2, j) or fk+2 = the
Go-board off ◦ (i, j) and fk = the Go-board off ◦ (i +2, j).

ThenL(1
2 · ((the Go-board off ◦ (i, j))+ (the Go-board off ◦ (i + 1, j + 1))), 1

2 · ((the Go-

board of f ◦ (i +1, j))+(the Go-board off ◦ (i +2, j +1)))) misses̃L( f ).

(15) Let givenk. Suppose 1≤ k andk+2≤ len f . Let given j, i. Suppose that

(i) 1≤ j,

(ii) j +2≤ widththe Go-board off ,

(iii) 1 ≤ i,

(iv) i +2≤ lenthe Go-board off ,

(v) fk+1 = the Go-board off ◦ (i +1, j +1), and

(vi) fk = the Go-board off ◦(i +1, j) and fk+2 = the Go-board off ◦(i +2, j +1) or fk+2 = the
Go-board off ◦ (i +1, j) and fk = the Go-board off ◦ (i +2, j +1).

ThenL(1
2 · ((the Go-board off ◦ (i, j + 1)) + (the Go-board off ◦ (i + 1, j + 2))), 1

2 · ((the

Go-board off ◦ (i +1, j +1))+(the Go-board off ◦ (i +2, j +2)))) misses̃L( f ).
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(16) Let givenk. Suppose 1≤ k andk+2≤ len f . Let given j, i. Suppose that

(i) 1≤ j,

(ii) j +2≤ widththe Go-board off ,

(iii) 1 ≤ i,

(iv) i +2≤ lenthe Go-board off ,

(v) fk+1 = the Go-board off ◦ (i +1, j +1), and

(vi) fk = the Go-board off ◦ (i +1, j) and fk+2 = the Go-board off ◦ (i, j +1) or fk+2 = the
Go-board off ◦ (i +1, j) and fk = the Go-board off ◦ (i, j +1).

ThenL(1
2 · ((the Go-board off ◦ (i, j + 1)) + (the Go-board off ◦ (i + 1, j + 2))), 1

2 · ((the

Go-board off ◦ (i +1, j +1))+(the Go-board off ◦ (i +2, j +2)))) misses̃L( f ).

(17) Let givenk. Suppose 1≤ k andk+2≤ len f . Let given j. Suppose that

(i) 1≤ j,

(ii) j +2≤ widththe Go-board off ,

(iii) fk+1 = the Go-board off ◦ (1, j +1), and

(iv) fk = the Go-board off ◦ (1, j +2) and fk+2 = the Go-board off ◦ (2, j +1) or fk+2 = the
Go-board off ◦ (1, j +2) and fk = the Go-board off ◦ (2, j +1).

ThenL(1
2 · ((the Go-board off ◦ (1, j))+ (the Go-board off ◦ (1, j + 1)))− [1,0], 1

2 · ((the

Go-board off ◦ (1, j))+(the Go-board off ◦ (2, j +1)))) misses̃L( f ).

(18) Let givenk. Suppose 1≤ k andk+2≤ len f . Let given j. Suppose that

(i) 1≤ j,

(ii) j +2≤ widththe Go-board off ,

(iii) fk+1 = the Go-board off ◦ (1, j +1), and

(iv) fk = the Go-board off ◦ (1, j) and fk+2 = the Go-board off ◦ (2, j + 1) or fk+2 = the
Go-board off ◦ (1, j) and fk = the Go-board off ◦ (2, j +1).

ThenL(1
2 ·((the Go-board off ◦(1, j +1))+(the Go-board off ◦(1, j +2)))− [1,0], 1

2 ·((the

Go-board off ◦ (1, j +1))+(the Go-board off ◦ (2, j +2)))) misses̃L( f ).

(19) Let givenk. Suppose 1≤ k andk+2≤ len f . Let given j. Suppose that

(i) 1≤ j,

(ii) j +2≤ widththe Go-board off ,

(iii) fk+1 = the Go-board off ◦ (lenthe Go-board off , j +1), and

(iv) fk = the Go-board off ◦ (lenthe Go-board off , j + 2) and fk+2 = the Go-board off ◦
(lenthe Go-board off −′1, j +1) or fk+2 = the Go-board off ◦(lenthe Go-board off , j +2)
and fk = the Go-board off ◦ (lenthe Go-board off −′ 1, j +1).

ThenL(1
2 ·((the Go-board off ◦(lenthe Go-board off −′1, j))+(the Go-board off ◦(lenthe

Go-board off , j +1))), 1
2 · ((the Go-board off ◦ (lenthe Go-board off , j))+(the Go-board

of f ◦ (lenthe Go-board off , j +1)))+ [1,0]) misses̃L( f ).

(20) Let givenk. Suppose 1≤ k andk+2≤ len f . Let given j. Suppose that

(i) 1≤ j,

(ii) j +2≤ widththe Go-board off ,

(iii) fk+1 = the Go-board off ◦ (lenthe Go-board off , j +1), and

(iv) fk = the Go-board off ◦ (lenthe Go-board off , j) and fk+2 = the Go-board off ◦ (lenthe
Go-board off −′1, j +1) or fk+2 = the Go-board off ◦(lenthe Go-board off , j) and fk = the
Go-board off ◦ (lenthe Go-board off −′ 1, j +1).
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ThenL(1
2 · ((the Go-board off ◦ (lenthe Go-board off −′ 1, j +1))+ (the Go-board off ◦

(lenthe Go-board off , j +2))), 1
2 ·((the Go-board off ◦(lenthe Go-board off , j +1))+(the

Go-board off ◦ (lenthe Go-board off , j +2)))+ [1,0]) misses̃L( f ).

In the sequelP is a subset ofE2
T.

Next we state a number of propositions:

(21) If for everyp such thatp∈P holdsp1 < (the Go-board off ◦ (1,1))1, thenP misses̃L( f ).

(22) If for everyp such thatp∈P holdsp1 > (the Go-board off ◦ (lenthe Go-board off , 1))1,

thenP misses̃L( f ).

(23) If for everyp such thatp∈P holdsp2 < (the Go-board off ◦ (1,1))2, thenP misses̃L( f ).

(24) If for everypsuch thatp∈Pholdsp2 > (the Go-board off ◦ (1,widththe Go-board off ))2,

thenP misses̃L( f ).

(25) Let giveni. Suppose 1≤ i andi +2≤ lenthe Go-board off . ThenL(1
2 · ((the Go-board of

f ◦ (i,1))+(the Go-board off ◦ (i +1,1)))− [0,1], 1
2 · ((the Go-board off ◦ (i +1,1))+(the

Go-board off ◦ (i +2,1)))− [0,1]) misses̃L( f ).

(26) L((the Go-board off ◦ (1,1))− [1,1], 1
2 · ((the Go-board off ◦ (1,1))+ (the Go-board of

f ◦ (2,1)))− [0,1]) misses̃L( f ).

(27) L(1
2 · ((the Go-board off ◦ (lenthe Go-board off −′ 1,1))+(the Go-board off ◦ (lenthe

Go-board off , 1)))− [0,1],(the Go-board off ◦ (lenthe Go-board off , 1))+[1,−1]) misses
L̃( f ).

(28) Let giveni. Suppose 1≤ i andi +2≤ lenthe Go-board off . ThenL(1
2 · ((the Go-board of

f ◦ (i,widththe Go-board off ))+ (the Go-board off ◦ (i + 1,widththe Go-board off )))+
[0,1], 1

2 · ((the Go-board off ◦ (i + 1,widththe Go-board off ))+ (the Go-board off ◦ (i +
2,widththe Go-board off )))+ [0,1]) misses̃L( f ).

(29) L((the Go-board off ◦ (1,widththe Go-board off )) + [−1,1], 1
2 · ((the Go-board off ◦

(1,widththe Go-board off ))+ (the Go-board off ◦ (2,widththe Go-board off )))+ [0,1])
misses̃L( f ).

(30) L(1
2 · ((the Go-board off ◦ (lenthe Go-board off −′ 1,widththe Go-board off ))+ (the

Go-board off ◦ (lenthe Go-board off , widththe Go-board off )))+ [0,1],(the Go-board of
f ◦ (lenthe Go-board off , widththe Go-board off ))+ [1,1]) misses̃L( f ).

(31) Let givenj. Suppose 1≤ j and j +2≤widththe Go-board off . ThenL(1
2 ·((the Go-board

of f ◦ (1, j))+(the Go-board off ◦ (1, j +1)))− [1,0], 1
2 · ((the Go-board off ◦ (1, j +1))+

(the Go-board off ◦ (1, j +2)))− [1,0]) misses̃L( f ).

(32) L((the Go-board off ◦ (1,1))− [1,1], 1
2 · ((the Go-board off ◦ (1,1))+ (the Go-board of

f ◦ (1,2)))− [1,0]) misses̃L( f ).

(33) L(1
2 · ((the Go-board off ◦ (1,widththe Go-board off −′ 1)) + (the Go-board off ◦

(1,widththe Go-board off )))− [1,0],(the Go-board off ◦ (1,widththe Go-board off ))+
[−1,1]) misses̃L( f ).

(34) Let givenj. Suppose 1≤ j and j +2≤widththe Go-board off . ThenL(1
2 ·((the Go-board

of f ◦ (lenthe Go-board off , j))+(the Go-board off ◦ (lenthe Go-board off , j +1)))+ [1,
0], 1

2 · ((the Go-board off ◦ (lenthe Go-board off , j + 1)) + (the Go-board off ◦ (lenthe

Go-board off , j +2)))+ [1,0]) misses̃L( f ).
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(35) L((the Go-board off ◦ (lenthe Go-board off , 1)) + [1,−1], 1
2 · ((the Go-board off ◦

(lenthe Go-board off , 1))+(the Go-board off ◦(lenthe Go-board off , 2)))+[1,0]) misses
L̃( f ).

(36) L(1
2 · ((the Go-board off ◦ (lenthe Go-board off , widththe Go-board off −′ 1))+ (the

Go-board off ◦ (lenthe Go-board off , widththe Go-board off )))+ [1,0],(the Go-board of
f ◦ (lenthe Go-board off , widththe Go-board off ))+ [1,1]) misses̃L( f ).

(37) If 1≤ k andk+1≤ len f , then Int leftcell( f ,k) misses̃L( f ).

(38) If 1≤ k andk+1≤ len f , then Int rightcell( f ,k) misses̃L( f ).
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