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1. PRELIMINARIES

For simplicity, we adopt the following rules: denotes a non empty finite sequence of elements of
Z%, i, j, k N, iy, iz, j1, j2 denote natural numbers,s, r1, ro denote real numbers, g, p; denote
points of £2, andG denotes a Go-board.

We now state a number of propositions:

(1) Iffri—rgl>sthenri+s<ryorrp+s<ry.

(2) |[r—g=0iffr=s

(8) Forall pointsp, p1, g of £} such thatp+ p1 = q+ p1 holdsp=q.

(4) For all pointsp, p1, g of £} such thatp; + p= p1+qgholdsp=q.

(5) If pr€ L(p,q) andpy = gy, then(pa)1 = qu.

(6) If pr€ L(p,q) andpz = gy, then(p1)2 = G

(1) 3-(p+a) € L(p.q).

(8) If pr=ay ando; = (p1)1 andpy < gz andgy < (p1)2, theng € L(p, pa).
(9) If pr < ando; < (p1)1 andp =gz anddy = (p1)2, theng € L(p, pa).

(10) LetD be a non empty set, givenj, andM be a matrix oveD. If 1 <i andi <lenM and
1< jandj <widthM, then{i, j) € the indices oM.

(11) If1<iandi+1<lenGand 1< j andj+1 < widthG, then3 - ((Go (i, )+ (Go (i +
Lj+1)) =3 ((Go(i,j+1))+(Go(i+1,]))).

(12) Suppose.(f,K) is horizontal. Then there exisfssuch that 1< j and j < widththe Go-
board off and for everyp such thatp € £(f,k) holdsp, = (the Go-board off o (1, j))>.
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(13) Suppose(f,k) is vertical. Then there existsuch that I< i andi < lenthe Go-board of
f and for everyp such thatp € £(f,k) holdsp; = (the Go-board of o (i,1));.

(14) Supposd is special and < lenthe Go-board of andj < widththe Go-board of. Then
Intcell(the Go-board of, i, j) missesL(f).

2. SEGMENTS ON AGO-BOARD
The following propositions are true:

(15) Ifi<iandi <lenGand 1< jandj+2<widthG,thenL(Go(i,j),Go(i,j+1))NL(Go
(i,j+1),Go(i,j+2) ={Go(i,j+1)}.

(16) Ifl<iandi+2<lenGand 1< jandj <widthG,thenL(Go(i,j),Go(i+1,j))NL(Go
(i+1,)),Go(i+2])) ={Ge(i+1])}

(17) Ifi<iandi+1<lenGand 1< jandj+1<widthG,thenL(Go(i,]),Go(i,j+1))N
L(Go(i,j+1),Go(i4+1,j+1)) ={Go(i,j+1)}.

(18) Ifi<iandi+1<lenGand 1< jandj+1<widthG,thenL(Go(i,j+1),Go(i+1,j+
D)NL(Go(i+1,]),Go(i+1,]+1) = {Go(i+1,j+1)}.

(19) Ifl<iandi+1<lenGand 1< jandj+1<widthG,thenL(Go(i,j),Go(i+1,j))N
L(Go(i,]),Go(i,j+1)) ={Ge(i,])}-

(20) If1<iandi+1<lenGand 1< jandj+1<widthG,thenL(Go(i,j),Go(i+1,j))N
L(Go(i41,)),Go(i+1,j+1)={Go(i+1,j)}

(21) Letiy, j1,i2, j2 be natural numbers. Suppose&1; andi; <lenGand 1< jyandj;+1<
widthG and 1< i, andiz <lenG and 1< j; and j; + 1 < widthG and L(Go (i1, j1),Go
(i1, j1+1)) meetsL(Go (iz, j2),Go(iz, j2+1)). Thenip =iz and|j; — jo| < 1.

(22) Letiq, j1, iz, j2 be natural numbers. Suppose<li; andi; +1 < lenG and 1< j; and
j1 <widthG and 1< i; andiz+1 <lenG and 1< j, and j, < widthGand £(Go(iy, j1),Go
(i1+1,j1)) meetsL(Go(iz, j2),Go (iz—‘rl,jz)). Thenj; = |2 and|i1—i2\ <1

(23) Letiyq, j1,i2, j2 be natural numbers. Suppose&1; andi; <lenGand 1< j;andj;+1<
widthG and 1< i, andi; +1 < lenG and 1< j, and j» < widthG and L(Go (i1, j1),Go
(i1, j1+ 1)) meetsL(Go(ip, j2),Go(iz+1,]j2)). Thenip =iy orip =i+ 1butj; = j,or
j1+1=ja.

(24) Letiy, j1,i2, j2 be natural numbers. Suppose& 1; andi; <lenGand 1< jyandj;+1<
widthG and 1< i, andi, < lenG and 1< j, and j» 4+ 1 < widthG and £(Go (i1, j1),Go
(il,jl—i-l)) meetsL(Go(iz, jz),Go (iz, j2+1)). Then

() Jji=j2andL(Go(i1,])1),Go(i1,j1+1)) = L(Go(i2,]j2),Go(i2 j2+1)), or
(i)  Jji=j2+1andL(Go (i1, j1),Go (i1, j1+1)) N L(Go(iz,]2),Go(iz,J2+1)) = {Go
(i1, j1)}, or

(i) j1+1=j2 and £(Go (i1, 1),Go (i1, j1+1)) N L(Go (iz, j2),Go (iz, j2 + 1) = {Go
(i2,]2)}-

(25) Letiy, j1, i2, j2 be natural numbers. Supposecl; andi; +1 < lenG and 1< j; and
j1 <widthG and 1< i; andiz+1 <lenG and 1< jp, and j, < widthG and £(Go (i1, j1),Go
(i1+1,j1)) meetsL(Go (i, j2),Go(i2+1, j2)). Then

() i1=i2andL(Go(i1,j1),Go(i1+1, j1)) = L(Go(i2,j2),Go (i2+1, 2)), or
(i) ip=i2+1andL(Go(i1,}1),Go(i1+1,j1)) N L(Go (i2,]j2),Go (i2+1,]2)) = {Go
(i1, j1)}, or

(i) i1+1=1iyand L(Go(i1,j1),Go(i1+1,j1)) N L(Go (iz,]2),Go(i2+ 1 j2)) = {Go

(i2,]2)}-
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(26) Letiq, j1,i2, j2 be natural numbers. Suppose& 1; andi; <lenGand 1< jiandj;+1<
widthG and 1< i, andi; +1 < lenG and 1< j, and j» < widthG and L(Go (i1, j1),Go
(i1, j1+1)) meetsL(Go (iz, j2),Go(i2+1, j2)). Thenji = joandL(Go (i1, j1),Go (i1, j1+
1) N L(Go(iz,j2),Go(i2+1,j2)) = {Go(i1,j1)} or j1+1= j» and L(Go (i1, ]1),Go
(i1,j14+1))NL(Go (i2,j2),Go (i24+ 1, j2)) = {Go (i1, j1+1)}.

(27) Suppose K i; andi; <lenG and 1< j; and j; + 1 < widthG and 1< i; andiz < lenG
and 1< j> andjz + 1 < widthG and} - ((Go (iv. ju)) + (Ge (i1, j1+1))) € L(Go (i2. 2). Go
(i2,j2+1)). Theniy =iy andj; = jo.

(28) Suppose X i; andi; +1<lenGand 1< j; andj; < widthG and 1< i, andi, +1 < lenG
and 1< jp andjz <widthG and3 - ((Go (i1, j1)) +(Go (i1+1, 1)) € L(Go (i2, j2), Go (iz+
1,j2)). Theni; =iz andj; = jo.

(29) Suppose X i andi; +1<lenG and 1< j; and j; < widthG. Then it is not true that
there exist,, j» such that K i, andi, < lenG and 1< j, andj, +1 < widthG and% ((Go
(i1,j1)) +(Go(i1+1,j1))) € L(Go(iz, j2),Go(iz, j2+1)).

(30) Suppose K i andi; <lenG and 1< j; and j1 + 1 < widthG. Then it is not true that
there exisiy, j» such that < i, andi; + 1 < lenG and 1< jp andj, < widthG and% -((Go
(i1, 1))+ (Go(i1, j1+1))) € L(Go(iz, j2),Go (i2+1, j2)).

3. STANDARD SPECIAL CIRCULAR SEQUENCES

In the sequef denotes a non constant standard special circular sequence.
The following propositions are true:

(31) For every standard non empty finite sequehoé elements 0fE$ such thai € domf and
i+1 e domf holdsf; # fi.1.

(32) There existssuch that € domf and(fi)1 # (f1)1.
(33) There existssuch that € domf and(fi)2 # (f1)2.
(34) lenthe Go-board of > 1.

(35) widththe Go-board of > 1.

(36) lenf > 4.

(37) Letf be acircular s.c.c. finite sequence of elementﬁﬁ)fSuppose lef > 4. Leti, j be
natural numbers. If X i andi < j andj < lenf, thenf; # fj.

(38) For all natural numbeis j such that < i andi < j andj < lenf holds f; # f;.
(39) For all natural numbeis j such that X< i andi < j andj <lenf holds f; # f;.
(40) For every natural numbésuch that i< i andi <lenf and f; = f; holdsi = lenf.

(41) Suppose that

@ 1<i,
(i) i <lenthe Go-board of,
(i) 1<j,

(iv) j+1<widththe Go-board of, and
(v) - ((the Go-board of o (i, j)) + (the Go-board of o (i, j +1))) € L(f).

Then there exist& such that 1< k andk+ 1 < lenf and L(the Go-board off o (i, j),the
Go-board off o (i, j+1)) = L(f,k).
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(42) Suppose that

M 1<i,
(i) i+1<lenthe Go-board of,
(i) 1<,

(iv) j <widththe Go-board of, and
(v) % -((the Go-board of o (i, j)) + (the Go-board of o (i + 1, j))) € L(f).

Then there existk such that 1< k andk+ 1 < lenf and £(the Go-board off o (i, j),the
Go-board off o (i+1,j)) = L(f,k).

(43) Suppose that £ i andi + 1 < lenthe Go-board off and 1< j and j + 1 < widththe
Go-board off and 1< k andk+1 < lenf and L(the Go-board off o (i, j + 1),the Go-
board offo (i+1,j+1)) = L(f,k) and L(the Go-board off o (i + 1, j),the Go-board of
fo(i+1,j+1)) = L(f,k+1). Then fy = the Go-board of o (i, j + 1) and fx1 = the Go-
board off o (i+1, j +1) and fy;2 = the Go-board of o (i +1, j).

(44) Suppose that £ i andi < lenthe Go-board of and 1< j and j + 1 < widththe Go-
board off and 1< k andk+1 < lenf and L(the Go-board off o (i, j + 1),the Go-board
of fo(i,j+2)) = L(f,k) and L(the Go-board off o (i, j),the Go-board off o (i, j+ 1)) =
L(f,k+1). Thenfy = the Go-board of o (i, j + 2) and f;1 = the Go-board of o (i, j + 1)
and fy, 2 = the Go-board of o (i, j).

(45) Suppose that £ i andi+ 1 < lenthe Go-board of and 1< j andj + 1 < widththe Go-
board of f and 1< k andk+ 1 < lenf and L(the Go-board off o (i, j + 1),the Go-board
of fo(i+1,j+1)) = £(f,k) and L(the Go-board off o (i, j),the Go-board off o (i, j +
1)) = L(f,k+1). Then fy = the Go-board off o (i + 1, j + 1) and fx1 = the Go-board of
fo(i,j+1) andfy 2 = the Go-board of o (i, j).

(46) Suppose that £ i andi+ 1 < lenthe Go-board off and 1< j and j + 1 < widththe
Go-board off and 1< k andk+ 1 < lenf and L(the Go-board off o (i + 1, j),the Go-
board offo (i+1,j+1)) = £(f,k) and L(the Go-board off o (i, j + 1),the Go-board of
fo(i+1,j+1)) = L(f,k+1). Then fy = the Go-board off o (i+ 1, j) and f;1 = the Go-
board off o (i + 1, j + 1) and f;2 = the Go-board of o (i, j +1).

(47) Suppose that £ i andi+ 1 < lenthe Go-board of and 1< j and j < widththe Go-
board off and 1< k andk+ 1 < lenf and L(the Go-board off o (i + 1, j),the Go-board
of fo(i+2]))=L(f,k) and L(the Go-board off o (i, j),the Go-board off o (i + 1, )) =
L(f,k+1). Thenfy = the Go-board of o (i+ 2, j) and fi+1 = the Go-board of o (i + 1, j)
and fy; 2 = the Go-board off o (i, j).

(48) Suppose that £ i andi+ 1 < lenthe Go-board off and 1< j and j + 1 < widththe
Go-board off and 1< k andk+1 < lenf and L(the Go-board off o (i + 1, j),the Go-
board offo (i+1, j+1)) = L(f,k) and L(the Go-board of o (i, j),the Go-board of o (i +
1,j)) = L(f,k+1). Thenf, = the Go-board of o (i+ 1, j + 1) and fi; 1 = the Go-board of
fo(i+1,]) andfy 2 = the Go-board of o (i, j).

(49) Suppose that £ i andi+ 1 < lenthe Go-board off and 1< j and j + 1 < widththe
Go-board off and 1< k andk+1 < lenf and L(the Go-board off o (i + 1, j),the Go-
board offo (i+1,j+1)) = L(f,k) and L(the Go-board off o (i, j + 1),the Go-board of
fo(i+1,j+1)) = L(f,k+1). Then fy = the Go-board of o (i+ 1, j) and fx;1 = the Go-
board off o (i + 1, j +1) and fy; 2 = the Go-board of o (i, j + 1).

(50) Suppose that £ i andi < lenthe Go-board of and 1< j and j + 1 < widththe Go-
board of f and 1< k andk+ 1 < lenf and L(the Go-board off o (i, j),the Go-board of
fo(i,j+1)) = L(f,k) andL(the Go-board of o (i, j + 1),the Go-board of o (i, j +2)) =
L(f,k+1). Thenf, =the Go-board of o (i, j) and fx,1 = the Go-board of o (i, j + 1) and
fxi2 = the Go-board of o (i, j + 2).
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(51) Suppose that & i andi+ 1 < lenthe Go-board of and 1< j andj + 1 < widththe Go-
board of f and 1< k andk+ 1 < lenf and L(the Go-board off o (i, j),the Go-board of
fo(i,j+1)) = L(f,k) and L(the Go-board off o (i, j + 1),the Go-board off o (i+ 1, ] +
1)) = £(f,k+1). Thenf, =the Go-board of o (i, j) and fx, 1 = the Go-board of o (i, j +1)
andfy,» =the Go-board of o (i+ 1, j +1).

(52) Suppose that £ i andi+ 1 < lenthe Go-board of and 1< j and j + 1 < widththe
Go-board off and 1< k andk+1 < lenf and L(the Go-board off o (i, j + 1),the Go-
board off o (i+1,j+1)) = L(f,k) and L(the Go-board off o (i + 1, j),the Go-board of
fo(i+1,j+1)) = L(f,k+1). Then fy = the Go-board of o (i, j + 1) and fx;1 = the Go-
board off o (i +1, j +1) and fy;2 = the Go-board of o (i + 1, j).

(53) Suppose that £ i andi+ 1 < lenthe Go-board of and 1< j and j < widththe Go-
board of f and 1< k andk+ 1 < lenf and £(the Go-board off o (i, j),the Go-board of
fo(i4+1,j)) = L(f,k) andL(the Go-board of o (i+ 1, j),the Go-board of o (i + 2, j)) =
L(f,k+1). Thenfy =the Go-board of o (i, j) and fx;1 = the Go-board of o (i+1, j) and
fir2 = the Go-board of o (i+2, j).

(54) Suppose that & i andi + 1 <lenthe Go-board of and 1< j andj + 1 < widththe Go-
board of f and 1< k andk+ 1 < lenf and L(the Go-board off o (i, j),the Go-board of
fo(i4+1,j)) = L(f,k) and L(the Go-board off o (i + 1, j),the Go-board off o (i+ 1, ] +
1)) = L(f,k+1). Thenfy =the Go-board of o (i, j) andfy1 = the Go-board of o (i+1, j)
and fy;» =the Go-board of o (i + 1, + 1).

(55) Suppose that

@ 1<i,
(i) i <lenthe Go-board of,
(i) 1<j,

(iv) j+1 < widththe Go-board of,

(v) L(the Go-board of o (i, j),the Go-board of o (i, j + 1)) C L(f), and
(vi)  L(the Go-board of o (i, j + 1), the Go-board of o (i, j +2)) C L(f).
Then
(viiy  f1 =the Go-board off o (i, j + 1) but f, = the Go-board off o (i, j) and fien¢_r; = the
Go-board off o (i, j 4+ 2) or f, = the Go-board of o (i, j + 2) and figns_/1 = the Go-board of
fo(ij), or
(viii) there existk such that K kandk+ 1 < lenf and fx,; = the Go-board of o (i, j + 1) and
fx = the Go-board of o (i, j) and fx;2 = the Go-board of o (i, j + 2) or fx = the Go-board
of fo (i, j+2) andfy,» = the Go-board of o (i, j).

(56) Suppose that

M 1<i,
(i) i+1<lenthe Go-board of,
(i) 1<j,

(iv) j+1<widththe Go-board of,

(v) L(the Go-board of o (i, j),the Go-board of o (i, j + 1)) C L(f), and

(vi)  L(the Go-board of o (i, j + 1), the Go-board of o (i +1,j + 1)) C L(f).
Then

(vii)  f1 =the Go-board off o (i, j + 1) but f, = the Go-board off o (i, j) and fign;_1 = the
Go-board off o (i+1,j+1) or f, = the Go-board off o (i +1, j+ 1) and figns_r1 = the
Go-board off o (i, j), or

(viii)  there existsk such that I< k andk+ 1 < lenf and fy,1 = the Go-board off o (i, j + 1)
and fx = the Go-board off o (i, j) and fx;» = the Go-board off o (i+ 1, j + 1) or fx = the
Go-board off o (i+1, j + 1) and fy» = the Go-board of o (i, ).
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(57) Suppose that

M 1<i,
(i) i+1<lenthe Go-board of,
(i) 1<,
(iv) j+1<widththe Go-board of,
(v) L(the Go-board of o (i, j + 1), the Go-board of o (i +1, ]+ 1)) C £(f), and
(viy  L(the Go-board of o (i +1, j +1),the Go-board of o (i +1, j)) C L(f).

Then

(viiy  f; =the Go-board of o (i+1, j + 1) but f, = the Go-board of o (i, j +1) and fiens_1 =
the Go-board of o (i+1, j) or f, =the Go-board of o (i+1, j) and figns_r1 = the Go-board
of fo(i,j+1),0r

(viii)  there exist such that I< kandk+ 1 < lenf and fy;1 =the Go-board of o (i+1, j+ 1)
and fy = the Go-board off o (i, j + 1) and fy,» = the Go-board off o (i+ 1, j) or fx = the
Go-board off o (i+1, j) and fy, 2 = the Go-board of o (i, j + 1).

(58) Suppose that

@ 1<i,
(i) i+1<lenthe Go-board of,
(i) 1<j,

(iv) j <widththe Go-board of,
(v) L(the Go-board of o (i, j),the Go-board of o (i + 1, j)) C L(f), and
(vi)  L(the Go-board of o (i +1, j),the Go-board of o (i+2, j)) C L(f).
Then
(viiy  f; =the Go-board off o (i + 1, j) but f, = the Go-board off o (i, j) and fien¢_r; = the
Go-board off o (i+2, ) or f, = the Go-board of o (i + 2, j) and fiens /1 = the Go-board of
fo(i,j),or
(viii) there existk such that K kandk+ 1 < lenf and fy,, = the Go-board of o (i+1, j) and
fx = the Go-board off o (i, j) and fx;» = the Go-board of o (i+ 2, j) or fx = the Go-board
of fo(i+2,]) andfiyo = the Go-board of o (i, j).

(59) Suppose that

@ 1<i,
(i) i+1<lenthe Go-board of,
(i) 1<j,

(iv) j+1<widththe Go-board of,
(v)  L(the Go-board of o (i, j),the Go-board of o (i + 1, })) C £(f), and
(vi)  L(the Go-board of o (i +1, j),the Go-board of o (i+1,j+1)) C L(f).
Then
(vii)  f; =the Go-board off o (i + 1, j) but f, = the Go-board off o (i, j) and figns_; = the
Go-board off o (i+1,j+ 1) or f, =the Go-board off o (i+ 1,j 4+ 1) and fign;_1 = the
Go-board off o (i, j), or
(viii)  there existsk such that I< k andk+ 1 < lenf and fi; 1 = the Go-board off o (i + 1, j)
and fx = the Go-board off o (i, j) and fx» = the Go-board off o (i+ 1, j + 1) or fx = the
Go-board off o (i +1, j + 1) and fy» = the Go-board of o (i, ).
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(60) Suppose that

M 1<i,
(i) i+1<lenthe Go-board of,
(i) 1<,
(iv) j+1<widththe Go-board of,
(v) L(the Go-board of o (i+1, j),the Go-board of o (i +1, ]+ 1)) C L(f), and
(vi) L(the Go-board of o (i+1, j 4 1),the Go-board of o (i, j+ 1)) C Z(f).

Then

(vii)  f; =the Go-board of o (i+1,j+1) but f, =the Go-board of o (i+ 1, j) and fiens_r1 =
the Go-board of o (i, j +1) or f, = the Go-board of o (i, j + 1) and fien¢_/; = the Go-board
of fo(i+1,j),or

(viii)  there existk such that K kandk+1 < lenf andfy,; = the Go-board of o (i+ 1, j 4 1)
and fy = the Go-board off o (i + 1, j) and fy,» = the Go-board off o (i, j + 1) or fx = the
Go-board off o (i, j + 1) and fx,.» = the Go-board of o (i + 1, ).

(61) Suppose X i andi < lenthe Go-board of and 1< j andj+ 1 < widththe Go-board of
f. Then
(i) L(the Go-board of o (i, j),the Go-board of o (i, j+ 1)) £ Z(f)7 or
(i)  L(the Go-board of o (i, j + 1), the Go-board of o (i, j+2))  L(f), or
(i)  L(the Go-board of o (i, j + 1),the Go-board of o (i +1,j+1)) Z L(f).
(62) Suppose X i andi < lenthe Go-board of and 1< j andj + 1 < widththe Go-board of
f. Then
(i) L(the Go-board of o (i+1, j),the Go-board of o (i+1, j+1)) Z L(f), or
(i)  L(the Go-board of o (i +1, j +1),the Go-board of o (i + 1, j +2))  L(f), or
(i)  L(the Go-board of o (i, j + 1), the Go-board of o (i + 1, j+ 1)) € L(f).
(63) Suppose X j andj < widththe Go-board of and 1<i andi + 1 < lenthe Go-board of
f. Then
(i) L(the Go-board of o (i, j),the Go-board of o (i +1,j)) Z L(f), or
(i)  L(the Go-board of o (i +1, j),the Go-board of o (i+2, j))  L(f), or
(i)  L(the Go-board of o (i+1, j),the Go-board of o (i +1,j+1)) Z L(f).
(64) Suppose X j andj < widththe Go-board of and 1< i andi + 1 < lenthe Go-board of
f. Then
(i) L(the Go-board of o (i, j + 1), the Go-board of o (i+1,j +1)) Z L(f), or
(i)  L(the Go-board of o (i +1, j + 1), the Go-board of o (i +2, j+1)) € L(f), or
(iiiy  L(the Go-board of o (i +1, j),the Go-board of o (i + 1, +1)) Z L(f).
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