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Summary. In the article we introduce Go-board as some kinds of matrix which ele-
ments belong to topological spaceE2

T. We define the functor of delaying column in Go-board
and relation between Go-board and finite sequence of point fromE2

T. Basic facts about those
notations are proved. The concept of the article is based on [16].

MML Identifier: GOBOARD1.

WWW: http://mizar.org/JFM/Vol4/goboard1.html

The articles [17], [5], [20], [10], [18], [2], [21], [4], [1], [3], [7], [13], [14], [15], [6], [19], [8], [9],
[11], and [12] provide the notation and terminology for this paper.

1. REAL NUMBERS PRELIMINARIES

For simplicity, we follow the rules:f , f1, f2, g denote finite sequences of elements ofE2
T, v denotes

a finite sequence of elements ofR, r, s denote real numbers,n, m, i, j, k denote natural numbers,
andx denotes a set.

Next we state three propositions:

(1) |r −s|= 1 iff r > s andr = s+1 or r < s ands= r +1.

(2) |i− j|+ |n−m|= 1 iff |i− j|= 1 andn = m or |n−m|= 1 andi = j.

(3) n > 1 iff there existsm such thatn = m+1 andm> 0.

2. FINITE SEQUENCESPRELIMINARIES

The schemeFinSeqDChoicedeals with a non empty setA , a natural numberB, and a binary predi-
cateP , and states that:

There exists a finite sequencef of elements ofA such that lenf = B and for everyn
such thatn∈ SegB holdsP [n, fn]

provided the parameters satisfy the following condition:
• For everyn such thatn∈ SegB there exists an elementd of A such thatP [n,d].

We now state several propositions:

(4) If n = m+1 andi ∈ Segn, then lenSgm(Segn\{i}) = m.

(5) Supposen = m+1 andk∈ Segn andi ∈ Segm. Then

(i) if 1 ≤ i andi < k, then(Sgm(Segn\{k}))(i) = i, and

(ii) if k≤ i andi ≤ m, then(Sgm(Segn\{k}))(i) = i +1.
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(6) For every finite sequencef and for alln, m such that lenf = m+ 1 andn∈ dom f holds
len( f�n) = m.

(7) For every finite sequencef and for alln, m, k such that lenf = m+1 andn∈ dom f and
k∈ Segm holds f�n(k) = f (k) or f�n(k) = f (k+1).

(8) For every finite sequencef and for alln, m, k such that lenf = m+ 1 andk < n holds
f�n(k) = f (k).

(9) For every finite sequencef and for alln, m, k such that lenf = m+1 andn∈ dom f and
n≤ k andk≤ m holds f�n(k) = f (k+1).

(10) LetD be a set,f be a finite sequence of elements ofD, and givenn, m. If n∈ dom f and
m∈ Segn, thenm∈ dom f and( f �n)m = fm.

Let f be a finite sequence of elements ofR and letk be a natural number. Thenf (k) is a real
number.

Let I1 be a finite sequence of elements ofR. We say thatI1 is increasing if and only if:

(Def. 1) For alln, msuch thatn∈ domI1 andm∈ domI1 andn < m holdsI1(n) < I1(m).

Let f be a finite sequence. Let us observe thatf is constant if and only if:

(Def. 2) For alln, msuch thatn∈ dom f andm∈ dom f holds f (n) = f (m).

Let us note that there exists a finite sequence of elements ofR which is non empty and increas-
ing.

Let D be a non empty set. Note that there exists a finite sequence of elements ofD which is non
empty.

Let us mention that there exists a finite sequence of elements ofR which is constant.
Let us considerf . The functorX-coordinate( f ) yields a finite sequence of elements ofR and is

defined as follows:

(Def. 3) lenX-coordinate( f ) = len f and for everyn such thatn ∈ domX-coordinate( f ) holds
(X-coordinate( f ))(n) = ( fn)1.

The functorY-coordinate( f ) yields a finite sequence of elements ofR and is defined by:

(Def. 4) lenY-coordinate( f ) = len f and for everyn such thatn ∈ domY-coordinate( f ) holds
(Y-coordinate( f ))(n) = ( fn)2.

We now state three propositions:

(14)1 Suppose thatv 6= /0 and rngv⊆ Segn andv(lenv) = n and for everyk such that 1≤ k and
k≤ lenv−1 and for allr, s such thatr = v(k) ands= v(k+1) holds|r −s|= 1 or r = s and
i ∈ Segn and i + 1∈ Segn andm∈ domv andv(m) = i and for everyk such thatk ∈ domv
andv(k) = i holdsk≤ m. Thenm+1∈ domv andv(m+1) = i +1.

(15) Suppose that

(i) v 6= /0,

(ii) rngv⊆ Segn,

(iii) v(1) = 1,

(iv) v(lenv) = n, and

(v) for everyk such that 1≤ k andk ≤ lenv−1 and for allr, s such thatr = v(k) ands=
v(k+1) holds|r −s|= 1 or r = s.

Then

(vi) for every i such thati ∈ Segn there existsk such thatk∈ domv andv(k) = i, and

(vii) for all m, k, i, r such thatm∈ domv andv(m) = i and for everyj such thatj ∈ domv and
v( j) = i holds j ≤ mandm< k andk∈ domv andr = v(k) holdsi < r.

(16) If i ∈ dom f and 2≤ len f , then fi ∈ L̃( f ).
1 The propositions (11)–(13) have been removed.
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3. MATRIX PRELIMINARIES

One can prove the following proposition

(17) For every non empty setD and for every matrixM overD and for alli, j such thatj ∈domM
andi ∈ SegwidthM holdsM�,i( j) = Line(M, j)(i).

Let D be a non empty set and letM be a matrix overD. Let us observe thatM is empty yielding
if and only if:

(Def. 5) 0= lenM or 0= widthM.

Let M be a matrix overE2
T. We say thatM is lineX-constant if and only if:

(Def. 6) For everyn such thatn∈ domM holdsX-coordinate(Line(M,n)) is constant.

We say thatM is columnY-constant if and only if:

(Def. 7) For everyn such thatn∈ SegwidthM holdsY-coordinate(M�,n) is constant.

We say thatM is lineY-increasing if and only if:

(Def. 8) For everyn such thatn∈ domM holdsY-coordinate(Line(M,n)) is increasing.

We say thatM is columnX-increasing if and only if:

(Def. 9) For everyn such thatn∈ SegwidthM holdsX-coordinate(M�,n) is increasing.

One can check that there exists a matrix overE2
T which is non empty yielding, lineX-constant,

columnY-constant, lineY-increasing, and columnX-increasing.
Next we state two propositions:

(19)2 Let M be a columnX-increasing lineX-constant matrix overE2
T and givenx, n, m. If

x∈ rngLine(M,n) andx∈ rngLine(M,m) andn∈ domM andm∈ domM, thenn = m.

(20) Let M be a lineY-increasing columnY-constant matrix overE2
T and givenx, n, m. If

x∈ rng(M�,n) andx∈ rng(M�,m) andn∈ SegwidthM andm∈ SegwidthM, thenn = m.

4. BASIC GO-BOARD‘ S NOTATION

A Go-board is a non empty yielding lineX-constant columnY-constant lineY-increasing column
X-increasing matrix overE2

T.
In the sequelG is a Go-board.
One can prove the following propositions:

(21) If x = G◦ (m,k) andx = G◦ (i, j) and〈〈m, k〉〉 ∈ the indices ofG and〈〈i, j〉〉 ∈ the indices of
G, thenm= i andk = j.

(22) If m∈ dom f and f1 ∈ rng(G�,1), then( f �m)1 ∈ rng(G�,1).

(23) If m∈ dom f and fm∈ rng(G�,widthG), then( f �m)len( f �m) ∈ rng(G�,widthG).

(24) If rng f misses rng(G�,i) and fn = G◦ (m,k) andn∈ dom f andm∈ domG, theni 6= k.

Let us considerG, i. Let us assume thati ∈ SegwidthG and widthG > 1. The deleting of
i-column inG yielding a Go-board is defined by the conditions (Def. 10).

(Def. 10)(i) len(the deleting ofi-column inG) = lenG, and

(ii) for everyk such thatk∈ domG holds (the deleting ofi-column inG)(k) = Line(G,k)�i .

One can prove the following propositions:

2 The proposition (18) has been removed.



INTRODUCTION TO GO-BOARD — PART I 4

(25) If i ∈ SegwidthG and widthG > 1 andk ∈ domG, then Line(the deleting ofi-column in
G, k) = Line(G,k)�i .

(26) If i ∈ SegwidthG and widthG = m+1 andm> 0, then width(the deleting ofi-column in
G) = m.

(27) If i ∈ SegwidthG and widthG > 1, then widthG = width(the deleting ofi-column inG)+
1.

(28) Supposei ∈ SegwidthG and widthG > 1 andn∈ domG andm∈ Segwidth(the deleting
of i-column inG). Then (the deleting ofi-column inG)◦ (n,m) = Line(G,n)�i(m).

(29) Supposei ∈ SegwidthG and widthG = m+ 1 andm> 0 and 1≤ k andk < i. Then (the
deleting ofi-column inG)�,k = G�,k andk ∈ Segwidth(the deleting ofi-column inG) and
k∈ SegwidthG.

(30) Supposei ∈ SegwidthG and widthG = m+ 1 andm> 0 andi ≤ k andk≤ m. Then (the
deleting ofi-column inG)�,k = G�,k+1 andk∈ Segwidth(the deleting ofi-column inG) and
k+1∈ SegwidthG.

(31) Supposei ∈ SegwidthG and widthG = m+ 1 andm > 0 andn ∈ domG and 1≤ k and
k < i. Then (the deleting ofi-column inG)◦ (n,k) = G◦ (n,k) andk∈ SegwidthG.

(32) Supposei ∈ SegwidthG and widthG = m+ 1 andm > 0 andn ∈ domG and i ≤ k and
k≤ m. Then (the deleting ofi-column inG)◦ (n,k) = G◦ (n,k+1) andk+1∈ SegwidthG.

(33) Suppose widthG = m+ 1 andm > 0 andk ∈ Segm. Then (the deleting of 1-column in
G)�,k = G�,k+1 andk∈ Segwidth(the deleting of 1-column inG) andk+1∈ SegwidthG.

(34) If widthG= m+1 andm> 0 andk∈Segmandn∈ domG, then (the deleting of 1-column
in G)◦ (n,k) = G◦ (n,k+1) and 1∈ SegwidthG.

(35) Suppose widthG = m+1 andm> 0 andk∈ Segm. Then (the deleting of widthG-column
in G)�,k = G�,k andk∈ Segwidth(the deleting of widthG-column inG).

(36) If widthG = m+1 andm> 0 andk∈ Segmandn∈ domG, thenk∈ SegwidthG and (the
deleting of widthG-column inG)◦ (n,k) = G◦ (n,k) and widthG∈ SegwidthG.

(37) Suppose rngf misses rng(G�,i) and fn∈ rngLine(G,m) andn∈ dom f andi ∈SegwidthG
andm∈ domG and widthG > 1. Then fn ∈ rngLine(the deleting ofi-column inG, m).

In the sequelD is a set,f is a finite sequence of elements ofD, andM is a matrix overD.
Let us considerD, f , M. We say thatf is a sequence which elements belong toM if and only if

the conditions (Def. 11) are satisfied.

(Def. 11)(i) For everyn such thatn∈ dom f there existi, j such that〈〈i, j〉〉 ∈ the indices ofM and
fn = M ◦ (i, j), and

(ii) for every n such thatn ∈ dom f andn+ 1 ∈ dom f and for allm, k, i, j such that〈〈m,
k〉〉 ∈ the indices ofM and〈〈i, j〉〉 ∈ the indices ofM and fn = M ◦ (m,k) and fn+1 = M ◦ (i, j)
holds|m− i|+ |k− j|= 1.

We now state three propositions:

(38)(i) If m∈ dom f , then 1≤ len( f �m), and

(ii) if f is a sequence which elements belong toM, then f �m is a sequence which elements
belong toM.
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(39) Suppose that

(i) for every n such thatn ∈ dom f1 there existi, j such that〈〈i, j〉〉 ∈ the indices ofM and
( f1)n = M ◦ (i, j), and

(ii) for every n such thatn ∈ dom f2 there existi, j such that〈〈i, j〉〉 ∈ the indices ofM and
( f2)n = M ◦ (i, j).

Let givenn. If n∈ dom( f1 a f2), then there existi, j such that〈〈i, j〉〉 ∈ the indices ofM and
( f1 a f2)n = M ◦ (i, j).

(40) Suppose that

(i) for everyn such thatn∈ dom f1 andn+1∈ dom f1 and for allm, k, i, j such that〈〈m, k〉〉 ∈
the indices ofM and〈〈i, j〉〉 ∈ the indices ofM and( f1)n = M ◦ (m,k) and( f1)n+1 = M ◦ (i, j)
holds|m− i|+ |k− j|= 1,

(ii) for everyn such thatn∈ dom f2 andn+1∈ dom f2 and for allm, k, i, j such that〈〈m, k〉〉 ∈
the indices ofM and〈〈i, j〉〉 ∈ the indices ofM and( f2)n = M ◦ (m,k) and( f2)n+1 = M ◦ (i, j)
holds|m− i|+ |k− j|= 1, and

(iii) for all m, k, i, j such that〈〈m, k〉〉 ∈ the indices ofM and 〈〈i, j〉〉 ∈ the indices ofM and
( f1)len f1 = M ◦ (m,k) and( f2)1 = M ◦ (i, j) and lenf1 ∈ dom f1 and 1∈ dom f2 holds|m−
i|+ |k− j|= 1.

Let givenn. Supposen∈ dom( f1 a f2) andn+1∈ dom( f1 a f2). Let givenm, k, i, j. Suppose
〈〈m, k〉〉 ∈ the indices ofM and〈〈i, j〉〉 ∈ the indices ofM and( f1 a f2)n = M ◦ (m,k) and( f1 a

f2)n+1 = M ◦ (i, j). Then|m− i|+ |k− j|= 1.

In the sequelf denotes a finite sequence of elements ofE2
T.

Next we state a number of propositions:

(41) Supposef is a sequence which elements belong toG andi ∈ SegwidthG and rngf misses
rng(G�,i) and widthG > 1. Then f is a sequence which elements belong to the deleting of
i-column inG.

(42) If f is a sequence which elements belong toG andi ∈ dom f , then there existsn such that
n∈ domG and fi ∈ rngLine(G,n).

(43) Supposef is a sequence which elements belong toG and i ∈ dom f and i + 1 ∈ dom f
andn ∈ domG and fi ∈ rngLine(G,n). Then fi+1 ∈ rngLine(G,n) or for everyk such that
fi+1 ∈ rngLine(G,k) andk∈ domG holds|n−k|= 1.

(44) Suppose that 1≤ len f and flen f ∈ rngLine(G, lenG) and f is a sequence which elements
belong toG andi ∈ domG andi +1∈ domG andm∈ dom f and fm∈ rngLine(G, i) and for
everyk such thatk ∈ dom f and fk ∈ rngLine(G, i) holdsk ≤ m. Thenm+ 1 ∈ dom f and
fm+1 ∈ rngLine(G, i +1).

(45) Suppose 1≤ len f and f1 ∈ rngLine(G,1) and flen f ∈ rngLine(G, lenG) and f is a se-
quence which elements belong toG. Then

(i) for every i such that 1≤ i and i ≤ lenG there existsk such thatk ∈ dom f and fk ∈
rngLine(G, i),

(ii) for every i such that 1≤ i andi ≤ lenG and 2≤ len f holdsL̃( f ) meets rngLine(G, i), and

(iii) for all i, j, k, m such that 1≤ i andi ≤ lenG and 1≤ j and j ≤ lenG andk∈ dom f and
m∈ dom f and fk ∈ rngLine(G, i) and for everyn such thatn∈ dom f and fn ∈ rngLine(G, i)
holdsn≤ k andk < m and fm∈ rngLine(G, j) holdsi < j.

(46) If f is a sequence which elements belong toG andi ∈ dom f , then there existsn such that
n∈ SegwidthG and fi ∈ rng(G�,n).

(47) Supposef is a sequence which elements belong toG and i ∈ dom f and i + 1 ∈ dom f
and n ∈ SegwidthG and fi ∈ rng(G�,n). Then fi+1 ∈ rng(G�,n) or for everyk such that
fi+1 ∈ rng(G�,k) andk∈ SegwidthG holds|n−k|= 1.
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(48) Suppose that 1≤ len f and flen f ∈ rng(G�,widthG) and f is a sequence which elements
belong toG andi ∈ SegwidthG andi +1∈ SegwidthG andm∈ dom f and fm ∈ rng(G�,i)
and for everyk such thatk∈ dom f and fk ∈ rng(G�,i) holdsk≤m. Thenm+1∈ dom f and
fm+1 ∈ rng(G�,i+1).

(49) Suppose 1≤ len f and f1∈ rng(G�,1) and flen f ∈ rng(G�,widthG) and f is a sequence which
elements belong toG. Then

(i) for every i such that 1≤ i and i ≤ widthG there existsk such thatk ∈ dom f and fk ∈
rng(G�,i),

(ii) for every i such that 1≤ i andi ≤ widthG and 2≤ len f holdsL̃( f ) meets rng(G�,i), and

(iii) for all i, j, k, m such that 1≤ i andi ≤ widthG and 1≤ j and j ≤ widthG andk∈ dom f
andm∈ dom f and fk ∈ rng(G�,i) and for everyn such thatn∈ dom f and fn ∈ rng(G�,i)
holdsn≤ k andk < mand fm∈ rng(G�, j) holdsi < j.

(50) Suppose that

(i) n∈ dom f ,

(ii) fn ∈ rng(G�,k),

(iii) k∈ SegwidthG,

(iv) f1 ∈ rng(G�,1),

(v) f is a sequence which elements belong toG, and

(vi) for every i such thati ∈ dom f and fi ∈ rng(G�,k) holdsn≤ i.

Let given i. If i ∈ dom f and i ≤ n, then for everym such thatm∈ SegwidthG and fi ∈
rng(G�,m) holdsm≤ k.

(51) Supposef is a sequence which elements belong toG and f1 ∈ rng(G�,1) and flen f ∈
rng(G�,widthG) and widthG > 1 and 1≤ len f . Then there existsg such that

(i) g1 ∈ rng((the deleting of widthG-column inG)�,1),

(ii) gleng ∈ rng((the deleting of widthG-column inG)�,width(the deleting ofwidthG-column inG)),

(iii) 1 ≤ leng,

(iv) g is a sequence which elements belong to the deleting of widthG-column inG, and

(v) rngg⊆ rng f .

(52) Supposef is a sequence which elements belong toG and rngf ∩ rng(G�,1) 6= /0 and rngf ∩
rng(G�,widthG) 6= /0. Then there existsg such that rngg⊆ rng f andg1∈ rng(G�,1) andgleng∈
rng(G�,widthG) and 1≤ leng andg is a sequence which elements belong toG.

(53) Supposek ∈ domG and f is a sequence which elements belong toG and flen f ∈
rngLine(G, lenG) andn∈ dom f and fn ∈ rngLine(G,k). Then

(i) for every i such thatk≤ i andi ≤ lenG there existsj such thatj ∈ dom f andn≤ j and
f j ∈ rngLine(G, i), and

(ii) for every i such thatk < i andi ≤ lenG there existsj such thatj ∈ dom f andn < j and
f j ∈ rngLine(G, i).
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