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Summary. We define, in a given real linear space, the midpoint operation on vectors
and, with the help of the notions of directed parallelism of vectors and orthogonality of vectors,
we define the relation of directed trapezium. We consider structures being enrichments of
affine structures by one binary operation, together with a function which assigns to every
such a structure its “affine” reduct. Theorems concerning midpoint operation and trapezium
relation are proved which enables us to introduce an abstract notion of (regular in fact) ordered
trapezium space with midpoint, ordered trapezium space, and (unordered) trapezium space.
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The articles [9], [2], [11], [8], [3], [7], [12], [10], [4], [6], [1], and [5] provide the notation and
terminology for this paper.

For simplicity, we use the following convention:V denotes a real linear space,u, u1, u2, v, v1,
v2, w, y denote vectors ofV, a, b denote real numbers, andx, z denote sets.

Let us considerV and let us consideru, v, u1, v1. The predicateu,v |||| u1,v1 is defined as follows:

(Def. 1) u,v ��‖ u1,v1 or u,v ��‖ v1,u1.

The following propositions are true:

(1) If w, y span the space, then OASpaceV is an ordered affine space.

(2) For all elementsp, q, p1, q1 of OASpaceV such thatp = u andq = v and p1 = u1 and
q1 = v1 holdsp,q ��‖ p1,q1 iff u,v ��‖ u1,v1.

(3) Supposew, y span the space. Letp, q, p1, q1 be elements of the carrier ofΛ(OASpaceV).
If p = u andq = v andp1 = u1 andq1 = v1, thenp,q ��‖ p1,q1 iff u,v |||| u1,v1.

(4) Let p, q, p1, q1 be elements of the carrier ofAMSp(V,w,y). If p= u andq= v andp1 = u1

andq1 = v1, thenp,q ��‖ p1,q1 iff u,v |||| u1,v1.

Let us considerV and let us consideru, v. The functoru#v yields a vector ofV and is defined as
follows:

(Def. 2) u#v+u#v = u+v.

Let us notice that the functoru#v is commutative and idempotent.
We now state a number of propositions:
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(7)1 There existsy such thatu#y = w.

(8) (u#u1)#(v#v1) = u#v#(u1#v1).

(9) If u#y = u#w, theny = w.

(10) u,v ��‖ y#u,y#v.

(11) u,v |||| w#u,w#v.

(12) 2· (u#v−u) = v−u and 2· (v−u#v) = v−u.

(13) u,u#v ��‖ u#v,v.

(14) u,v ��‖ u,u#v andu,v ��‖ u#v,v.

(15) If u,y ��‖ y,v, thenu#y,y ��‖ y,y#v.

(16) If u,v ��‖ u1,v1, thenu,v ��‖ u#u1,v#v1.

Let us considerV and let us considerw, y, u, u1, v, v1. We say thatu, u1 andv, v1 form a directed
trapezium w.r.t.w, y if and only if the conditions (Def. 3) are satisfied.

(Def. 3)(i) u,u1 ��‖ v,v1,

(ii) u, u1, u#u1 andv#v1 are orthogonal w.r.t.w, y, and

(iii) v, v1, u#u1 andv#v1 are orthogonal w.r.t.w, y.

One can prove the following propositions:

(17) If w, y span the space, thenu, u andv, v form a directed trapezium w.r.t.w, y.

(18) If w, y span the space, thenu, v andu, v form a directed trapezium w.r.t.w, y.

(19) If u, v andv, u form a directed trapezium w.r.t.w, y, thenu = v.

(20) If w, y span the space andv1, u andu, v2 form a directed trapezium w.r.t.w, y, thenv1 = u
andu = v2.

(21) Suppose that

(i) w, y span the space,

(ii) u, v andu1, v1 form a directed trapezium w.r.t.w, y,

(iii) u, v andu2, v2 form a directed trapezium w.r.t.w, y, and

(iv) u 6= v.

Thenu1, v1 andu2, v2 form a directed trapezium w.r.t.w, y.

(22) Supposew, y span the space. Then there exists a vectort of V such that

(i) u, v andu1, t form a directed trapezium w.r.t.w, y, or

(ii) u, v andt, u1 form a directed trapezium w.r.t.w, y.

(23) Supposew, y span the space andu, v andu1, v1 form a directed trapezium w.r.t.w, y. Then
u1, v1 andu, v form a directed trapezium w.r.t.w, y.

(24) Supposew, y span the space andu, v andu1, v1 form a directed trapezium w.r.t.w, y. Then
v, u andv1, u1 form a directed trapezium w.r.t.w, y.

(25) If w, y span the space andv, u1 andv, u2 form a directed trapezium w.r.t.w, y, thenu1 = u2.

1 The propositions (5) and (6) have been removed.
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(26) Suppose that

(i) w, y span the space,

(ii) u, v andu1, v1 form a directed trapezium w.r.t.w, y, and

(iii) u, v andu1, v2 form a directed trapezium w.r.t.w, y.

Thenu = v or v1 = v2.

(27) Suppose that

(i) w, y span the space,

(ii) u 6= u1,

(iii) u, u1 andv, v1 form a directed trapezium w.r.t.w, y, and

(iv) u, u1 andv, v2 form a directed trapezium w.r.t.w, y or u, u1 andv2, v form a directed
trapezium w.r.t.w, y.

Thenv1 = v2.

(28) Supposew, y span the space andu, v andu1, v1 form a directed trapezium w.r.t.w, y. Then
u, v andu#u1, v#v1 form a directed trapezium w.r.t.w, y.

(29) Supposew, y span the space andu, v andu1, v1 form a directed trapezium w.r.t.w, y. Then

(i) u, v andu#v1, v#u1 form a directed trapezium w.r.t.w, y, or

(ii) u, v andv#u1, u#v1 form a directed trapezium w.r.t.w, y.

(30) Letu, u1, u2, v1, v2, t1, t2, w1, w2 be vectors ofV. Suppose that

(i) w, y span the space,

(ii) u = u1#t1,

(iii) u = u2#t2,

(iv) u = v1#w1,

(v) u = v2#w2, and

(vi) u1, u2 andv1, v2 form a directed trapezium w.r.t.w, y.

Thent1, t2 andw1, w2 form a directed trapezium w.r.t.w, y.

Let us considerV, w, y, u. Let us assume thatw, y span the space. The functorπ1
w,y(u) yielding

a real number is defined as follows:

(Def. 4) There existsb such thatu = π1
w,y(u) ·w+b·y.

Let us considerV, w, y, u. Let us assume thatw, y span the space. The functorπ2
w,y(u) yielding

a real number is defined as follows:

(Def. 5) There existsa such thatu = a·w+π2
w,y(u) ·y.

Let us considerV, w, y, u, v. The functoru·w,y v yields a real number and is defined as follows:

(Def. 6) u·w,y v = π1
w,y(u) ·π1

w,y(v)+π2
w,y(u) ·π2

w,y(v).

We now state a number of propositions:

(31) For allu, v holdsu·w,y v = v·w,y u.

(32) Supposew, y span the space. Let givenu, v, v1. Thenu·w,y (v+v1) = u·w,y v+u·w,y v1 and
u ·w,y (v− v1) = u ·w,y v−u ·w,y v1 and(v− v1) ·w,y u = v ·w,y u− v1 ·w,y u and(v+ v1) ·w,y u =
v·w,y u+v1 ·w,y u.

(33) Supposew, y span the space. Letu, v be vectors ofV and a be a real number. Then
(a·u) ·w,yv= a·u·w,yv andu·w,y(a·v) = a·u·w,yv and(a·u) ·w,yv= u·w,yv·a andu·w,y(a·v) =
u·w,y v·a.



A CONSTRUCTION OF ANALYTICAL ORDERED. . . 4

(34) Supposew, y span the space. Letu, v be vectors ofV. Thenu, v are orthogonal w.r.t.w, y
if and only if u·w,y v = 0.

(35) Supposew, y span the space. Letu, v, u1, v1 be vectors ofV. Thenu, v, u1 andv1 are
orthogonal w.r.t.w, y if and only if (v−u) ·w,y (v1−u1) = 0.

(36) If w, y span the space, then for all vectorsu, v, v1 of V holds 2·u·w,y (v#v1) = u·w,y v+u·w,y

v1.

(37) If w, y span the space, then for all vectorsu, v of V such thatu 6= v holds(u−v) ·w,y(u−v) 6=
0.

(38) Supposew, y span the space. Letp, q, u, v, v′ be vectors ofV andA be a real number.
Suppose that

(i) p, q andu, v form a directed trapezium w.r.t.w, y,

(ii) p 6= q,

(iii) A = ((p−q) ·w,y (p+q)−2· (p−q) ·w,y u) · (p−q) ·w,y (p−q)−1, and

(iv) v′ = u+A· (p−q).

Thenv = v′.

(39) Supposew, y span the space. Letu, u′, u1, u2, v1, v2, t1, t2, w1, w2 be vectors ofV. Suppose
that

(i) u 6= u′,

(ii) u, u′ andu1, t1 form a directed trapezium w.r.t.w, y,

(iii) u, u′ andu2, t2 form a directed trapezium w.r.t.w, y,

(iv) u, u′ andv1, w1 form a directed trapezium w.r.t.w, y,

(v) u, u′ andv2, w2 form a directed trapezium w.r.t.w, y, and

(vi) u1,u2 ��‖ v1,v2.

Thent1, t2 ��‖ w1,w2.

(40) Supposew, y span the space. Letu, u′, u1, u2, v1, t1, t2, w1 be vectors ofV. Suppose that

(i) u 6= u′,

(ii) u, u′ andu1, t1 form a directed trapezium w.r.t.w, y,

(iii) u, u′ andu2, t2 form a directed trapezium w.r.t.w, y,

(iv) u, u′ andv1, w1 form a directed trapezium w.r.t.w, y, and

(v) v1 = u1#u2.

Thenw1 = t1#t2.

(41) Supposew, y span the space. Letu, u′, u1, u2, t1, t2 be vectors ofV. Suppose that

(i) u 6= u′,

(ii) u, u′ andu1, t1 form a directed trapezium w.r.t.w, y, and

(iii) u, u′ andu2, t2 form a directed trapezium w.r.t.w, y.

Thenu, u′ andu1#u2, t1#t2 form a directed trapezium w.r.t.w, y.

(42) Supposew, y span the space. Letu, u′, u1, u2, v1, v2, t1, t2, w1, w2 be vectors ofV. Suppose
that

(i) u 6= u′,

(ii) u, u′ andu1, t1 form a directed trapezium w.r.t.w, y,

(iii) u, u′ andu2, t2 form a directed trapezium w.r.t.w, y,

(iv) u, u′ andv1, w1 form a directed trapezium w.r.t.w, y,
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(v) u, u′ andv2, w2 form a directed trapezium w.r.t.w, y, and

(vi) u1, u2, v1 andv2 are orthogonal w.r.t.w, y.

Thent1, t2, w1 andw2 are orthogonal w.r.t.w, y.

(43) Letu, u′, u1, u2, v1, v2, t1, t2, w1, w2 be vectors ofV. Suppose thatw, y span the space and
u 6= u′ andu, u′ andu1, t1 form a directed trapezium w.r.t.w, y andu, u′ andu2, t2 form a
directed trapezium w.r.t.w, y andu, u′ andv1, w1 form a directed trapezium w.r.t.w, y and
u, u′ andv2, w2 form a directed trapezium w.r.t.w, y andu1, u2 andv1, v2 form a directed
trapezium w.r.t.w, y. Thent1, t2 andw1, w2 form a directed trapezium w.r.t.w, y.

Let us considerV and let us considerw, y. The directed trapezium relation defined overV in
the basisw, y yielding a binary relation on[: the carrier ofV, the carrier ofV :] is defined by the
condition (Def. 7).

(Def. 7) The following statements are equivalent

(i) 〈〈x, z〉〉 ∈ the directed trapezium relation defined overV in the basisw, y,

(ii) there existu, u1, v, v1 such thatx = 〈〈u, u1〉〉 andz = 〈〈v, v1〉〉 andu, u1 andv, v1 form a
directed trapezium w.r.t.w, y.

One can prove the following proposition

(44) The following statements are equivalent

(i) 〈〈〈〈u, v〉〉, 〈〈u1, v1〉〉〉〉 ∈ the directed trapezium relation defined overV in the basisw, y,

(ii) u, v andu1, v1 form a directed trapezium w.r.t.w, y.

Let us considerV. The midpoint operation inV yields a binary operation on the carrier ofV and
is defined by:

(Def. 8) For allu, v holds (the midpoint operation inV)(u, v) = u#v.

We consider affine midpoint structures as extensions of affine structure and midpoint algebra
structure as systems

〈 a carrier, a midpoint operation, a congruence〉,
where the carrier is a set, the midpoint operation is a binary operation on the carrier, and the con-
gruence is a binary relation on[: the carrier, the carrier :].

One can check that there exists an affine midpoint structure which is non empty and strict.
Let us considerV, w, y. The directed trapezium space defined overV in the basisw, y yields a

strict affine midpoint structure and is defined by the condition (Def. 9).

(Def. 9) The directed trapezium space defined overV in the basisw, y = 〈the carrier ofV, the
midpoint operation inV, the directed trapezium relation defined overV in the basisw, y〉.

Let us considerV, w, y. One can verify that the directed trapezium space defined overV in the
basisw, y is non empty.

Let A1 be an affine midpoint structure. The affine reduct ofA1 yields a strict affine structure and
is defined by:

(Def. 10) The affine reduct ofA1 = 〈the carrier ofA1, the congruence ofA1〉.

Let A1 be a non empty affine midpoint structure. Note that the affine reduct ofA1 is non empty.
Let A1 be a non empty affine midpoint structure and leta, b be elements ofA1. The functora#b

yields an element ofA1 and is defined by:

(Def. 12)2 a#b = (the midpoint operation ofA1)(a, b).

In the sequela, b, a1, b1 denote elements of the directed trapezium space defined overV in the
basisw, y.

Next we state three propositions:

2 The definition (Def. 11) has been removed.
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(46)3 Let x be a set. Thenx is an element of the carrier of (the directed trapezium space defined
overV in the basisw, y) if and only if x is a vector ofV.

(47) Supposew, y span the space andu= a andv= b andu1 = a1 andv1 = b1. Thena,b ��‖ a1,b1

if and only if u, v andu1, v1 form a directed trapezium w.r.t.w, y.

(48) If w, y span the space andu = a andv = b, thenu#v = a#b.

Let I1 be a non empty affine midpoint structure. We say thatI1 is ordered midpoint trapezium
space-like if and only if the condition (Def. 13) is satisfied.

(Def. 13) Leta, b, c, d, a1, b1, c1, d1, p, q be elements ofI1. Thena#b = b#a anda#a = a and
(a#b)#(c#d) = a#c#(b#d) and there exists an elementp of I1 such thatp#a = b and ifa#b =
a#c, thenb = c and ifa,b ��‖ c,d, thena,b ��‖ a#c,b#d and ifa,b ��‖ c,d, thena,b ��‖ a#d,b#c or
a,b ��‖ b#c,a#d and ifa,b ��‖ c,d anda#a1 = p andb#b1 = p andc#c1 = p andd#d1 = p, then
a1,b1 ��‖ c1,d1 and if p 6= q andp,q ��‖ a,a1 andp,q ��‖ b,b1 andp,q ��‖ c,c1 andp,q ��‖ d,d1 and
a,b ��‖ c,d, thena1,b1 ��‖ c1,d1 and if a,b ��‖ b,c, thena = b andb = c and if a,b ��‖ a1,b1 and
a,b ��‖ c1,d1 anda 6= b, thena1,b1 ��‖ c1,d1 and ifa,b ��‖ c,d, thenc,d ��‖ a,b andb,a ��‖ d,c and
there exists an elementd of I1 such thata,b ��‖ c,d or a,b ��‖ d,c and ifa,b ��‖ c, p anda,b ��‖ c,q,
thena = b or p = q.

One can verify that there exists a non empty affine midpoint structure which is strict and ordered
midpoint trapezium space-like.

An ordered midpoint trapezium space is an ordered midpoint trapezium space-like non empty
affine midpoint structure.

Next we state the proposition

(49) Supposew, y span the space. Then the directed trapezium space defined overV in the basis
w, y is an ordered midpoint trapezium space.

Let I1 be a non empty affine structure. We say thatI1 is ordered trapezium space-like if and only
if the condition (Def. 14) is satisfied.

(Def. 14) Leta, b, c, d, a1, b1, c1, d1, p, q be elements ofI1. Then

(i) if a,b ��‖ b,c, thena = b andb = c,

(ii) if a,b ��‖ a1,b1 anda,b ��‖ c1,d1 anda 6= b, thena1,b1 ��‖ c1,d1,

(iii) if a,b ��‖ c,d, thenc,d ��‖ a,b andb,a ��‖ d,c,

(iv) there exists an elementd of I1 such thata,b ��‖ c,d or a,b ��‖ d,c, and

(v) if a,b ��‖ c, p anda,b ��‖ c,q, thena = b or p = q.

One can verify that there exists a non empty affine structure which is strict and ordered trapezium
space-like.

An ordered trapezium space is an ordered trapezium space-like non empty affine structure.
Let M1 be an ordered midpoint trapezium space. One can check that the affine reduct ofM1 is

ordered trapezium space-like.
We use the following convention:O1 denotes an ordered trapezium space,a, b, c, d denote

elements ofO1, anda′, b′, c′, d′ denote elements ofΛ(O1).
Next we state two propositions:

(50) For every setx holdsx is an element ofO1 iff x is an element ofΛ(O1).

(51) If a = a′ andb = b′ andc = c′ andd = d′, thena′,b′ ��‖ c′,d′ iff a,b ��‖ c,d or a,b ��‖ d,c.

Let I1 be a non empty affine structure. We say thatI1 is trapezium space-like if and only if the
condition (Def. 15) is satisfied.

3 The proposition (45) has been removed.
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(Def. 15) Leta′, b′, c′, d′, p′, q′ be elements ofI1. Then

(i) a′,b′ ��‖ b′,a′,

(ii) if a′,b′ ��‖ c′,d′ anda′,b′ ��‖ c′,q′, thena′ = b′ or d′ = q′,

(iii) if p′ 6= q′ andp′,q′ ��‖ a′,b′ andp′,q′ ��‖ c′,d′, thena′,b′ ��‖ c′,d′,

(iv) if a′,b′ ��‖ c′,d′, thenc′,d′ ��‖ a′,b′, and

(v) there exists an elementx′ of I1 such thata′,b′ ��‖ c′,x′.

Let us note that there exists a non empty affine structure which is strict and trapezium space-like.
A trapezium space is a trapezium space-like non empty affine structure.
Let O1 be an ordered trapezium space. One can verify thatΛ(O1) is trapezium space-like.
Let I1 be a non empty affine structure. We say thatI1 is regular if and only if the condition

(Def. 16) is satisfied.

(Def. 16) Letp, q, a, a1, b, b1, c, c1, d, d1 be elements ofI1. If p 6= q andp,q ��‖ a,a1 andp,q ��‖ b,b1

andp,q ��‖ c,c1 andp,q ��‖ d,d1 anda,b ��‖ c,d, thena1,b1 ��‖ c1,d1.

Let us observe that there exists a non empty ordered trapezium space which is strict and regular.
Let M1 be an ordered midpoint trapezium space. Observe that the affine reduct ofM1 is regular.
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