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Summary. We define, in a given real linear space, the midpoint operation on vectors
and, with the help of the notions of directed parallelism of vectors and orthogonality of vectors,
we define the relation of directed trapezium. We consider structures being enrichments of
affine structures by one binary operation, together with a function which assigns to every
such a structure its “affine” reduct. Theorems concerning midpoint operation and trapezium
relation are proved which enables us to introduce an abstract notion of (regular in fact) ordered
trapezium space with midpoint, ordered trapezium space, and (unordered) trapezium space.

MML Identifier: GEOMTRAP.

WWW: http://mizar.org/JFM/Vol2/geomtrap.html

The articles|[9], [[2], [[11], [[8], [[3], [[7], [12], [[10], [[4], [[6], [[1], and[[5] provide the notation and
terminology for this paper.

For simplicity, we use the following conventioN: denotes a real linear spaag,us, Uz, Vv, vy,
V2, W, y denote vectors df, a, b denote real numbers, angz denote sets.

Let us consideY and let us considar, v, ug, v1. The predicate, v || u, v; is defined as follows:

(Def. 1) u,v] ug,vioru,v] vy,ug.
The following propositions are true:
(1) If w,yspan the space, then OASp¥(Ccis an ordered affine space.

(2) For all element9, g, p1, g1 of OASpac&/ such thatp = u andq=v andp; = u; and
g1 =Wv1 holdsp,q ” P1,01 iff U,V” U1, V1.

(3) Supposav, y span the space. L@t g, p1, 1 be elements of the carrier 8 OASpac#/).
If p=uandq=vandp; =u; andq; = vi, thenp,q | p1,q iff u,v || ug,vs.

(4) Letp,q, p1, g1 be elements of the carrier 8MSp (V,w,y). If p=uandgq=vandp; =u;
andgy = va, thenp,q 1 py, g iff u,v || g, vy

Let us consideY and let us consider, v. The functor#v yields a vector o¥/ and is defined as
follows:

(Def. 2) u#tv+ui#tv=u+V.

Let us notice that the functastv is commutative and idempotent.
We now state a number of propositions:
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(7H There existy such thau#y = w.
(8)  (u#tun)#(Vitvy) = UitV (uafivy).
(9) If u#ty = u#w, theny = w.
(10) u,v 1] yéu, y#v.
(11)  u,v || whu, wiv.
(12) 2-(utv—u)=v—uand 2 (v—Uu#v) =v—u.
(13) u,usv ] uv,v.
(14) u,v | u,u#vandu,v | utv,v.
(15) 1fuy 1Y,V thenutty,y |y, y#v.
(16) Ifu,v ]| u,va, thenu,v || u#tug, viv;.

Let us consideY and let us considaw, y, u, Uz, v, v1. We say that, u; andv, v; form a directed
trapezium w.r.tw, y if and only if the conditions (Def. 3) are satisfied.

(Def. 3)(i) u,up vy,

(i)  u,up, u#u; andvi#v, are orthogonal w.r.tw, y, and
(i) v, v1, U#uy andvi#v, are orthogonal w.r.iw, y.

One can prove the following propositions:

(17) Ifw, yspan the space, thenu andyv, v form a directed trapezium w.riy, y.
(18) If w, y span the space, thenv andu, v form a directed trapezium w.riy, y.
(19) Ifu, vandv, uform a directed trapezium w.rav, y, thenu=v.

(20) If w, y span the space amg, u andu, v, form a directed trapezium w.rav, y, thenvy = u
andu=w.
(21) Suppose that
(i) w,yspan the space,
(i) u,vanduy, v; form a directed trapezium w.rav, v,
(iii)  u,vandup, v» form a directed trapezium w.r¥v, y, and
(iv) uz#w
Thenuy, v1 anduy, v, form a directed trapezium w.riy, .
(22) Supposev, y span the space. Then there exists a veotdiv such that
(i) u,vandu,,t form a directed trapezium w.rav, y, or
(i)  u,vandt, u; form a directed trapezium w.riy, y.

(23) Supposev, y span the space anglv anduz, v; form a directed trapezium w.riv, y. Then
u1, vi andu, v form a directed trapezium w.ri, y.

(24) Supposev, y span the space anglv anduz, v; form a directed trapezium w.rav, y. Then
v, uandvy, u; form a directed trapezium w.rav, y.

(25) Ifw,yspan the space angu; andv, up form a directed trapezium w.riy, y, thenu; = us.

1 The propositions (5) and (6) have been removed.
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(26) Suppose that

(i) w,yspan the space,

(i)  u,vandug, v1 form a directed trapezium w.rav, y, and
(i) u,vandus, vo form a directed trapezium w.ray, y.

Thenu=vorv; = vs.

(27) Suppose that

(i) w,yspan the space,

(i) uu,
(i) u, u; andv, v1 form a directed trapezium w.ray, y, and

(iv) u, up andv, v» form a directed trapezium w.r.tw, y or u, u; andv,, v form a directed
trapezium w.r.tw, y.

Thenvy = v,.
(28) Supposev, y span the space anrlv anduz, v; form a directed trapezium w.riv, y. Then
u, vandu#us, vitv, form a directed trapezium w.riy, y.
(29) Supposev, y span the space anglv anduz, v; form a directed trapezium w.rav, y. Then
(i) u,vandu#vy, viu; form a directed trapezium w.rav, y, or
(i)  u, vandv#u,, u#vs form a directed trapezium w.riy, y.

(30) Letu, ug, up, v1, Vo, t1, to, w1, Wo be vectors oV. Suppose that
(i) w,yspan the space,

(i) u=uitty,
(III) U = Up#ty,
(iv)  u=vi#wy,

(V) u=w#ws, and
(vi) uz, up andvy, vo form a directed trapezium w.ray, y.
Thenty, t; andwy, w, form a directed trapezium w.rav, y.

Let us conside¥, w, y, u. Let us assume that, y span the space. The funcmmy(u) yielding
a real number is defined as follows:

(Def. 4) There exists such that = 1, (u) -w+b-y.

Let us consideY, w, y, u. Let us assume that, y span the space. The funcmﬁ;y(u) yielding
a real number is defined as follows:

(Def. 5) There exista such thau=a-w+ Tq%,,y(u) V.
Let us consideY, w, y, u, v. The functoru-yy Vv yields a real number and is defined as follows:
(Def. 6)  UrwyV = Thyy (U) - Thyy (V) + T,y (U) - Ty (V).
We now state a number of propositions:
(31) Forallu, vholdsu yyV = V-yyU.
(32) Supposey, y span the space. Let givenv, vi. Thenu-yy (V+V1) = U-wyV+ U-wyV1 and
U-wy (V=V1) = U-ywyV—U-wy V1 and (V—Vvi) wy U= V-yyU—Vi -y U and (V+vi) wy U=
(33) Supposev, y span the space. Let v be vectors oV anda be a real number. Then

(a-u)-wyv=a-u-ywyvandu-yy(a-v) =a-u-yyvand(a-u) wyV=U-yyV-aandu-yy(a-v) =
U'wa' a.
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(34) Supposev, y span the space. Let v be vectors o¥/. Thenu, v are orthogonal w.r.tw, y
if and only if u-yyv=0.

(35) Supposeav, y span the space. Let v, up, v1 be vectors ol/. Thenu, v, u; andv; are
orthogonal w.r.tw, y if and only if (v—u) -wy (vi —u1) = 0.

(36) Ifw, yspan the space, then for all vectars, v1 of V holds 2 u-yy (V1) = U-wyV+U-wy
V1.

(37) Ifw,yspan the space, then for all vectars of V such thati # v holds(u—V) -y (U—V) #
0.

(38) Supposav, y span the space. L, g, u, v, V be vectors oV andA be a real number.
Suppose that
(i) p, gqandu, vform a directed trapezium w.ri, y,
(i) p#q
(i) A= ((pP—0a)-wy(P+0)—2-(P—a) wyl)-(P—a) wy(p—0a) " and
(iv) VvV =u+A-(p—q).
Thenv=V.

(39) Supposev, y span the space. LatU’, uy, Uy, V1, Vo, 11, t2, Wy, Wo be vectors of/. Suppose
that

i) u#u,
(i) u, U andug, t; form a directed trapezium w.rav, y,
(i) u, U anduy, t, form a directed trapezium w.r, y,
(iv) u, U andvy, w; form a directed trapezium w.riy, y,
(V) u, U andvy, wp form a directed trapezium w.rav, y, and
(Vi)  ug,up || vi,va.
Thenty, tz 1] wy, wo.
(40) Supposev, y span the space. Lef U, ug, U, v1, t1, to, Wy be vectors o¥/. Suppose that
OTEAT
(i) u, U andug, t; form a directed trapezium w.r4, y,
(i) u, U anduy, t, form a directed trapezium w.r, y,
(iv) u, U andvy, w; form a directed trapezium w.ra, y, and
(V)  vi=u#up.
Thenw; = ty#t,.

(41) Supposev, y span the space. Lef U, uy, Uy, t1, t> be vectors o¥/. Suppose that
i) u#u,
(i) u, U andug, t; form a directed trapezium w.ra, y, and
(i) u, U andup, t form a directed trapezium w.r, y.
Thenu, U andui#uy, t1#, form a directed trapezium w.riy, y.

(42) Supposev, y span the space. Latu’, uy, Uy, V1, Vo, 1, t2, Wy, W> be vectors of/. Suppose
that

i) u#u,

(i) u, U andug, t; form a directed trapezium w.ra, y,
(i)  u, U anduy, t, form a directed trapezium w.r, y,
(iv) u, U andvy, w; form a directed trapezium w.ra, y,
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(V) u, U andvp, wp form a directed trapezium w.rav, y, and
(vi)  uz, Uz, vi andv, are orthogonal w.r.tw, y.
Thenty, tp, wi; andws, are orthogonal w.r.iw, y.

(43) Letu, U, ug, Uy, v1, Vo, t1, to, W1, Wo be vectors o¥/. Suppose thaw, y span the space and
u# U andu, U anduy, t; form a directed trapezium w.r.wv, y andu, u andu,, t; form a
directed trapezium w.r.tw, y andu, U’ andvy, w; form a directed trapezium w.r.tv, y and
u, U andvy, wp form a directed trapezium w.r.tv, y andusz, up andvy, v, form a directed
trapezium w.r.tw, y. Thents, t; andw;, w, form a directed trapezium w.riy, y.

Let us conside¥ and let us considew, y. The directed trapezium relation defined ovem
the basisw, y yielding a binary relation orithe carrier ofV, the carrier oV | is defined by the
condition (Def. 7).

(Def. 7) The following statements are equivalent
(i) (X, 2) €the directed trapezium relation defined oVein the basisw, y,

(i) there existu, ug, v, v1 such thatx = (u,u;) andz= (v, v1) andu, u; andv, v; form a
directed trapezium w.r.ty, y.

One can prove the following proposition

(44) The following statements are equivalent
@) ({u,v), {u1, v1)) € the directed trapezium relation defined oVein the basisw, y,
(i)  u,vanduy, v1 form a directed trapezium w.ray, y.

Let us consideY. The midpoint operation i yields a binary operation on the carrien6fand
is defined by:

(Def. 8) For allu, v holds (the midpoint operation M) (u, v) = u#v.

We consider affine midpoint structures as extensions of affine structure and midpoint algebra
structure as systems

( a carrier, a midpoint operation, a congruehce
where the carrier is a set, the midpoint operation is a binary operation on the carrier, and the con-
gruence is a binary relation drihe carrierthe carrier]:

One can check that there exists an affine midpoint structure which is non empty and strict.

Let us conside¥, w, y. The directed trapezium space defined d¥en the basisw, y yields a
strict affine midpoint structure and is defined by the condition (Def. 9).

(Def. 9) The directed trapezium space defined dv¥en the basisw, y = (the carrier ofV, the
midpoint operation ifV, the directed trapezium relation defined oVein the basiaw, y).

Let us consideY, w, y. One can verify that the directed trapezium space defined\buethe
basisw, y is non empty.

Let A; be an affine midpoint structure. The affine reduchgfields a strict affine structure and
is defined by:

(Def. 10) The affine reduct o&; = (the carrier ofA;, the congruence ;).

Let A; be a non empty affine midpoint structure. Note that the affine redukt &f non empty.
Let A1 be a non empty affine midpoint structure anddgb be elements of;. The functora#b
yields an element oA; and is defined by:

(Def. 12E| a#b = (the midpoint operation of;)(a, b).

In the sequed, b, a;, by denote elements of the directed trapezium space defined/avethe
basisw, y.
Next we state three propositions:

2 The definition (Def. 11) has been removed.
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(46 Letx be a set. Theris an element of the carrier of (the directed trapezium space defined
overV in the basisv, y) if and only if x is a vector oiV.

(47) Suppose, y span the space and= aandv=bandu; = a; andv; =by. Thena, b a;,b;
if and only if u, vanduy, v1 form a directed trapezium w.riy, y.

(48) If w, y span the space and= a andv = b, thenu#v = a#b.

Let I1 be a non empty affine midpoint structure. We say thas ordered midpoint trapezium
space-like if and only if the condition (Def. 13) is satisfied.

(Def. 13) Leta, b, ¢, d, a1, by, c1, di, p, q be elements of;. Thena#b = b#a anda#a = a and
(afth)#(cHd) = a#cH#(b#d) and there exists an elemembf 11 such thatp#a = b and ifa#b =
atic, thenb=cand ifa, b c,d, thena,b | a#c,b#d and ifa,b || c,d, thena, b || a#d, b#c or
a,b || b#c,a#td and ifa,b || c,d anda#ta; = p andb#b; = p andc#c; = p andd#d; = p, then
ai, by || c1,dp andif p# gandp,q a,a; andp,q | b,b; andp,q | c,c1 andp,q | d,d; and
a,b]l c,d, thenay,b; || c1,d; and ifa,b || b,c, thena=b andb=candifa,b] a;,b; and
a,b1 c1,d; anda## b, thenay, by || c1,d; and ifa,b ]| ¢,d, thenc,d || a,bandb,a ]| d,cand
there exists an elemedtof I; such thaf,b ][ c,dora,b]/ d,candifa,b]f c,panda,b]f c,q,
thena=borp=aq.

One can verify that there exists a non empty affine midpoint structure which is strict and ordered
midpoint trapezium space-like.

An ordered midpoint trapezium space is an ordered midpoint trapezium space-like non empty
affine midpoint structure.

Next we state the proposition

(49) Supposev, y span the space. Then the directed trapezium space defined ovtre basis
w, y is an ordered midpoint trapezium space.

Letl; be a non empty affine structure. We say thas ordered trapezium space-like if and only
if the condition (Def. 14) is satisfied.
(Def. 14) Leta, b, ¢, d, a1, by, c1, d1, p, q be elements of;. Then
(i) if a,b]l b,c,thena=bandb=c,
(i) if a,blai,by anda,b| c;,d; anda# b, thenag,b; || c1,d;s,
(i) if a,b]l c,d, thenc,d | a,bandb,a] d,c,
(iv) there exists an elemedtof I; such thag,b ]| ¢,d ora,b 1l d,c, and
(v) ifablc,pandabl c,qg,thena=borp=q.
One can verify that there exists a non empty affine structure which is strict and ordered trapezium
space-like.
An ordered trapezium space is an ordered trapezium space-like non empty affine structure.
Let M1 be an ordered midpoint trapezium space. One can check that the affine retjcisof
ordered trapezium space-like.
We use the following conventionO; denotes an ordered trapezium spageh, ¢, d denote

elements oD, anda’, b/, ¢, d’ denote elements &(O;).
Next we state two propositions:

(50) For every set holdsx is an element 0D iff xis an element oA(O1).
(51) Ifa=a andb="b andc=c andd =d’, thena,b/ || ¢,d’iff a,b ][ c,dora,b]d,c.

Letl; be a non empty affine structure. We say thas trapezium space-like if and only if the
condition (Def. 15) is satisfied.

3 The proposition (45) has been removed.
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15) Letd,b,c,d, p, d be elements of;. Then
() abuiv.a,
(i) if &,b'|c,d andd,b' | c,d,thenad =b' ord =,
(i) if P#dandp,d ] d,bandp,q | c,d, thend,b' || c,d’,
(iv) ifa,b ] c,d, thenc,d | a,b,and
(v) there exists an elemextof |; such tha#/,b’ || ¢/, X’
Let us note that there exists a non empty affine structure which is strict and trapezium space-like.
A trapezium space is a trapezium space-like non empty affine structure.
Let O; be an ordered trapezium space. One can verify/ii@ ) is trapezium space-like.

Let I; be a non empty affine structure. We say thais regular if and only if the condition
ef. 16) is satisfied.

16) Letp,q,a a1, b, by, c, c1,d, d; be elements ofy. If p#qgandp,q]| a,a; andp,q | b,by
andp,q 1l c,c; andp,q [ d,d; anda,b | ¢,d, thenay, by | ¢1,d.

Let us observe that there exists a non empty ordered trapezium space which is strict and regular.
Let M; be an ordered midpoint trapezium space. Observe that the affine reddiciofegular.
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