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Summary. We defined the set of the gene, the space treated by the genetic algorithm
and the individual of the space. Moreover, we defined some genetic operators such as one
point crossover and two points crossover, and the validity of many characters were proven.

MML Identifier: GENEALGL.

WWW: http://mizar.org/JFM/Volll/genealgl.html

The articlesl[¥],18],[1], [3], [9], [2], [6], [5], and([4] provide the notation and terminology for this
paper.

1. DEFINITIONS OF GENE-SET, GA-SPACE AND INDIVIDUAL

We follow the rulesD is a non empty seff;, f, are finite sequences of elementdxyfandi, n, ny,
Ny, N3, N4, Ns, Ng are natural numbers.

One can prove the following two propositions:
(1) Ifn<lenfq, then(fy™ fy) In= ((f1) Ln) ~ fo.
(2) (f1~ f)[(lenfy+i) = f1 ™ (f20).

A Gene-Set is a non-empty non empty finite sequence.
Let Sbe a Gene-Set. We introduce GASpac&as a synonym df) S
Let f be a non-empty non empty function. Note thaf is non empty.

Let Sbe a Gene-Set. A finite sequence of elements of-GIpaceis said to be an Individual
of Sif:

(Def. 1) lenit=lenSand for every such thai € domit holds iti) € i).

2. DEFINITIONS OF SEVERAL GENETIC OPERATORS
Let Sbe a Gene-Set, lgt;, p2 be finite sequences of elements of GSpaces, and let us consider
n. The functor crossovép:, pz,n) yields a finite sequence of elements of G/Apace and is
defined by:

(Def.2) crossovéips, p2,n) = (p1In) ™ ((P2)n)-

Let Sbe a Gene-Set, lgh;, p2 be finite sequences of elements of GASpace, and let us

considerng, np. The functor crossovéps, p2,n1,nz) yielding a finite sequence of elements of
GA — Spaceis defined by:

(Def. 3) crossoveips, pz,N1,N2) = CrOSSOVECroSsovefps, P2, N1), Crossovefpy, P1,N1),N2).
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Let Sbe a Gene-Set, Igt;, p2 be finite sequences of elements of GSpaces, and let us
considemy, ny, n3. The functor crossovéps, p2, N1, Ny, N3) yields a finite sequence of elements of
GA — Space&sand is defined by:

(Def. 4) crossovéips, pz, N1, N2,N3) = CroSSOve(crossovefps, pz, N1, Nz), Crossovepz, p1, N1, N2), N3).

Let Sbe a Gene-Set, lgt;, p2 be finite sequences of elements of GASpaces, and let us con-
siderny, ny, ng, ns. The functor crossoveéps, p2, N1, N2, N3, N4) yields a finite sequence of elements
of GA — Spacé&and is defined by:

(Def. 5) crossoveips, pz, N1, N2, N3,Ng) = CrOSSOVECrosSsoveps, P2, N1, Ny, N3), CrOSSOVE[Py, P1, N1, N2,N3), Ng).

Let Sbe a Gene-Set, lgh;, p2 be finite sequences of elements of GApace, and let us
considemsy, nz, N3, N4, Ns. The functor crossovéps, pz, N1, N2, N3, N4, Ns) Yields a finite sequence
of elements of GA- Spacesand is defined as follows:

(Def. 6) crossoveipy, P2, N, N, N3, N4, Ns) = CrOSSOVE(CroSSOVe(py, P2, N1, N2, N3, Na), CrOSSOVE(P2, P1, N1, N2, N3, Na), Ns).

Let Sbe a Gene-Set, lgh;, p2 be finite sequences of elements of GASpace, and let us
considemy, ny, N3, N4, Ns, Ng. The functor crossovéps, pz, N1, N2, N3, N4, N5, NG) yielding a finite
sequence of elements of GASpaceis defined by:

(Def. 7)  crossoveipy, P2, N, N, N3, N4, N5, N) = CrOSSOVECrOSSOVE(Ps, P2, N1, N2, N3, Na, Ns), Crossoveps, Py, N1, o, Nz, N,

3. PROPERTIES OFL-POINT CROSSOVER

In the sequeSis a Gene-Set anpy, p» are Individuals ofS.
Next we state the proposition

(3) crossovepy, p2,n) is an Individual ofS.

LetShe a Gene-Set, lgt;, p2 be Individuals ofS, and let us consider. Then crossovéps, p2,n)
is an Individual ofS.
One can prove the following two propositions:

(4) crossoveps, p2,0) = p2.

(5) If n>lenp, then crossovéps, pz,n) = p1.

4. PROPERTIES OR2-POINTSCROSSOVER
Next we state the proposition
(6) crossovelpy, p2, N1, N2) is an Individual ofS.

LetShe a Gene-Set, lgt;, p2 be Individuals ofS, and let us consider;, np. Then crossovéps, pz,ng, N2)
is an Individual ofS.
One can prove the following propositions:

(7) crossovepy, p2,0,n) = crossovefpz, p1,N).

(8) crossovelpy, p2,n,0) = crossovefpy, p1,N).

(9) If ny >lenpy, then crossovéps, pz,ni, N2) = Crossovefps, P2, N2).
(10) If np > lenps, then crossovép, pz, N1, N2) = Crossovefps, P2, N1).
(11) If ny > lenp; andny > lenpy, then crossovéps, pz, N1, N2) = Pi.
(12) crossoveips, p2,N1,N1) = P1.

(13) crossovempy, p2,N1,Nz) = Crossovefps, P2, N2, N1).
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5. PROPERTIES OF3-POINTSCROSSOVER
The following proposition is true
(14) crossoveips, p2, N1, N2, N3) is an Individual ofS,

Let Sbe a Gene-Set, lgh;, p2 be Individuals ofS and let us considen;, ny, n3. Then
crossovefpi, pz, N1, N2, N3) is an Individual ofS.
We now state a number of propositions:

(15) crossoveips, p2,0,np,N3) = crossovefpy, pi1,Nz,N3) and Ccrossovéps, pz,ni,0,n3) =
Crossovefpz, p1, N1, N3) and crossovéps, pz, ni, Nz, 0) = crossovefpy, p1, N1, N2).

(16) crossoveips, p2,0,0,n3) = crossovefps, pz, N3) and crossovéps, P2, N, 0,0) = crossovelp:, Pz, N1)
and crossovéps, pz, 0, Ny, 0) = crossovefps, P2, N2).

(17) crossoveips, p2,0,0,0) = po.

(18) If ny > lenpy, then crossovéps, pz, N1, N2, N3) = Crossovefps, pz, N2, N3).

(19) If n; > lenpy, then crossovéps:, pz, N1, N2, N3) = Crossovefps, pz, N1, N3).

(20) If n3 > lenpy, then crossovéps, p2, N1, N2, N3) = Crossovefps, Pz, N1, N2).

(21) If n; > lenp; andny > lenpy, then crossovéps, pz, N1, N2, N3) = Crossovefps, pz, Nz).
(22) If ny > lenp;y andng > lenpy, then crossovéps, pp, N1, N2, N3) = Crossovefps, pz, Ny).
(23) If nz > lenpy andng > lenpy, then crossovéps, p2, N1, N2, N3) = Crossove(ps, Pz, N1)-
(24) If ny > lenpg andny > lenp; andng > lenpy, then crossovéps, pz, N1, N2, N3) = Ps.

(25) crossovemy, pz, N1, N2, N3) = Crossovefps, P2, N2, N1, N3) and crossoveéps, pz, N1, Nz, N3) =
Crossovefpa, pz, N1, Nz, N2).

(26) crossovemy, pz, N1, Nz, N3) = Crossovefps, P2, N3, N1, N2).

(27) crossoveips, p2,N1,N1,N3) = Crossovefps, P2,nz) and Crossovéps, pp,Ni,N2,N1) =
Crossovefps, pz,Nz) and crossovéps, P2, N1, Ny, N2) = Crossovefps, Pz, N1).

6. PROPERTIES OM-POINTSCROSSOVER
Next we state the proposition
(28) crossovelps, p2,N1, N2, N3,N4) is an Individual ofS.

Let Sbe a Gene-Set, lgt;, p2 be Individuals ofS, and let us considemns, ny, n3, ng. Then
Crossovefp, pz, N1, N2, N3, N4) is an Individual ofS.
One can prove the following propositions:

(29) crossovémpy, p2,0,N2,N3,N4) = Crossovefpy, P1, N2, N3, N4) and crossovéps, pz,N1,0,N3, Ng) =
Crossovefpy, p1,N1,N3,Ng) and crossovéps, pz,Ni, Ny, 0,N4) = Crossovefpy, p1,N1,N2,Ny)
and crossovéps, pz, N1, N2, n3,0) = crossovefpy, p1, N1, N2, N3).

(30) crossovémy, p2,0,0,n3,Ns) = crossovefps, pPz,N3,N4) and Crossoveéps, p2,0,n2,0,n4) =
crossovefps, p2,Nz,Ng) and crossovéps, p2,0,n2,n3,0) = crossovefps, pz,Ny,n3) and
crossovefps, pz,n1,0,n3,0) = crossovefps, P2, n1,N3) and crossoveéps, pz,ny,0,0,ns) =
Crossovefpi, pz, N1, N4) and crossovéps, pz, N1, N2,0,0) = crossovefps, Pz, N1, N2).

(31) crossoveips, p2,n1,0,0,0) = crossovefpy, p1,n1) and crossovéps, p2,0,np,0,0) =
Crossovefpz, p1,Nz) and crossovéps, pz, 0,0, n3, 0) = crossovefps, p1,n3) and crossovéps, pz,0,0,0,n4) =
crossovefpz, p1,na).
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(32) crossovéps, p2,0,0,0,0) = p;.

(33)(1) If ny > lenpy, then crossovéps, p2, N1, Ny, N3, Ng) = Crossovefps, Pz, N2, N3, N4),
(i) if np > lenpy, then crossovéps, pz,N1,N2,N3,N4) = Crossovefps, P2, N1, N3, Na),

(iiiy if ng>lenpy, then crossovéps, pz, N1, N2,N3,Ng) = Crossovefps, P2, N1, Ny, Ng), and
(iv) if ng > lenps, then crossovéps, pz, N1, N2,N3,Na) = CroSsovefps, Pz, N1, N2, N3).

(34)()) If ng >lenpyandny > lenpy, then crossovéps, pz, N1, N2, N3, Ng) = Crossovefps, P2, N3, Na),
(i) if ny >lenp; andng > lenpy, then crossovéps, p2, N1, N2, N3, Na) = CrOSSOVE(P1, P2, N2, Na),
(iiiy if ny>lenpy andng > lenpy, then crossovéps, P2, N1, Ny, N3, Ng) = CrOSSOVEP1, P2, N2, N3),
(iv) if np >lenp; andng > lenp;, then crossovéps, P2, N1, Nz, N3, Na) = CrosSSovelps, P2, N1, Na)
) )

b

(v) if np>lenp; andny > lenps, then crossovéps, pz, N1, N2, N3,Ng) = Crossovefps, Pz, N1, N3
and

)

(vi) if ng>lenp; andng > lenpy, then crossovéps, pz, N1, N2, N3, Ng) = Crossovefps, Pz, N1, N2).

(35)()) If ny >lenp; andny > lenp; andng > lenpy, then crossovéps, pz, N1, N2, N3, Ng) =
crossovefpi, p2,Na),

(i) if ng >lenp; andny > lenp; and ng > lenp;, then crossovéps, pz,n1,N2,N3,Ng) =
crossove(ps, p2,ns),

(i) if np >lenpy andng > lenp; and ng > lenp;, then crossovéps, pz, N1, N2, N3,N4) =
crossovefps, p2,nz), and

(iv) if ny > lenp; andng > lenp; and ng > lenp;, then crossovéps, pp, Ny, N2, N3,Ng) =
crossovefps, P2, N1).

(36) Ifny >lenpg andny > lenp; andng > lenp; andng > lenps, then crossovéps, P2, N1, Np, N3, Na) =
P1.

(37) crossoveips, p2, N1, N2, N3, Na) = CroSSOVE(P1, P2, N1, N2, Na, N3) and crossovéps, P2, N1, Nz,N3,Na) =

crossovefps, P2, N1, N3, N2, Ng) and crossovéps, Pz, N1, Nz, N3, Ng) = Crossovefps, P2, N1, N3, N, N2)

and crossovéps, pz, N1, N2, N3, Ng) = Crossovefps, P2, N1, N4, N2, N3) and Crossoveéps, Pz, N1, N2,N3,Na) =
Crossovefp1, Pz, N1, N4, N3, N2) and Crossovéps, pz, N1, N2, N3, Ng) = CrOSSOVE[P1, P2, N2, N1, N3, Ng)

and crossovéps, Pz, N1, Nz, N3, Ng) = Crossovefps, P2, Nz, N1, N, N3) and Crossovéps, Pz, N1, N2, N3, Ng) =
Crossovefps, Pz, Nz, N3, N1, Na) and Crossovéps, pz, N1, N2, N3, Na) = CrOSSOVE[P1, P2, N2, N3, N4, N1 )

and crossovéps, P2, N1, N2, N3, Na) = Crossovefps, P2, N2,N4, N1, N3) and CroSSOVEP:, Pz, N1, N2, N3, Ng) =
crossovefps, Pz, N2, N4, N3, N1 ) and crossovéps, Pz, N1, Nz, N3, Ng) = Crossovefps, P2, N3, N1, N2, Na)

and crossovéps, P2, N1, N2, N3, Ng) = Crossovefps, P2, N3, N1, Ng, N2) and Crossoveéps, Pz, N1, N2, N3, Ng) =
Crossovefp1, pz, N3, Ny, N1, Ng) and Crossovéps, pz, N1, N2, N3, Ng) = CrOSSOVE[P1, P2, N3, N2, N4, N1)

and crossovéps, P2, N1, N2, N3, Na) = Crossovefps, P2, N3, Ng, N1, N2) and CrosSSoveép:, Pz, N1, N2, N3, Ng) =
Crossovefps, Pz, N3, Na, N2, N1) and Crossovéps, pz, N1, N2, N3, Na) = CrOSSOVE[P1, P2, Na, N1, N2, N3)

and crossovéps, pz, N1, N2, N3, Ng) = Crossovefps, P2, N4, N1, N3, N2) and Crossovéps, Pz, N1, N2,N3,Na) =
crossovefps, P2, Na, N2, N1, N3) and crossovéps, Pz, N1, Nz, N3, Ng) = Crossovefps, P2, Na, N2, N3, N1 )

and crossovéps, P2, N1, N2, N3, Ng) = Crossovefps, P2, Na, N3, N1, N2) and CrosSoveép:, Pz, N1, N2, N3, Ng) =
Crossovefps, pz,Na, N3, N2, N1 ).

(38) crossoveips, p2, N1, N1, N3, Ng) = CrOSSOVEP1, P2, N3, Na) and Crossoveéps, Pz, Ng, N, N1, Ng) =
Crossovefps, p2,Nz,N4) and crossovéps, pPz,N1,N2,N3,N1) = Crossovefps, pz, N2, n3) and
Crossovefp1, Pz, N1, N2, N2, Na) = CroSSOVe(pP1, P2, N1, Na) and Crossoveéps, Pz, N1, N2, N3, N2) =
crossovefpsi, p2, N1, N3) and crossoveéps, pz, N1, N2, N3, N3) = CroSSove(p1, P2, N1, N2).

(39) crossoverps, pz, N1, N1, N3, N3) = p1 and Crossoveéps, Pz, N1, Nz, N1, N2) = p1 and crossovéps, Pz, N1, N2, N2, Ng) =
p1-
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7. PROPERTIES OF5-POINTS CROSSOVER
One can prove the following proposition
(40) crossoveips, p2, N1, N2, N3,N4,N5) is an Individual ofS.

Let Sbe a Gene-Set, lqi;, p2 be Individuals ofS, and let us consider, ny, n3, Ny, Ns. Then
crossovefp1, P2, N1, N2, N3, Na,Ns) is an Individual ofS.
Next we state a number of propositions:

(41) crossovémy, p2,0,N2,N3,N4,N5) = CrOSSOVE(P2, P1, N2, N3, N4, N5) and Crossovéps, Pz, N1,0,N3, N4, N5) =
crossovefpy, p1, N1, N3, N4, Ns) and crossovéps, Pz, N1, Nz, 0, N4, Ns) = Crossovefpy, pP1, N1, N2, N4, Ns)
and crossovéps, P2, N1, N2, N3, 0, N5) = crossovefpy, p1, N1, Ny, N3,Ns) and Crossovéps:, Pz, N1, N2, N3, Ng,0) =
crossovefpy, p1, N1, N2, N3, Na).

(42) crossoveips, p2,0,0,n3, N4, N5) = Crossovefps, P2, N3, N4, Ns5) and crossovéps, pz,0,nz,0,N4,N5) =
Crossovefpi, Pz, Nz, N4, Ns5) and crossoveéps, pz, 0, Ny, N3, 0, Ns) = Crossovefps, pz, Nz, N3, Ns)
and crossovéps, p2, 0, Ny, Nz, N4, 0) = crossovefps, P2, N2, N3,Na) and crossoveéps, p2,n1,0,0,n4,N5) =
Crossovefps, Pz, N1, N4, Ns) and crossovéps, pz, N, 0, Nz, 0, Ns) = crossovefps, P2, N1, Nz, Ns)
and crossovéps, p2, N1, 0, N3, N4, 0) = crossovefps, P2, N1, N3, Na) and crossovéps, Pz, N1, N2,0,0,n5) =
crossovefps, pz, N1, N2, Ns) and crossovéps, Pz, N1, Nz, 0, N4, 0) = crossovefps, Pz, N1, N2, Ny)
and crossovéps, pz, N1, N2, N3, 0,0) = crossovefps, pz, N1, N2, N3).

(43) crossovémpy, p2,0,0,0,n4,N5) = Crossovefpz, p1,Na,Ns) and crossovéps, p2,0,0,n3,0,ns) =
Crossovefpy, p1,N3,Ns) and crossovéps, pz,0,0,n3,n4,0) = crossovefpy, p1,ns,ns) and
crossovefpi, p2,0,ny, 0,0, ns) = crossovefpy, p1, N2, Ns) and crossovéps, pz, 0,n2,0,n4,0) =
Crossovefpz, p1,Nz,N4) and crossovép:, pz,0,n,,n3,0,0) = crossovefpy, p1,n2,h3) and
crossovefps, p2,n1,0,0,0, ns) = crossovefpz, P1, N1, Ns) and crossovéps, pz, N1, 0,0,n4,0) =
crossovefpy, p1,n1,Ns) and crossovéps, pz,N1,0,n3,0,0) = crossovefpy, p1,hi,h3) and
Crossovefpy, Pz, Ny, Ny, 0,0,0) = crossovefpz, p1, Ny, N2).

(44) crossovempy, p2,0,0,0,0,n5) = crossove(ps, pPz,Ns) and crossovéps, pz,0,0,0,n4,0) =
crossovefps, p2, N4) and crossovéps, pz,0,0, N3, 0,0) = crossovefps, p2, h3) and crossovéps, pz,0,ny,0,0,0) =
crossovefpi, p2,nz) and crossovéps, p2,ny,0,0,0,0) = crossovefps, pz,Ni).

(45) crossoveips, pz,0,0,0,0,0) = py.

(46)())  1f np > lenpy, then crossovéps, pz, Ny, Nz, N3, Ny, Ns) = Crossovefps, Pz, Nz, N3, N4, Ns),
(i) if np >lenpy, then crossovéps, p2, N1, N2, N3, N4, Ns) = Crossoveps, P2, N1, N3, N4, Ns),
(iii) if n3>lenpy, then crossoveéps, p2, N1, N2, N3, N4, N5) = Crossovefps, P2, N1, Nz, N4, Ns),

(iv) if ng > lenpy, then crossovép:, p2, N1, N2,N3,Na,N5) = Crossovefps, Pz, N1, N2,N3,Ns),
and

(v) if ns > lenpy, then crossovéps, p2, N1, N2, N3, N4, Ns) = Crossovefps, Pz, N1, Nz, N3, Ny).

(47)(i) Ifng>lenp;andny >lenps, then crossovéps, pz, N1, N2, N3, N4, N5) = CrOSSOVE[P1, P2, N3, Na, Ns),
(i) if ny >lenp; andng > lenpy, then crossovéps, p2, N1, N2, N3, N4, Ns) = CroSSOVe(p1, Pz, N2, Na, Ns),
(iii) if ny>lenpy andng > lenpy, then crossovéps, p2, N1, N, N3, N4, N5) = Crossovefps, Pz, N2, N3, Ns),
(iv) if ny >lenp; andns > lenpy, then crossovéps, p2, N1, N2, N3, Na, Ns) = CroSSOvVefp1, Pz, N2, N3, Na),
(v) if np>lenp; andnz > lenp;, then crossovéps, pz, N1, N2, N3, N4, N5) = Crossovefps, P2, N1,N4, Ns),

(vi) if np >lenps andns > lenp, then crossovéps, pz, N1, N2, N3, Na, Ns) = CrOSSOVE[P1, P2, N1, N3, Ns),
(vii) if np >lenp; andns > lenpy, then crossovéps, pz, N1, N2, N3, N4, Ns) = CroSSOVe(p1, P2, N1, N3, Na),
(viii)  if n3>lenp; andng > lenp;, then crossovéps, p2, N1, Nz, N3, N4, Ns) = CrOSSOVE(P1, P2, N1, N2, Ns),

(ix) if n3>lenp; andns > lenpy, then crossovéps, pz, N1, N2, N3, N4, Ns) = Crossovefps, P2, N1, N2, Na),
and

(x) if ng>lenpy andns > lenp;, then crossovéps, pz, N1, N2, N3, N4, N5) = Crossovefps, Pz, N1, N2, N3).
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(48)(1) If ny >lenpy andny > lenp; andnz > lenpy, then crossovéps, p2, N1, Ny, N3, Ng, N5) =
Crossovefps, pz, N4, Ns),

(i) if ny >lenp; andny > lenp; andng > lenps, then crossovéps, p2, N1, Nz, N3, N4, N5) =
Crossovefps1, pz, Nz, Ns),

(iiiy if ng >lenp; andny > lenp; andns > lenpy, then crossovéps, p2, N1, Nz,N3,Na,N5) =
crossovefps, P2, N3, Na),

(iv) if np > lenp; andnz > lenp; andng > lenpy, then crossovéps, p2, N1, Nz,N3,Na,N5) =
Crossovefps, pz, Nz, Ns),

(v) if ny >lenp; andng > lenp; andns > lenpy, then crossovéps, pz, N1, N2, N3, N4, N5) =
Crossovefps, pz, Nz, Na),

(vi) if np >lenp; andng > lenp; andns > lenps, then crossovéps, pz, N1, N2, N3, N4, N5) =
Crossovefps, pz, Nz, N3),

(vii) if ny >lenpy andnz > lenp; andng > lenpy, then crossovéps, pz, Ni, N2, N3, Na, Ns) =
Crossovefp1, pz, N1, Ns),

(viii) if np >lenp; andnz > lenp; andns > lenpy, then crossovéps, p2, N1, Nz,N3,Na,N5) =
Crossove{ps, pz, N1, Na),

(ix) if np >lenp; andng > lenp; andns > lenps, then crossovéps, pz, Ny, Ny, N3, Na,N5) =

crossovefps, p2,h1,Nn3), and

(x) if n3>lenpy andng > lenp; andns > lenpy, then crossovéps, pz, N1, N2, N3,Ng,N5) =

crossovefps, pz,Ng, Ny).

(49)(i) If ng > lenp; and np > lenpy and n3z > lenp; and n4 > lenp;, then
Crossovefp1, Pz, N1, N2, N3, Na, Ns) = CrOSSove[ps, P2, Ns),
(i) if ny >lenps andny > lenp; andng > lenp; andns > lenps, then crossovéps, pz, N1, N2, N3, Ng,N5) =
crossovefpi, p2,Na),
(iii) if ny >lenpy andny >lenp; andng > lenp; andns > lenpy, then crossovéps, pz, N1, N2, N3, N4, Ns) =
Crossovefps, pz,N3),
(iv) if ny >lenp; andng > lenp; andng > lenp; andns > lenpy, then crossovéps, pz, N1, N2, N3, N4, N5) =
crossovefp, p2,nz), and
(v) if np>lenp; andnz >lenp; andns > lenp; andns > lenps, then crossovéps, pz, Ng, Ny, N3, Na, Ns) =
crossovefps, pz,N1).

(50) If np > lenpy andny > lenp; andng > lenpy and ng > lenp; and ns > lenpy, then
Crossovefps, Pz, N1, Nz, N3, N4, Ns) = Py.

(51) crossovems, p2,N1,N2,N3,N4,N5) = CrOSSOVE(Py, P2, N2, N1, N3, N4, Ns) and crossovéps, P2, N1, N2, N3, N4, Ns) =

Crossove(ps, Pz, N3, N2, N1, N4, Ns) and Crossovepy, P2, Ny, N2, N3, Na, Ns) = Crossove(ps, Pz, N4, N2, N3, N1, Ns)
and crossovéps, Pz, Ny, Nz, N3, Ng, Ns) = CroSSOVE(P1, P2, Ns, Nz, N3, Ng, Ny ).

(52) crossovemy, pz, N1, N1, N3, N4, N5) = Crossovefps, P2, N3, Na, Ns) and crossoveéps, Pz, N1, N2, N1, N4, Ns) =

Crossovefp1, Pz, Nz, N4, Ns5) and crossoveéps, Pz, N1, N2, N3, N1, N5) = CrOSSOVe[pPs, P2, N2, N3, Ns)
and crossovéps, pz, N1, N2, N3, N4, N1 ) = Crossovefps, P2, Nz, N3, Na).

8. PROPERTIES OF6-POINTSCROSSOVER
We now state the proposition
(53) crossovelps, p2, N1, N2, N3, N4, N5, Ng) is an Individual ofS.

Let She a Gene-Set, lgi;, p2 be Individuals ofS, and let us considamy, ny, ns, nNg, Ns, Ne.
Then crossovéps, pz, N1, N2, N3, N4, N5, N) is an Individual ofS.
We now state four propositions:
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(54)(i) crossoveps, P2,0,N2,N3, N4, N5, Ng) = CrOSSOVE[P2, P1, N2, N3, N4, N5, NG),
(i)  crossove(p, p2,N1,0,N3,N4, N5, Ng) = CroSSOVE(P2, P1, N1, N3, N4, N5, Ng),
(i) crossovetpa, pz, N1, N2,0,N4,Ns, Ng) = CroSSOVE[Pz, P1, M, Ny, N4, Ns, Ne),

)
(iv) crossovetpi, p2, N1, N2,N3,0,Ns5,Ng) = Crossovefpy, p1, N1, Nz, N3, Ns, Ne),
(v)  crossovefps, P2, N1, N2, N3,N4,0,Ng) = Crossovefpz, p1, Ny, N2, N3, N4, Ng), and
)

(vi) crossovefps, pz, N1, N2, N3, N4, N5, 0) = crossovefpy, p1, N1, Nz, N3,N4,Ns).

(55)(1) If ny >lenpy, then crossovéps, pz, N1, N2, N3, N4, N5, Ng) = CFOSSOVEP1, P2, N2, N3, N4, N5, Ng),
(i) if np>lenpy, then crossovéps, pz, N1, N2, N3, Na, N5, Ng) = Crossovefps, P2, N1, N3, N4, N5, Ne),
(iii)y  if n3>lenpy,then crossovéps, p2, N1, Ny, N3, N4, N5, Ng) = CrOSSOVeP1, P2, N1, Ny, Ng, N5, Ng),
(iv) if ng>lenpy, then crossovéps, pz, N1, N2, N3, N4, N5, Ng) = CrOSSOVE[P1, P2, N1, N2,N3, N5, Ng)
) )

(v) if ns >lenpy, then crossovéps, pz, N1, N2, N3, N4, N5, Ng) = CrOSSOVEP1, P2, N1, N2, N3, N4, Ng),
and

(vi) if ng>lenpy, then crossove&ps, pz, Ny, N2, N3, N4, Ns, Ng) = CrOSSOVE(P1, P2, Ny, N2, N3, Ng, Ns).

(56)(i) crossovelps, P2, N1, Nz, N3, N4, N5, Ng) = CrOSSOVE[P1, P2, N2, N1, N3, N4, N5, Ng),
(i) crossove(ps, p2,N1,N2,N3,N4, N5, Ng) = Crossovefps, P2, N3, N2, N1, N4, N5, Ng ),

(iiiy  crossovefpy, P2, N1, Ny, N3, N4, N5, Ng) = CrOSSOVe[pP1, P2, Na, Nz, N3, N1, N5, Ng),

(iv) crossovetpi, p2,n1,N2,N3,N4,N5,Ng) = CrOSSOVE(P1, P2, Ns, N2, N3, N4, N1, Ng), @and
(v) crossovefps, p2, N1, N2,N3,N4, N5, Ng) = CroSSOvefp1, Pz, Ng, N2, N3, N4, N5, N1 ).

(57)(1) crossoveps, P2, N1, N1, N3, Na, N5, Ng) = CrOSSOVE[P1, P2, N3, Na, N5, Ng),
(i) crossove(pi, p2,N1,N2, N1, N4, N5, Ng) = CroSSOVEP1, P2, N2, N4, N5, Ng),

(iiiy  crossovefpy, P2, N1, N2, N3, N1, N5, Ng) = CroSSovefps, P2, N2, N3, Ns, Ng),

(iv) crossovefpi, p2, N1, Ny, N3, Ng, N1, Ng) = CroSSOVepP1, P2, N2, N3, N4, Ng), and
(v) crossovefps, p2, N1, N2,N3,N4, N5, N1) = CroSSovefps, P2, N2, N3, Na, Ns).
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