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Summary. We prove the correctness of the generic algorithms of Brown and Henrici
concerning addition and multiplication in fraction fields of gcd-domains. For that we first
prove some basic facts about divisibility in integral domains and introduce the concept of
amplesets. After that we are able to define gcd-domains and to prove the theorems of Brown
and Henrici which are crucial for the correctness of the algorithms. In the last section we
define Mizar functions mirroring their input/output behaviour and prove properties of these
functions that ensure the correctness of the algorithms.

MML Identifier: Gcp_1.

WWW: http://mizar.org/JFM/Vol9/gcd_1.html

The articlesl[3],[[5],14],[[2], and 1] provide the notation and terminology for this paper.

1. BAsics

Let us observe that every non empty multiplicative loop structure which is commutative and right
unital is also left unital.

Let us note that every non empty double loop structure which is commutative and right distribu-
tive is also distributive and every non empty double loop structure which is commutative and left
distributive is also distributive.

Let us observe that every ring is well unital.

One can verify thaRg is integral domain-like.

Let us note that there exists a non empty double loop structure which is strict, Abelian, add-
associative, right zeroed, right complementable, associative, commutative, integral domain-like,
distributive, well unital, non degenerated, and field-like.

In the sequeR denotes an integral domain-like commutative ring amténotes an element of
R.

The following proposition is true

(1) LetRbe an integral domain-like commutative ring amd, ¢ be elements oR such that
a+# Or. Then

(i) ifa-b=a-c,thenb=c, and

(i) if b-a=c-a thenb=c.
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Let Rbe a non empty groupoid and bety be elements oR. The predicate | y is defined by:
(Def. 1) There exists an elemendf R such thaty = x- z.

Let R be a well unital non empty multiplicative loop structure andxlet be elements oR. Let
us note that the predicatg y is reflexive.

Let Rbe a non empty multiplicative loop structure andd{éie an element dR. We say thak is
unital if and only if:

(Def.2) x|1r.

Let R be a non empty multiplicative loop structure andXey be elements oR. We say thak
is associated tgif and only if:

(Def. 3) x|yandy|x.

Let us note that the predicatés associated tgis symmetric. We introduceis not associated tp
as an antonym of is associated tg.

Let R be a well unital non empty multiplicative loop structure andxlet be elements oR. Let
us note that the predicaxds associated tgis reflexive.

Let Rbe an integral domain-like commutative ring andXgy be elements oR. Let us assume
thaty | x. And let us assume that£ Og. The functor§ yields an element dR and is defined by:

(Def. 4) %, Yy=X
One can prove the following propositions:

(2) LetRbe an associative non empty multiplicative loop structurears] c be elements of
R. If a|bandb|c, thena|c.

(3) LetRbe a commutative associative non empty multiplicative loop structureamc, d
be elements oR. If b|aandd | ¢, thenb-d | a-c.

(4) LetRbe an associative non empty multiplicative loop structureas c be elements of
R. If ais associated tb andb is associated to, thena is associated to.

(5) LetRDbe an associative non empty multiplicative loop structurears c be elements of
R If a| b, thenc-a|c-hb.

(6) LetRbe anonempty multiplicative loop structure amd be elements oR. Thena|a-b
and ifRis commutative, theb | a- b.

(7) LetRbe an associative non empty multiplicative loop structureal c be elements of
R. If a| b, thena|b-c.

(8) For all elements, b of Rsuch thab | aandb # O holds%1 =0riff a=0g.
(9) For every elemerd of Rsuch that # Or holds§ = 1r.

(10) For every non degenerated integral domain-like commutativeRemggd for every element
aof Rholds& =a.
R
(11) Leta, b, c be elements oR such that £ Ogr. Then
(i) if c]a-bandc|a, thend =2.p and

c
(i) if c|a-bandc|b,thend® =a.b.

(12) For all elements, b, c of Rsuch that # Or andc| aandc | bandc|a+bholds2 + % =
atb
=

(13) For all elements, b, ¢ of R such that # Or andc | aandc | b holds & = % iff a=h.
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(14) For all elements, b, c, d of R such thatb £ Og andd # Og andb | a andd | ¢ holds
a

C a-c

b'd ™ bd
(15) For all elements, b, ¢ of Rsuch thata # Og anda-b | a-choldsb | c.
(16) For every elemer# of R such that is associated togholdsa = Og.
(17) For all elements, b of R such thal # Og anda-b = a holdsb = 1g.

(18) For all elements, b of R holdsa is associated tb iff there existsc such thatc is unital
anda-c=h.

(19) For all elements, b, c of R such thatc # Og andc- a is associated te- b holdsa is
associated tb.

2. AMPLESETS

Let R be a non empty multiplicative loop structure and d#be an element oR. The functor
Classesa yields a subset dR and is defined by:

(Def. 5) For every elemet of R holdsb € Classes iff bis associated te.

Let Rbe a well unital non empty multiplicative loop structure anddlee an element dR. Note
that Classeais non empty.
The following proposition is true

(20) LetRbe an associative non empty multiplicative loop structureatibe elements oR.
If Classes meets Classds then Classes= Classeb.

Let R be a non empty multiplicative loop structure. The functor ClaRsgslding a family of
subsets oRis defined as follows:

(Def. 6) For every subsei of R holds A € ClasseR iff there exists an elemera of R such that
A = Classes.

Let Rbe a non empty multiplicative loop structure. One can check that CIe$semn empty.
Next we state the proposition

(21) LetR be a well unital non empty multiplicative loop structure adde a subset oR. If
X € Classef, thenX is non empty.

Let Rbe an associative well unital non empty multiplicative loop structure. A non empty subset
of Ris said to be an amp set Bfif it satisfies the conditions (Def. 7).

(Def. 7)()) For every elemera of Rholds there exists an element of it which is associatexg émd
(i) for all elementsx, y of it such thatx # y holdsx is not associated tp

Let Rbe an associative well unital non empty multiplicative loop structure. A non empty subset
of Ris said to be an AmpleSet &if:

(Def. 8) Itis an amp set dRandlg € it.

The following three propositions are true:
(22) LetR be an associative well unital non empty multiplicative loop structurefanie an
AmpleSet ofR. Then
() 1reA,
(i) for every element of R holds there exists an elementAf which is associated ta, and
(i)  for all elementsx, y of A; such thak # y holdsx is not associated tp
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(23) LetRbe an associative well unital non empty multiplicative loop structéfdye an Am-
pleSet ofR, andx, y be elements of;. If x is associated tg, thenx =.

(24) For every AmpleSet; of Rholds G is an element of;.

Let Rbe an associative well unital non empty multiplicative loop structuréyjdte an Ample-
Set ofR, and letx be an element dR. The functor NEx, A;) yielding an element oR is defined as
follows:

(Def. 9) NHXx,A1) € A; and NKx, A1) is associated tg.
One can prove the following two propositions:
(25) For every AmpleSety of Rholds NROg, A1) = Ogr and NR1g, A1) = 1g.
(26) For every AmpleSet; of Rand for every elemerat of Rholdsa € A iff a= NF(a,Aq).

Let R be an associative well unital non empty multiplicative loop structure anéyldte an
AmpleSet ofR. We say tha#\; is multiplicative if and only if:

(Def. 10) For all elements, y of A; holdsx-y € A;.

We now state the proposition

(27) LetA; be an AmpleSet oR. Supposed; is multiplicative. Letx, y be elements of;. If
y | x andy # Og, then§ e A

3. GCD-DoMAINS

Let R be a non empty multiplicative loop structure. We say tRas gcd-like if and only if the
condition (Def. 11) is satisfied.

(Def. 11) Letx, y be elements oR. Then there exists an elemendf R such thatz | x andz |y and
for every element; of Rsuch thatz; | xandz; | y holdsz | z

Let us note that there exists an integral domain which is gcd-like.

Let us observe that there exists a non empty multiplicative loop structure which is gcd-like,
associative, commutative, and well unital.

Let us observe that there exists a non empty multiplicative loop with zero structure which is
gcd-like, associative, commutative, and well unital.

Let us observe that every field-like add-associative right zeroed right complementable left unital
right unital left distributive right distributive commutative non empty double loop structure is gcd-
like.

One can verify that there exists a non empty double loop structure which is gcd-like, associative,
commutative, well unital, integral domain-like, well unital, distributive, non degenerated, Abelian,
add-associative, right zeroed, and right complementable.

A gcdDomain is a gcd-like integral domain-like non degenerated commutative ring.

Let R be a gcd-like associative well unital non empty multiplicative loop structuréyléie an
AmpleSet ofR, and letx, y be elements oR. The functor gcg, (,y) yields an element dR and is
defined by the conditions (Def. 12).

(Def. 12)(i)  gecgy (x,Y) € A,
(i) geda, (xY) | %,
(iii) gcda, (xY) |y, and
(iv) for every element of Rsuch that | x andz|y holdsz| gcd, (X,Y).

In the sequeR denotes a gcdDomain.
The following propositions are true:
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(29[] For every AmpleSefy of Rand for all elementa, b, ¢ of Rsuch that | gcdy, (a,b) holds
c|aandc|b.

(30) For every AmpleSed; of Rand for all elements, b of Rholds ged, (a,b) = gcd,, (b, a).

(31) For every AmpleSed; of Rand for every elemerd of R holds gcd, (a,0r) = NF(a, A1)
and gcd, (Or,a) = NF(a,Aq).

(32) For every AmpleSed; of Rholds gcdl, (Or,0r) = Or.

(33) For every AmpleSef; of R and for every elemerd of R holds ged, (a,1r) = 1r and
gcdy, (1r,a) = 1r.

(34) For every AmpleSet; of Rand for all elementa, b of Rholds gcd, (a,b) = Or iff a=0r
andb = Og.

(35) LetA; be an AmpleSet oR anda, b, ¢ be elements oR. Supposé is associated te.
Then ged, (a,b) is associated to ggg(a, c) and ged, (b, a) is associated to ggg(c, a).

(36) For every AmpleSed; of Rand for all elements, b, ¢ of Rholds gcd, (gcdy, (a,b),c) =
gedy, (a,9cdy, (b,C)).

(37) For every AmpleSe#; of R and for all elements, b, ¢ of R holds gecg, (a-¢,b-c) is
associated to- (gcdy, (a,b)).

(38) For every AmpleSed; of R and for all elements, b, ¢ of R such that gcg (a,b) = 1r
holds gcg, (a,b-c) = gcdy, (a,¢).

(39) For every AmpleSed; of Rand for all elements, b, ¢ of R such that = gcd,, (a,b) and
¢ # Or holds gedl (&, E) =1r

(40) For every AmpleSed; of Rand for all elements, b, ¢ of R holds geg, (a+b-c,c) =

4. THE THEOREMS OFBROWN AND HENRICI

Next we state two propositions:

(41) LetA; be an AmpleSet dRandry, rp, 1, S be elements oR. Suppose gc,q ri,rp) 1R
andgcd, (s1,%2) = 1r andr27é0R ands, # Or. Thenged, (r1- o, (rz 5 TS 5, (2r2 512

QCdAl(r2752)) =9Cdy, (11 QC%(rz@) s ngA1<r2752)’ngA (r2,%2))-

(42) Let A; be an AmpleSet ofR and r1, rp, s, S be elements ofR Suppose
gcdy, (r1,r2) = 1g and ged (s1,%2) = 1g andrz # Og ands; # Or. Then ged (
=1g.

gch r1 )

st p__._ % )
9Cdh, (S1,r2) ” gcda, (S1.r2) ~ gcdh, (r1,%2)

5. CORRECTNESS OF THEALGORITHMS

Let R be a gcd-like associative well unital non empty multiplicative loop structuredjdie an
AmpleSet ofR, and letx, y be elements oR. We say thak, y are canonical w.r.tA; if and only if:

(Def. 13)  ged, (x,Y) = 1r.

The following proposition is true

(43) LetAq, A} be AmpleSets oR andx, y be elements oR. Thenx, y are canonical w.r.tA;
if and only if x, y are canonical w.r.tA].

1 The proposition (28) has been removed.
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Let R be a gcd-like associative well unital non empty multiplicative loop structure and yet
be elements dR. We say thak, y are co-prime if and only if:

(Def. 14)  There exists an AmpleSgt of Rsuch that gcg (x,y) = 1r.

Let R be a gcdDomain and let y be elements oR. Let us note that the predicatey are
Co-prime is symmetric.

One can prove the following proposition

(44) For every AmpleSe4; of Rand for all elements, y of Rsuch thak, y are co-prime holds
gchl (Xa y) = 1R'

Let Rbe a gcd-like associative well unital non empty multiplicative loop with zero structure, let

A1 be an AmpleSet oR, and letx, y be elements oR. We say thak, y are normalized w.r.tA; if
and only if:

(Def. 15)  ged, (x,y) = 1r andy € Ay andy # Or.

Let R be a gcdDomain, leA; be an AmpleSet oR, and letry, ry, 51, S be elements oR. Let
us assume thay, ro are co-prime and;, s, are co-prime and, = NF(r2, A1) ands, = NF(s, Aq).
The functor addi, (r1,r2,51,s) yields an element dR and is defined by:

81, if ry =0r,
r, if S = OR,

ri-Sp+rz2-51, if geda (r2,%) = 1,
ifry. % -
Or, if 11 %6, (2% % 5, () Or;
. . 2
"' Goday (r2:5) L' God (2.52)

2 2
gedy (r1: Gota, (2:55) " Gl (125) 1gcdy, (r2,%2))

(Def. 16) add}, (r1,r2,51,%) =

, otherwise.

Let R be a gcdDomain, leA; be an AmpleSet oR, and letrq, ro, s, S be elements oR. Let
us assume that, rp are co-prime andy, s, are co-prime and, = NF(rp, A1) ands, = NF(sp,Aq).
The functor addg, (r1,r2,51,5) yields an element dR and is defined by:

S, if rp =0,
ro, if S = OR7
Def 17) add r2- g, if gcdy, (r2,%2) = 1g, r
= I . . 2 —
(Def. 17)  addg, (r1,r2,51,52) 1r if 11 Gog i) + 1 gy, (75 = OR

12 gt (2.5
2 2
ngAl (ro- QCdAl(rZSZ) +S1- QCdAl(r2‘52) ﬁngAl (r2,%2))

, otherwise.

The following propositions are true:

(45) LetA; be an AmpleSet oR andry, rp, s1, & be elements oR. Supposed; is mul-
tiplicative andry, rp are normalized w.r.t.A; ands;, S are normalized w.r.t.A;. Then
addla, (r1,r2,51,%), addy, (r1,r2,s1,) are normalized w.r.tA;.

(46) LetA; be an AmpleSet oR andry, rp, s1,  be elements oR. Supposed; is mul-
tiplicative andry, rp are normalized w.r.t.A; ands;, S are normalized w.r.t.A;. Then
addla, (r1,r2,81,%) - (r2-S2) = add (r1,r2,81,%) - (r1-S2+5S1-12).

Let Rbe a gcdDomain, leA; be an AmpleSet oR, and letrq, r2, s1, S be elements oR. The
functor multl, (r1,r2,s1,5) yielding an element oR is defined as follows:

Or, if ry =0gors; =0g,
ri-s1, if ro=1gands, = 1g,

s 3
(Def. 18) multh, (r1.r2,51,5) = { 8y g ' 27 Orandr2 =1
W&Jz)v if rp # Og ands; = 1R,

S

1 . ;
55, (11:52) * Gty (s1.72) 7 OtNETWiSe.
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Let R be a gcdDomain, leA; be an AmpleSet oR, and letrq, ra, s1, S be elements oR. Let
us assume that, rp are co-prime andy, s, are co-prime and, = NF(rp, A1) ands, = NF(sp,Aq).
The functor multg, (r1,r2,s1,%) yields an element dR and is defined by:

1R7 if M= OR ors, = OR,
1R, if ro =1g ands, = 1R,
—2___if s, #0gandry = 1,

(Def. 19) mult, (r1,r2,81,8) = ¢ 9% (.%2)"
W(anz)’ if ro £ Ogrands, = 1R,
z 2 otherwise.

gcdy, (s1.r2) ~ gedy (r1.52)°

We now state four propositions:

(47) LetA; be an AmpleSet oR andry, rp, s1, & be elements oR. Supposed; is mul-
tiplicative andry, r, are normalized w.rt.A; ands;, S, are normalized w.r.t.A;. Then
multda, (r1,r2,51,S2), Mult2a, (r1,r2,s1,S2) are normalized w.r.th;.

(48) LetA; be an AmpleSet oR andry, ry, s1, S be elements oR. SupposeA; is mul-
tiplicative andry, r, are normalized w.r.t.A; ands;, s, are normalized w.r.t.A;. Then

multla, (r1,r2,51,%2) - (r2- Sp) = mult2a, (r1,r2,81,%) - (r1-S1).

(51E] Let F be an add-associative right zeroed right complementable Abelian distributive non
empty double loop structure angy be elements oF. Then(—x)-y= —x-y andx-—y =

(53 For every field-like commutative ring and for all elements, b of F such thata # O
andb # O holdsa™!-b™! = (b-a)~L.
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