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Summary. This article introduces the verification of the correctness for the operations
and the specification of the high speed array multiplier. We formalize the concepts of 2-by-2
and 3-by-3 bit Plain array multiplier, 3-by-3 Wallace tree multiplier circuit, and show that
outputs of the array multiplier are equivalent to outputs of normal (sequencial) multiplier.
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The article[1] provides the notation and terminology for this paper.

1. PRELIMINARIES

Let xg, X1, Yo, Y1 be sets. The functor MUL (X1, Y1, %o, Yo) Yielding a set is defined by:
(Def. 1)  MULT210(X1,Y1,%0,Yo) = AND2(Xo, o).
The functor MULT>11(x1, Y1, X0, Yo) Yielding a set is defined as follows:
(Def. 2) MULT211(X1,Y1,X0,Yo) = ADD1(AND2(x1,Y0),AND2(x0,¥1),0).
The functor MULT212(X1, Y1, %0, Yo) Yields a set and is defined as follows:
(Def. 3) MULT212(X1,Y1,%0,Yo) = ADD2(0, AND2(x1,y1),AND2(X1,Y0),AND2(x0,Y1),0).
The functor MULT213(xX1, Y1, X0, Yo) Yields a set and is defined as follows:
(Def. 4) MULT213(X1, Y1, %0, Yo) = CARR2(0, AND2(x1, Y1), AND2(x1,Y0),AND2(Xg, Y1), 0).
One can prove the following proposition

(1) LetXxo, X1, Yo, Y1, 20, Z1, 22, Z3, Qo, O1, C1, C11, C11 be sets such that NEy iff NE
AND2(Xo,Y0) and NEq; iff NE XOR3(AND2(x1,Yo),AND2(Xo,Y1),0) and NEc; iff NE
MAJ3(AND2(x1,Y0),AND2(Xo,y1),0) and NE1 iff NE XOR3(AND2(x1,y1),0,c1) and
NE c11 iff NE MAJ3(AND2(x1,Y1),0,c1) and NEz iff NE gp and NEz iff NE q; and NE
2, iff NE q11 and NEzg iff NE c11. Then

(i) NE 2o iff NE MULT 210(X1,Y1,%0,Yo0),

(i) NE zy iff NE MULT 212(X1,Y1,%0,Y0),
(i) NE 2z iff NE MULT 212(X1,Y1, %0, Yo), and
(iv) NE zziff NE MULT 213(x1,Y1, X0, Yo)-
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Let xg, X1, X2, Yo, Y1 be sets. The functor MULgho(x2, X1, Y1, %0, Yo) Yields a set and is defined
by:

(Def. 5)  MULT310(X2,X1,Y1,%0,Yo) = AND2(xo, Yo).-
The functor MULTs11(X2, X1, Y1, X0, Yo) Yielding a set is defined by:
(Def. 6) MULT311(X2,X1,Y1,X%0,Y0) = ADD1(AND2(x1,Y¥0), AND2(Xg, Y1), 0).
The functor MULT312(X2, X1, Y1, %0, Yo) Yields a set and is defined as follows:
(Def. 7)  MULT312(X2,X1,Y1,X0,Y0) = ADD2(AND2(X2,Y0), AND2(x1,y1),AND2(X1,Y0),AND2(X0,¥1),0).
The functor MULT313(X2, X1, Y1, X0, Yo) Yielding a set is defined as follows:
(Def. 8) MULT313(X2,X1,Y1,X%0,Y0) = ADD3(0,AND2(X2,y1), AND2(x2,¥0),AND2 (X1, Y1), AND2(x1,Y0),AND2(Xp, Y1), 0)
The functor MULT314(X2, X1, Y1, %0, Yo) Yields a set and is defined as follows:
(Def. 9) MULT314(X2,X1,Y1,X%0,Y0) = CARR30,AND2(x2,y1),AND2(X2,¥0), AND2(x1,y1),AND2(X1,Y0), AND2(X0, Y1), €

Let xo, X1, X2, Yo, Y1, Y2 be sets. The functor MULgb1(X2, Y2, X1, Y1, X0, Yo) Yields a set and is
defined as follows:

(Def. 10)  MULT321(X2, Y2, X1, Y1, X0, Yo) = ADD1(MULT 312(X2, X1, Y1, X0, Yo), AND2(Xo, Y2), 0).
The functor MULTs22(X2, Y2, X1, Y1, X0, Yo) Yields a set and is defined by:

(Def. 11) MULT322(X2, Y2, X1, Y1, X0, Yo) = ADD2(MULT 313(X2, X1, Y1, X0, Y0), AND2(X1,Y¥2), MULT 312(X2, X1, Y1, X0, Yo ), ANDZ
The functor MULTs23(X2, Y2, X1, Y1, X0, Yo) Yielding a set is defined by:

(Def. 12)  MULT323(X2, Y2, X1, Y1, X0, Yo) = ADD3(MULT 314(X2, X1, Y1, X0, Y0), AND2(X2,¥2), MULT 313(X2, X1, Y1, X0, Y0), ANDZ
The functor MULTs24(X2, Y2, X1, Y1, X0, Yo) Yielding a set is defined by:

(Def. 13) MULT324(X2, Y2, X1, Y1, X0, Yo) = CARR3(MULT 314(X2, X1, Y1, X0,Y0), AND2 (X2, ¥2), MULT 313(X2, X1, Y1, X0, Yo), ANL

We now state the proposition

(2) Letxo, X1, X2, Yo, Y1, Y2. Z0. Z1, Z2, 23, Z4, Z5, Go, CO1, O, C1, C2, Qu1, 12, Ci1,
C12, Op1, O22, C21, C22 be sets such that NEp iff NE AND2 (Xo,Y¥o) and NE o iff NE
XOR3(AND2(x1,Y0),AND2(xo,Y1),0) and NEc; iff NE MAJ3 (AND2(xy,Yo),AND2(xg,Y1),0)
and NEq, iff NE XOR3(AND2(x2,Yo),AND2(x1,y1),0) and NEc; iff NE MAJ3(AND2(x, Yo),AND2(x1, Y1), 0)
and NEq;1 iff NE XOR3(dz, AND2(Xp, y2), c1) and NEc; 1 iff NE MAJ3 (a2, AND2(Xo, Y2),C1)
and NE g2 iff NE XOR3(AND2(x2,y1),AND2(x1,y2),c2) and NE ci» iff NE
MAJ3(AND2(X2,y1),ANDZ(Xl,yz),Cz) and NE g21 iff NE XOR3(C]12,®,C]_1) and NEcp;
iff NE MAJ3(C]12,0, C11) and NEqu iff NE XOR3(AND2(X2,y2)7021, 012) and NEcy» iff NE
MAJ3(AND2(x2,Y2),C21,C12) and NEz iff NE qo and NEz; iff NE g; and NEz iff NE g1
and NEz; iff NE g21 and NEz iff NE g22 and NEzs iff NE cpo. Then

(i) NE ziff NE MULT 310(X2, X1, Y1, X0, Yo),
(i) NE zy iff NE MULT 311(X2, %1, Y1, %0, Y0),
(i) NE z iff NE MULT 321(X2, Y2, X1, Y1, %0, Yo
(iv) NE z3 iff NE MULT 322(X2, Y2, X1, Y1, X0, Yo
(
(

(v)  NEz iff NE MULT 323(X2, Y2, X1, Y1, X0, Yo), and

(vi)  NE z5 iff NE MULT 324(X2, Y2, X1, Y1, X0, Yo

= D -
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2. LoaGicAL EQUIVALENCE OF WALLACE TREE MULTIPLIER
One can prove the following proposition

(38) Letxo, X1, X2, Yo, Y1, Y2, 20, Z1, 22, Z3, Z, Z5, Qo, Q1, O, O3, C1, C2, C3, Cy,
O12, 13, C11, Ci2, Ci3 be sets such that NEp iff NE AND2(xg,¥o) and NEq; iff NE
XOR3(AND2(x1,Yo), AND2(Xg, Y1), 0) and NEc; iff NE MAJ3(AND2(xy,Yo), AND2(Xg,Y1),0)
and NEq iff NE XOR3(AND2(x2,¥o), AND2(x1,Y1),AND2(xo,y2)) and NEc; iff NE
MAJ3(AND2(x2,Y0),AND2(x1,y1), AND2(x0,Y2)) and NEqgs iff NE XOR3(AND2(x2,Yy1),AND2(x1,Y2),0)
and NEc;s iff NE MAJ3(AND2(x2,y1), AND2(x1,Y2),0) and NEq11 iff NE XOR3(qp, ¢1,0)
and NEc;j; iff NE MAJ3(gp,c1,0) and NEq;2 iff NE XOR3(qs,Cp,c11) and NEcsy iff
NE MAJ3(gs,C2,c11) and NEQi3 iff NE XOR3(AND2(x2,Y2),C3,C12) and NEc;3 iff NE
MAJ3(AND2(x2,¥2),C3,C12) and NEz iff NE gp and NEz iff NE g and NEz iff NE 011
and NEz; iff NE g12 and NEz, iff NE g3 and NEzs iff NE c¢13. Then

(i) NE ziff NE MULT 310(X2, X1, Y1, X0, Yo),

(i) NE zy iff NE MULT 311(X2, %1, Y1, %0, Y0),

(i) NE 2z iff NE MULT 321(X2,Y2,X1,Y1, %0, Yo),

(iv) NE zgiff NE MULT 322(X2, Y2, X1, Y1,%0,Y0),

(V) NEziff NE MULT 323(X2, Y2, X1, Y1, X0, Yo), and
(Vi)  NE 25 iff NE MULT 324(X2, Y2, X1, Y1, X0, Y0)-

Letay, by, c be sets. We introduce CLAADD&;,b;, ¢) as a synonym of XOR®y,bs,c). We
introduce CLACARR1a,bs,c) as a synonym of MAJ#y, by, ).

Letay, bs, ap, by, c be sets. The functor CLAADD2y,by, a3, b1, ) yields a set and is defined
by:

(Def. 16| CLAADD2(ap, by, a1, b1, ¢) = XOR3(ay, bp, MAJ3(ay, by, C)).
The functor CLACARRZ2ay, by, a3, by, €) yielding a set is defined as follows:
(Def. 17) CLACARRZay, by, a1,b1,¢c) = OR2(AND2(az,b,), AND2(OR2(az,b,),MAJ3(ay,bs,C))).

Let &y, b1, ap, by, ag, b, c be sets. The functor CLAADD3g3, bs, a2,b,a1,b1,C) yields a set
and is defined by:

(Def. 18) CLAADD3(&3, b3, ay, bz,al, bl, C) = XOR3(8.3, b37 CLACARRZ(az, bz,al, bl, C))
The functor CLACARRSag3, b3, ap, by, a1, b1, ¢) yielding a set is defined by:
(Def. 19) CLACARR3aa,bs,az, by, a1, b1, c) = OR3(AND2(ag, b3), AND2(OR2(ag, bs), AND2(az, by)), AND3(OR2 a3, bs

Letas, by, a, by, as, bs, ay, bs, c be sets. The functor CLAADD#y, bs,az, bz, a2,bp,a1, b1, )
yielding a set is defined as follows:

(Def. 20) CLAADDA4(a4,bs,a3,b3,82,b2,a1,b1,¢) = XOR3(as, bs, CLACARR3(ag, b3, a2, b2, a1, by, €)).
The functor CLACARR4ay, bs, a3, b3,a2,bp,a1, b1, €) yields a set and is defined by:
(Def. 21) CLACARR4ay, by, a3,bs, a2, b2, a1,b1,¢) = OR4AND2(a4,bs), AND2(OR2(as, bs), AND2 (a3, bs)), AND3(OR2

We now state the proposition

(4) Letxo, X1, X2, Yo, Y1, Y2, 20, 2, 22, 23, Z4, Z5, Qo, O, G2, O3, Ca, C2, C3 be sets such that Nép
iff NE AND2 (Xo, o) and NEq; iff NE XOR3(AND2(x1,Yo),AND2(Xg,y1),0) and NEc; iff
NE MAJ3(AND2(x1,Yo), AND2(Xo,y1),0) and NEq iff NE XOR3(AND2(xX2, Yo), AND2(x1, Y1), AND2(Xo,2) )
and NEc; iff NE MAJ3(AND2(xo,Yo),AND2(x,y1),AND2(Xo,y2)) and NE gz iff NE
XOR3(AND2(x2,y1),AND2(x1,Y2),0) and NEcs iff NE MAJ3(AND2(x2,y1), AND2(X1,Y2),0)
and NEz, iff NE ¢ and NEz; iff NE g; and NEz iff NE CLAADD1 (g, ¢1,0) and NEz; iff

1 The definitions (Def. 14) and (Def. 15) have been removed.
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NE CLAADD2(qgs, Cy, 02, C1,0) and NEz, iff NE CLAADD3 (AND2(X2,Y2), C3, 03, C2, 02, C1, 0)
and NEz iff NE CLACARR3(AND2(x2,Y2), C3,03, C2,02,C1,0). Then

() NE zo iff NE MULT 310(X2,X1,Y1, %0, Y0),
(i) NE z iff NE MULT 311(%2, X1, Y1, %0, Yo0),
(i)  NE z iff NE MULT 321(X2,Y2,X1,Y1,%0,Y0),
(iv)  NE zg iff NE MULT 322(X2,Y2,%1,Y1,%0,Yo),
(v) NEZz iff NE MULT 323(X2,Y2,X1,Y1,%0,Y0), and
(vi) NE z5 iff NE MULT 324(X2, Y2, X1, Y1, X0, Y0)-
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