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Summary. This article introduces the verification of the correctness for the operations
and the specification of the Johnson counter. We formalize the concepts of 2-bit, 3-bit and 4-bit
Johnson counter circuits with a reset input, and define the specification of the state transitions

without the minor loop.

MML Identifier: GATE_3.
WWW: http://mizar.org/JFM/Volll/gate_3.html

The article[1] provides the notation and terminology for this paper.
The following propositions are true:

(1) Let s, S1, S, S3, ho, N3, Ng, hs, Qi, Q2, N1, hy be sets such that NEy
iff NE AND2(NOT1qgp,NOT1q;) and NE s; iff NE AND2(NOT1a,q1) and NE s,
iff NE AND2(qe,NOT1q:) and NE s3 iff NE AND2(qgp,q1) and NE ng iff NE
AND2(NOT1n,,NOT1n;) and NE nz iff NE AND2(NOT1ny,n;) and NE ng iff NE
AND2(n2,NOT1n;) and NEns iff NE AND2 (np,n;) and NEn; iff NE NOT1q, and NE

n, iff NE ¢1. Then

(i) NEn3iff NE s,

(i)  NE nsiff NE s,

(i) NE ngq iff NE s3, and

(iv) NEngiff NE sp.

(2) Let s, s1, &, 3, ho, N3, N4, Ns, Cg, G2, N1, N2, R be sets such that NE
s iff NE AND2(NOT1qg,NOT1g;) and NE s; iff NE AND2(NOT1qp,q1) and NE
s, iff NE AND2(qp,NOT1lq;) and NE s; iff NE AND2(qgp,q1) and NE ng iff NE

AND2(NOT1n,,NOT1n;) and NE ng iff NE AND2(NOT1nz,ny) and NE ny iff NE
AND2(nz, NOT1n;) and NEns iff NE AND2 (np,n;) and NEn iff NE AND2 (NOT1qp, R)

and NEny iff NE AND2(qg;,R). Then
(i) NE nziff NE AND2 (s, R),
(i) NE nsiff NE AND2 (s;,R)
(i) NE nqiff NE AND2(s3,R), and
(iv) NE ng iff NE OR2(AND2(s;, R),NOT1R).
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(3) Letsy, s1, &2, S, M40 S5, Ser S7, No, N3, N, Ns, Nz, Ng, Ng, N, C1, G2, O3, N1, Ny,
ne be sets such that N§, iff NE AND3(NOT1q3,NOT1q,,NOT1q;) and NEs; iff NE
AND3(NOT1qg3,NOT10p,q1) and NEs; iff NE AND3 (NOT1qz,q2,NOT1q;) and NEs;
iff NE AND3(NOT1q3,02,01) and NEs iff NE AND3 (g3, NOT102,NOT1q;) and NEss
iff NE AND3 (g3,NOT1dp,q1) and NEss iff NE AND3 (a3, d2,NOT1q;) and NEs; iff NE
AND3(qgs,dz,q1) and NEng iff NE AND3 (NOT1ng,NOT1n,,NOT1n;) and NEns iff NE
AND3(NOT1ng,NOT1ny,n;) and NEng iff NE AND3 (NOT1ng,nz, NOT1n;) and NEns
iff NE AND3 (NOT1ng,np,n;) and NEny iff NE AND3 (ng, NOT1np,NOT1n;) and NEng
iff NE AND3 (ng, NOT1n,,n;) and NEng iff NE AND3 (ng, n2, NOT1n;) and NEnyg iff NE
AND3(ns,nz,n1) and NEn; iff NE NOT1qs and NEn; iff NE g; and NEng iff NE . Then

(i) NE nziff NE s,

(i) NE nsiff NE s,

(i)  NE nyoiff NE sz,

(iv) NEngiff NE s7,

(v) NEnNiff NE sg,

(vi) NE ng iff NE s,

(vii) NE nqiff NE s5, and
(vii) NE ngiff NE sp.

(4) Letso, s1, &, 3, &, S5, S6, S7, No, M3, Ng, Ns, Nz, Ng, Ng, Nio, G1, G2, G3, N1, Ny, Ng,
R be sets such that N&, iff NE AND3(NOT1q3,NOT1qg,,NOT1q;) and NEs; iff NE
AND3(NOT1q3,NOT10,,01) and NEs; iff NE AND3(NOT1qs, 02, NOT1q;) and NEs3
iff NE AND3 (NOT1qs,02,q1) and NEs; iff NE AND3 (g3, NOT1qg,NOT1q:) and NEss
iff NE AND3 (g3, NOT1qp,01) and NEsg iff NE AND3 (g3, g, NOT1q;) and NEs; iff NE
AND3(gs,02,01) and NEng iff NE AND3 (NOT1ng,NOT1nz,NOT1n;) and NEns iff NE
AND3(NOT1ng,NOT1ny,n;) and NEng iff NE AND3 (NOT1ng,nz, NOT1n;) and NEns
iff NE AND3 (NOT1ng,nz,n1) and NEny iff NE AND3 (ng, NOT1n,,NOT1n;) and NEng
iff NE AND3 (ng,NOT1ny,n;) and NEng iff NE AND3 (ng, n, NOT1n;) and NEny iff NE

AND3(ne,n2,n1) and NEn; iff NE AND2 (NOT1qs,R) and NEn; iff NE AND2 (g1, R) and
NE ng iff NE AND2 (g2, R). Then

(i) NE n3iff NE AND2(so,R),
(i)  NE ns iff NE AND2 (s, R),
(i) NE nyoiff NE AND2 (s3,R),
(iv) NE ngiff NE AND2(s7,R),

(v) NEnyiff NE AND2(s5,R),

(vi) NE ng iff NE OR2(AND2(s4, R), NOT1R),
(vii) NE nqiff NE AND2 (s5,R)
(viii) NE ngiff NE AND2 (s, R).

, and

(5) Letsy, s1, 2, 3, S, S5, S6, S7, S8, S0, S10, S11, S12, S13, S14, S15, No, N3, Mg, Ns, Ny,
Ng, Ng, Mo, M2, Ni3, Ni4, N15, Nig, N17, Nig, Mo, C1, G2, O3, G4, N1, N2, N, N1y bE Sets
such that NEsy iff NE AND4(NOT1q4,NOT1q3,NOT1qp,NOT1q;) and NEs; iff NE
AND4(NOT10gs4,NOT10g3, NOT1qp, 1) and NEs; iff NE AND4 (NOT1q4,NOT 103,02, NOT1q;)
and NEs; iff NE AND4 (NOT1qg4,NOT1qs, 02, 01) and NEs, iff NE AND4 (NOT 144, g3, NOT1q2,NOT1q;)
and NEss iff NE AND4 (NOT 104, 03, NOT 102, 1) and NEsg iff NE AND4 (NOT 104,03, 02, NOT10q;)
and NEs; iff NE AND4 (NOT1q4, g3, 02, g1) and NEsg iff NE AND4 (g4, NOT1q3, NOT1q2,NOT1q;)
and NEsy iff NE AND4 (g4, NOT1q3, NOT10qy, 1) and NEs; o iff NE AND4 (q4,NOT 103, qp, NOT1q;)
and NEs;; iff NE AND4 (g4, NOT14ds, 02, 01) and NEs; 2 iff NE AND4 (da, 03, NOT1q2,NOT1q;)
and NEs; 3 iff NE AND4 (da,03,NOT10dz,01) and NEsy4 iff NE AND4 (0a, 03,02, NOT10q1)
and NEs;5 iff NE AND4 (qa,ds, tz, d1) and NEng iff NE AND4 (NOT1n11,NOT1ng, NOT1n,, NOT1n;)
and NE n3 iff NE AND4(NOT1n;1,NOT1ng,NOT1ny,n;) and NE ng iff NE
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AND4(NOT1n;1,NOT1ng,n;, NOT1n;) and NEns iff NE AND4 (NOT1n;1,NOT1ng, nz,ny)

and NE ny iff NE AND4(NOT1n;1,ng,NOT1ny,NOT1n;) and NE ng iff NE
AND4(NOT1n11,ng,NOT1ny,n1) and NEng iff NE AND4 (NOT1n;1,nes,n2, NOT1n;) and

NE nyoiff NE AND4 (NOT1ny1,ne, N2, N1) @and NEN2 iff NE AND4 (n11, NOT1ng, NOT1ny, NOT1n;)
and NEn;3 iff NE AND4 (nll, NOT:I.I’]B7 NOTlnz, nl) and NEN14 iff NE AND4 (nll, NOT:I.I’](;7 N2, NOTlnl)
and NEN;s iff NE AND4 (n11, NOT:LI'IG7 ny, nl) and NENg iff NE AND4 (n11, Ng, NOTlnz, NOTlnl)

and NENn17 iff NE AND4 (n11, Ng, NOTlnz, nl) and NEﬂlg iff NE AND4 (n11, Ng, N2, NOTlnl)

and NEn;g iff NE AND4 (ny1,ng, N2, 1) and NEn; iff NE NOT1 g4 and NEn;, iff NE g; and

NE ng iff NE g2 and NEn;1 iff NE gz. Then

(i) NE n3iff NE s,
(i)  NE ns iff NE s,
(i)  NE nqiff NE sz,
(iV) NE nig iff NE S7,
(V) NE nig iff NE 15,
(Vi) NE N1 iff NE S14,
(vii)  NE ng2iff NE s19,
(viii)  NE ng iff NE sg,
(iX) NE ngiff NE s,
(X) NE ni5iff NE ss5,
(xi) NE ng iff NE sq3,
(XII) NE np7 iff NE 6,
(XIII) NE nia iff NE $13,
(xiv)  NE n7 iff NE sqo,
(xv) NEny3iff NE 54, and
(xvi)  NE ny4iff NE 9.
(6) Letsy, S1, &2, 83, S4, S5, S6, S7, S8y S0» S10, S11, S12, S13, S14, S15, No, N3, N4, Ns, N7, Ng,
Ng, Nio, N2, M3, Ni4, Ni5, N1, M7, Nig, N1g, C1, G2, O3, G4, N1, N2, N, N1, R be sets
such that NEsy iff NE AND4 (NOT1q4,NOT1q3,NOT1qp,NOT1q;) and NEs; iff NE
AND4(NOT10gs4,NOT10gs, NOT1qp, 1) and NEs; iff NE AND4 (NOT1q4,NOT1qs, 02, NOT1q;)
and NEs; iff NE AND4 (NOT1q4,NOT10q3, 02, 01) and NEs iff NE AND4 (NOT 104,03, NOT1g2,NOT1q1)
and NEss iff NE AND4 (NOT 104, 03, NOT 102, 01) and NEsg iff NE AND4 (NOT 104,03, 02, NOT10q;)
and NEsy iff NE AND4 (NOT1qy, g3, 02, 1) and NEsg iff NE AND4 (g4, NOT1q3,NOT1q,,NOT1q;)
and NEsy iff NE AND4 (g4, NOT103,NOT10qy, 1) and NEs; o iff NE AND4 (q4,NOT 103, qp, NOT1q;)
and NEs;; iff NE AND4 (g4, NOT1qs, g2, 1) and NEs; 2 iff NE ANDA4 (da, 03, NOT1qp,NOT1q;)
and NEs; 3 iff NE AND4 (da,03,NOT1dz,01) and NEsy4 iff NE ANDA4 (0a, 03,02, NOT1q;)
and NEs;5 iff NE AND4 (qa, 03, tz, d1) and NEng iff NE AND4 (NOT1n11,NOT1ng, NOT1n;, NOT1n;)
and NE nz iff NE AND4(NOT1n;1,NOT1ng,NOT1ny,n;) and NE ng iff NE
AND4(NOT1n;1,NOT1ng,n;, NOT1n;) and NEns iff NE AND4 (NOT1n;1,NOT1ng, nz,ny)
and NE ny iff NE AND4(NOT1n;1,ng,NOT1ny,NOT1n;) and NE ng iff NE
AND4(NOT1n11,ng,NOT1ny,n1) and NEng iff NE AND4 (NOT1n;1,ne,N2, NOT1n;) and
NE nyoiff NE AND4 (NOT1ny1, e, N2, N1) @and NEN2 iff NE AND4 (n11, NOT1ng, NOT1ny, NOT1n;)
and NEn;3 iff NE AND4 (nll, NOT:LI’]B7 NOTlnz, nl) and NEN14 iff NE AND4 (nll, NOT:I.I’]G7 na, NOTlnl)
and NEn15 iff NE AND4 (n11, NOT:].I'IG7 ny, nl) and NEn16 iff NE AND4 (n11, Ng, NOTlnz, NOTlnl)
and NENn17 iff NE AND4 (n11, Ng, NOTlnz, I’ll) and NEnNn;g iff NE AND4 (n11, Ng, N2, NOTlnl)

and NEn;g iff NE AND4 (n11,ng, Nz, 1) and NEn; iff NE AND2 (NOT1q4, R) and NEn; iff
NE AND2(q;, R) and NEng iff NE AND2 (g2, R) and NEn; iff NE AND2 (g3, R). Then

(i) NE ngiff NE AND2(so,R),
(i) NE nsiff NE AND2 (s, R),
(i) NE nyoiff NE AND2 (s3,R),
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(iv) NE nyoiff NE AND2(s7,R),
(v) NEnigiff NE AND2 (s;5,R)
(vi)  NE ngg iff NE AND2 (514, R)

(vii)  NE ng2iff NE AND2 (s12,R),

(viii)  NE ng iff NE OR2(AND2(sg,R),NOT1R),
(ix) NE ngiff NE AND2(s,R),
(x) NEnisiff NE AND2 (s5,R),
(xi) NE ng iff NE AND2 (s11,R),

(xii) NE ny7iff NE AND2 (s, R),

(xiii) NE ny4iff NE AND2 (513, R),

(xiv)  NE niff NE AND2(s0,R),

(xv)  NEng3iff NE AND2 (s4,R), and

(xvi) NE ng iff NE AND2 (59, R).
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