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Summary. In this article, we introduce four fuzzy relations and the composition, and
some useful properties are shown by them. In section 2, the definition of converse relation
R~1 of fuzzy relationR and properties concerning it are described. In the next section, we
define the composition of the fuzzy relation and show some properties. In the final section we
describe the identity relation, the universe relation and the zero relation.

MML Identifier: Fuzzy_4.

WWW: http://mizar.org/JFM/Voll3/fuzzy_4.html

The articles([9],[[2],[[12],T1],[10],[14],[[1B3],[[5],04],8],16],7], and [8] provide the notation and
terminology for this paper.

1. BASIC PROPERTIES OF THEMEMBERSHIPFUNCTION

We follow the rulesx, y, zdenote sets an@;, C,, C3 denote non empty sets.

Let C; be a non empty set and [Etbe a membership function @f. Observe that rng is non
empty.

One can prove the following four propositions:

(1) LetF be a membership function €. Then rnd- is bounded and for everysuch that
x € domF holdsF (x) < suprng= and for every such thak € domF holdsF (x) > infrngF.

(2) For all membership functions, G of C; such that for everi such thatx € C; holds
F (x) < G(x) holds suprn§ < suprngG.

(3) For every membership functioh of C;, C, and for every element of :Cy, Cy}] holds
0< f(c)andf(c) < 1.

(4) For every membership functidnof C;, C; and for all, y such tha{x, y) € [C1, C2 ] holds
0< f({x,y)) andf({x,y)) <1.

2. DEFINITION OF CONVERSEFUZZY RELATION AND SOME PROPERTIES

LetCq, C; be non empty sets and lletbe a membership function &b, C;. The functor converde
yielding a membership function @k, C; is defined by:

(Def. 1) For allx, y such that(x, y) € [:C1, C2 ] holds(conversé)({x, y)) = h({y, X)).
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Let Cy, C, be non empty sets, Idt be a membership function @b, C;, and letR be a fuzzy
relation ofC,, C1, f. The functorR ! yields a fuzzy relation o€, C,, conversd and is defined as
follows:

(Def.2) R 1=[[Cy,Co], (converse)°[C1, Co]].
Next we state a number of propositions:
(5) For every membership functidnof Cy, C, holds converse conver§e-= f.

(6) For every membership functioh of C1, C; and for every fuzzy relatioRR of C1, Cp, f
holds(R')"1 =R

(7) For every membership functidnof C1, C, holds 1-minus converde= converse 1-minus.

(8) For every membership functioh of C;, C, and for every fuzzy relatioRR of C;, Cy, f
holds(R™%)¢ = (R¢)~2.

(9) Forallmembership functiorfs g of C1, C, holds converse mdx, g) = max(conversd ,conversej).

(10) Letf, g be membership functions @k, Cy, R be a fuzzy relation o€, C,, f, andSbe a
fuzzy relation ofCy, C, g. Then(RUS)~ 1 =R 1ust.

(11) Forall membership functiorfs g of C1, C; holds converse miff,g) = min(conversd , converse).

(12) Letf, gbe membership functions @k, Cp, R be a fuzzy relation o€, Cy, f, andSbe a
fuzzy relation ofCy, Cp, g. Then(RNS) =R I1nSt.

(13) Letf, g be membership functions @, C, and givenx, y. If x € C; andy € Cy, then if
f({x,¥)) < a({x,y)), then(converse ) ((y, x}) < (conversg)({y, X)).

(14) Letf, g be membership functions @k, C,, R be a fuzzy relation o€, Cy, f, andSbe a
fuzzy relation ofCy, Cy, g. If RC S thenR™ 1 C S 1.

(15) For all membership functiong, g of Ci, C, holds conversemiif,1-minusgy) =
min(conversd , 1-minus conversg).

(16) Letf, gbe membership functions &k, Cy, R be a fuzzy relation o€, C,, f, andSbe a
fuzzy relation ofCy, C, g. Then(R\ St =R 1\ St

(17) Forallmembership functiorfs g of C1, C; holds converse mérin( f, 1-minusg), min(1-minusf,g)) =
max(min(conversd , 1-minus conversg), min(1-minus conversg, converse)).

(18) Letf, gbe membership functions @, Cp, R be a fuzzy relation o€, Cy, f, andSbe a
fuzzy relation ofCy, Cy, g. Then(R=9) 1 =R 1-S1

3. DEFINITION OF THE COMPOSITION AND SOMEPROPERTIES

Let Cy, Cp, C3 be non empty sets, lét be a membership function &, Cy, let g be a member-
ship function ofC,, Cs, and letx, z be sets. Let us assume that C; andz € C3. The functor
min(h, g, x, z) yields a membership function & and is defined by:

(Def. 3) For every elememntof C, holds(min(h,g,x,2))(y) = min(h({x, ¥}),9({y, 2))).

Let C1, Cy, C3 be non empty sets, ldét be a membership function &@;, C,, and letg be a
membership function af,, Cz. The functorh gyielding a membership function &f, Cz is defined
by:

(Def. 4) For allx, zsuch thafx, z) € [Cy, C3] holds(h g)({x, z}) = suprngmirth, g,X, z).

LetCy, Cp, C3 be non empty sets, létbe a membership function €, C,, letg be a membership
function of Cy, C3, let R be a fuzzy relation o€, C,, f, and letSbe a fuzzy relation o€, Cs, 0.
The functorR Syielding a fuzzy relation o€, C3, f g is defined by:
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(Def.5) RS=[[Cy,C3], (fg)°[C1,C3].
The following propositions are true:

(19) For every membership functidnof Cy, C, and for all membership functiorgs h of Cy, C3
holds f max(g,h) = max(f g, f h).

(20) Letf be a membership function €k, Cy, g, h be membership functions @, C3, Rbe a
fuzzy relation ofCy, Cy, f, Sbe a fuzzy relation of,, Cs, g, andT be a fuzzy relation of,,
Cs, h. ThenR(SUT)=RSURT.

(21) For all membership functiorfs g of Cy, C, and for every membership functidrof C,, C3
holds maxf,g) h=maxf h,gh).

(22) Letf, g be membership functions @k, Cy, h be a membership function @b, C3, Rbe a
fuzzy relation ofCy, Cy, f, Sbe a fuzzy relation of;, C,, g, andT be a fuzzy relation of,,
Cs, h. Then(RUS)T=RTUST.

(23) Letf be a membership function @f, Cy, g, h be membership functions &k, Cs, andx,
zbe sets. Ik € C; andz € Cg, then(f min(g,h))((x,2)) < (min(f g, f h))((x, 2)).

(24) Letf be a membership function @, Cy, g, h be membership functions &, C3, Rbe a
fuzzy relation ofCy, Cy, f, Sbe a fuzzy relation of,, Cs, g, andT be a fuzzy relation of,,
Cs, h. ThenR(SNT) C(RSN(RT).

(25) Letf, gbe membership functions &%, C;, h be a membership function &b, Cs, andx,
zbe sets. Ik € C; andz € Cg, then(min(f,g) h)((x, 2)) < (min(f h,gh))({x, 2)).

(26) Letf, g be membership functions @k, Cy, h be a membership function @b, C3, Rbe a
fuzzy relation ofCy, Cy, f, Sbe a fuzzy relation of;, C,, g, andT be a fuzzy relation of,,
Cs, h. Then(RNS) TC(RT)N(ST).

(27) For every membership functidnof Cy, C, and for every membership functigrof C,, C3
holds conversé g = converseg conversd .

(28) Letf be a membership function @, Cy, g be a membership function €, C3, Rbe a
fuzzy relation ofCy, C,, f, andShbe a fuzzy relation o€, C3, g. Then(R§ 1 =S 1R1

(29) Letf, g be membership functions &, Cy, h, k be membership functions @b, Cs, and
X, z be sets. Supposee C; andz € C3 and for every sey such thaty € C, holds f ({x,

Y)) < 9({x y)) andh({y, 2)) < k({y, 2)). Then(f h)((x 2)) < (g K)((x. 2))-

(30) Letf, gbe membership functions &f, Cy, h, k be membership functions @b, C3, R be
a fuzzy relation ofC;, Cy, f, Sbe a fuzzy relation o€y, Cy, g, T be a fuzzy relation o€,,
Cs, h, andW be a fuzzy relation o€, Cs, k. If RC SandT CW, thenRTC SW

4. DEFINITION OF IDENTITY RELATION AND PROPERTIES OFUNIVERSE AND ZERO
RELATION

Let Cy, C, be non empty sets. The functor I(@f,C,) yielding a membership function @, Cy is
defined as follows:

(Def. 6) For allx, y such that(x, y) € [:Cq, Co ] holds ifx =y, then(Imf(Cy,Cy))({Xx, y)) = 1 and if
x#y, then(Imf(C1,Cp))({(X, y)) = 0.

Next we state several propositions:
(31) For every elemerttof :Cq, Cy] holds(Zmf(Cyq,Cy))(c) = 0 and(Umf(Cq,Cy))(c) = 1.

(32) For all x, y such that (x,y) € [C1,Cz] holds (Zmf(Cy,C2))({X,y)) = 0 and
(Umf(C1,C2))({x,y)) = 1.
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(33) Letf be a membership function @, C3, O; be a zero relation of;, Cp, O2 be a zero
relation ofCy, Cz, andR be a fuzzy relation of;, Cs, f. ThenO; R= Os.

(34) For every membership functidnof C;, C, holds f Zmf(C,,Cs) = Zmf(Cy,Cg).

(35) Letf be a membership function @, C,, O; be a zero relation df,, Cz, O, be a zero
relation ofCy, C3, andR be a fuzzy relation o€, C,, f. ThenR Oy = Os.

(36) For every membership functidnof C;, C; holds f Zmf(Cy,Cq) = Zmf(Cy,Cy) f.

(87) Letf be a membership function @f, C;, O be a zero relation df;, C1, andR be a fuzzy
relation ofCy, C4, f. ThenRO=0R

REFERENCES

[1] Grzegorz Bancerek. The ordinal numbedeurnal of Formalized Mathematic&, 1989.http://mizar.org/JFM/Voll/ordinall.
htmll

[2] Czestaw Bylski. Some basic properties of setdournal of Formalized Mathematicd, 1989. http://mizar.org/JFM/Voll/
zfmisc_1.html.

[3] Czestaw Bylihski and Piotr Rudnicki. Bounding boxes for compact set€%n Journal of Formalized Mathematic§, 1997.|nttp:
//mizar.orq/JFM/Vol9/pscomp_1.html.

[4] Jarostaw Kotowicz. Convergent real sequences. Upper and lower bound of sets of real ndmired.of Formalized Mathematic,
1989.http://mizar.org/JFM/Voll/seqg_4.htmll

[5] Jarostaw Kotowicz. Real sequences and basic operations on fleermal of Formalized Mathematic$, 1989.http://mizar.org/
JFM/Voll/seq_1.htmll

[6] Takashi Mitsuishi, Noboru Endou, and Yasunari Shidama. The concept of fuzzy set and membership function and basic properties of
fuzzy set operationJournal of Formalized Mathematic&2, 2000 http://mizar.org/JFM/Voll2/fuzzy_1.html]

[7] Takashi Mitsuishi, Katsumi Wasaki, and Yasunari Shidama. Basic properties of fuzzy set operation and membership Jonatiah.
of Formalized Mathemati¢42, 2000http://mizar.org/JFM/Voll2/fuzzy_2.htmll

[8] Takashi Mitsuishi, Katsumi Wasaki, and Yasunari Shidama. The concept of fuzzy relation and basic properties of its opeuatian.
of Formalized Mathemati¢4.2, 2000 http://mizar.org/JFM/Voll2/fuzzy_3.html}

[9] Andrzej Trybulec. Tarski Grothendieck set theodpurnal of Formalized Mathematicé\xiomatics, 1989http://mizar.org/JFM/
Axiomatics/tarski.html.

[10] Andrzej Trybulec. Subsets of real numbedsurnal of Formalized MathematicAddenda, 2003http: //mizar.org/JEM/Addenda/
numbers.htmll

[11] Andrzej Trybulec and Czestaw Byiski. Some properties of real numbers operations: min, max, square, and squad®uoal of
Formalized Mathemati¢4, 1989/http://mizar.orqg/JFM/Voll/square_1.htmll

[12] Zinaida Trybulec. Properties of subselsurnal of Formalized Mathematic, 1989 http: //mizar.org/JFM/Voll/subset_1.htmll

[13] Edmund Woronowicz. Relations defined on setliournal of Formalized Mathematicd, 1989. http://mizar.org/JFM/Voll/
relset_1.html.

Received June 25, 2001

Published January 2, 2004


http://mizar.org/JFM/Vol1/ordinal1.html
http://mizar.org/JFM/Vol1/ordinal1.html
http://mizar.org/JFM/Vol1/zfmisc_1.html
http://mizar.org/JFM/Vol1/zfmisc_1.html
http://mizar.org/JFM/Vol9/pscomp_1.html
http://mizar.org/JFM/Vol9/pscomp_1.html
http://mizar.org/JFM/Vol1/seq_4.html
http://mizar.org/JFM/Vol1/seq_1.html
http://mizar.org/JFM/Vol1/seq_1.html
http://mizar.org/JFM/Vol12/fuzzy_1.html
http://mizar.org/JFM/Vol12/fuzzy_2.html
http://mizar.org/JFM/Vol12/fuzzy_3.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Addenda/numbers.html
http://mizar.org/JFM/Addenda/numbers.html
http://mizar.org/JFM/Vol1/square_1.html
http://mizar.org/JFM/Vol1/subset_1.html
http://mizar.org/JFM/Vol1/relset_1.html
http://mizar.org/JFM/Vol1/relset_1.html

	properties of fuzzy relation By noboru endou et al.

