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The articles[[¥],[[5],[13],[[12],[[14],[1],[[8].T4],[[2],[6], 8], [9], [10], and [11] provide the notation
and terminology for this paper.

1. PRELIMINARIES

Let A be a transitive non empty category structure with units an@ leé a non empty category
structure with units. Note that every functor frokto B is feasible and id-preserving.

Let A be a transitive non empty category structure with units anB ke a non empty category
structure with units. One can verify the following observations:

x every functor fromA to B which is covariant is also precovariant and comp-preserving,
x every functor fromA to B which is precovariant and comp-preserving is also covariant,

x every functor fromAto B which is contravariant is also precontravariant and comp-reversing,
and

x every functor fromA to B which is precontravariant and comp-reversing is also contravari-
ant.

Next we state the proposition

(ZH Let A, B be transitive non empty category structures with urkit®e a covariant functor
from Ato B, anda be an object oA. ThenF (ida) = idr(q) -

2. TRANSFORMATIONS

Let A, B be transitive non empty category structures with units anéilef, be covariant functors
from A to B. We say thakF; is transformable té if and only if:

(Def. 1) For every objec of A holds(F(a),F(a)) # 0.

Let us note that the predicafg is transformable t&- is reflexive.
The following proposition is true

1 The proposition (1) has been removed.
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(4H Let A, B be transitive non empty category structures with unitsianB,, F, be covariant
functors fromA to B. Supposé- is transformable té; andF; is transformable té. Then
F is transformable té-.

Let A, B be transitive non empty category structures with units and-let~ be covariant
functors fromA to B. Let us assume th& is transformable td». A many sorted set indexed by
the carrier ofA is said to be a transformation frof to F if:

(Def. 2) For every objech of A holds it(a) is a morphism front (a) to Fx(a).

Let A, B be transitive non empty category structures with units ang le¢ a covariant functor
from Ato B. The functor ig¢ yields a transformation frork to F and is defined by:

(Def. 3) For every objeci of A holds id:(a) = idq) -

Let A, B be transitive non empty category structures with units and-let~ be covariant
functors fromA to B. Let us assume th&g; is transformable té~. Lett be a transformation from
F1 to i and leta be an object oA. The functort[a] yielding a morphism fronf(a) to Fx(a) is
defined as follows:

(Def. 4) tla =t(a).

Let A, B be transitive non empty category structures with units ané Jé%, F, be covariant
functors fromA to B. Let us assume thé&t is transformable t6; andF; is transformable té~. Let
t1 be a transformation frork to F; and lett; be a transformation fror; to . The functorts© t
yields a transformation fror to F, and is defined by:

(Def. 5) For every objeca of Aholds(tz°tg)[a] =t2[a] - ta[a).
The following four propositions are true:

(5) LetA, B be transitive non empty category structures with units Bjyd~ be covariant
functors fromA to B. Supposd-; is transformable té-. Letty, to be transformations frorky
to F. If for every objecta of A holdst; [a] = t[a], thent; =t5.

(6) LetA, B be transitive non empty category structures with uriitdye a covariant functor
from Ato B, anda be an object oA. Then id:[a] = idg () -

(7) LetA, B be transitive non empty category structures with units Bnyd- be covariant
functors fromA to B. Supposd-; is transformable té. Lett be a transformation frorR; to
F. Then iq,:z)Ot =t andte° id(,:l) =t.

(8) LetA, B be categories anll, F;, F,, F3 be covariant functors fror to B. Supposd- is
transformable td~, andF; is transformable td~» andF is transformable té. Lett; be a
transformation fronf to Fy, to be a transformation fror; to F, andtsz be a transformation
from Ry to Fs. Then(tz°tz) oty =tz (t2°t1).

3. NATURAL TRANSFORMATIONS

Let A, B be transitive non empty category structures with units anélef, be covariant functors
from A to B. We say thaf is naturally transformable tB; if and only if the conditions (Def. 6)
are satisfied.
(Def. 6)()) Fq is transformable té~, and
(i) there exists a transformatidnfrom F; to F, such that for all objects, b of A such that
(a,b) # 0 and for every morphisnfi from ato b holdst[b] - Fy(f) = F(f)-t[a].

Next we state two propositions:

2 The proposition (3) has been removed.
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(9) For all transitive non empty category structufe$ with units holds every covariant func-
tor F from Ato B is naturally transformable 5.

(10) LetA, B be categories anH, F;, F, be covariant functors from to B. SupposeF is
naturally transformable t&; and F; is naturally transformable t6,. ThenF is naturally
transformable td~.

Let A, B be transitive non empty category structures with units and-let~ be covariant
functors fromA to B. Let us assume th& is naturally transformable t6,. A transformation from
F, to R is said to be a natural transformation frémto F if:

(Def. 7) For all objects, b of A such that{a,b) # 0 and for every morphisnf from a to b holds
it(b] - Fa(f) = Fa(f) - it[al.

Let A, B be transitive non empty category structures with units ang lle¢ a covariant functor
from Ato B. Then i¢: is a natural transformation frofto F.

Let A, B be categories and Iét, F;, F, be covariant functors fromh to B. Let us assume
thatF is naturally transformable tB; andF; is naturally transformable tB,. Lett; be a natural
transformation fronF to F; and lett, be a natural transformation froR to . The functort,° t;
yields a natural transformation fromto F, and is defined as follows:

(Def. 8) trety =troty.
Next we state three propositions:

(11) LetA, Bbe transitive non empty category structures with unitsiné, be covariant func-
tors fromAto B. Supposé is naturally transformable #6,. Lett be a natural transformation
fromF, to . Thenidg,) °t =t andt°idg) =t.

(12) LetA, B be transitive non empty category structures with units@nB;, F, be covariant
functors fromA to B. Supposé- is naturally transformable tB; andF; is naturally trans-
formable toF,. Lett; be a natural transformation fromto Fy, t; be a natural transformation
from F; to F,, anda be an object oA. Then(ty°t1)[a] =t[a] -t1[a].

(13) LetA, B be categoriesk, F1, F, F3 be covariant functors from to B, t be a natural
transformation fronfF to F;, andt; be a natural transformation frofm to F,. Supposd-
is naturally transformable tB; andF; is naturally transformable tB, andF, is naturally
transformable td=. Letts be a natural transformation frof to F3. Then(tz°ty)°t =

tz° (t1°1).

4. CATEGORY OFFUNCTORS

Let| be a set and le&, B be many sorted sets indexed lbyThe functorB” yielding a set is defined
as follows:

(Def. 9)(i) For every sex holdsx € BA iff x is a many sorted function frofinto B if for every set
i such thaf € | holds if B(i) = 0, thenA(i) = 0,

(i) BA=0, otherwise.

Let A, B be transitive non empty category structures with units. The functor FAR} yields
a set and is defined as follows:

(Def. 10) For every set holdsx € Func{A, B) iff x is a covariant strict functor frorA to B.

Let A, B be categories. The funct&" yielding a strict non empty transitive category structure
is defined by the conditions (Def. 11).
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(Def. 11)(i)) The carrier oB” = Func{A, B),

(iii)

(1]
(2]

4

(5]

6]

(7]

[
[10]

[11]

[12]

[13]

[14]

(i) for all strict covariant functor$-, G from A to B and for every sex holdsx € (the arrows

of BA)(F, G) iff F is naturally transformable t6 andx is a natural transformation frofa to
G, and

for all strict covariant functor$-, G, H from A to B such thaf is naturally transformable
to G and G is naturally transformable tbl and for every natural transformatienfrom F
to G and for every natural transformatignfrom G to H there exists a functio such that
f = (the composition oB*)(F, G, H) and f (tp, t1) =ty t;.
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