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The articles [7], [5], [13], [12], [14], [1], [3], [4], [2], [6], [8], [9], [10], and [11] provide the notation
and terminology for this paper.

1. PRELIMINARIES

Let A be a transitive non empty category structure with units and letB be a non empty category
structure with units. Note that every functor fromA to B is feasible and id-preserving.

Let A be a transitive non empty category structure with units and letB be a non empty category
structure with units. One can verify the following observations:

∗ every functor fromA to B which is covariant is also precovariant and comp-preserving,

∗ every functor fromA to B which is precovariant and comp-preserving is also covariant,

∗ every functor fromA toBwhich is contravariant is also precontravariant and comp-reversing,
and

∗ every functor fromA to B which is precontravariant and comp-reversing is also contravari-
ant.

Next we state the proposition

(2)1 Let A, B be transitive non empty category structures with units,F be a covariant functor
from A to B, anda be an object ofA. ThenF(ida) = idF(a) .

2. TRANSFORMATIONS

Let A, B be transitive non empty category structures with units and letF1, F2 be covariant functors
from A to B. We say thatF1 is transformable toF2 if and only if:

(Def. 1) For every objecta of A holds〈F1(a),F2(a)〉 6= /0.

Let us note that the predicateF1 is transformable toF2 is reflexive.
The following proposition is true

1 The proposition (1) has been removed.
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(4)2 Let A, B be transitive non empty category structures with units andF , F1, F2 be covariant
functors fromA to B. SupposeF is transformable toF1 andF1 is transformable toF2. Then
F is transformable toF2.

Let A, B be transitive non empty category structures with units and letF1, F2 be covariant
functors fromA to B. Let us assume thatF1 is transformable toF2. A many sorted set indexed by
the carrier ofA is said to be a transformation fromF1 to F2 if:

(Def. 2) For every objecta of A holds it(a) is a morphism fromF1(a) to F2(a).

Let A, B be transitive non empty category structures with units and letF be a covariant functor
from A to B. The functor idF yields a transformation fromF to F and is defined by:

(Def. 3) For every objecta of A holds idF(a) = idF(a) .

Let A, B be transitive non empty category structures with units and letF1, F2 be covariant
functors fromA to B. Let us assume thatF1 is transformable toF2. Let t be a transformation from
F1 to F2 and leta be an object ofA. The functort[a] yielding a morphism fromF1(a) to F2(a) is
defined as follows:

(Def. 4) t[a] = t(a).

Let A, B be transitive non empty category structures with units and letF , F1, F2 be covariant
functors fromA to B. Let us assume thatF is transformable toF1 andF1 is transformable toF2. Let
t1 be a transformation fromF to F1 and lett2 be a transformation fromF1 to F2. The functort2 ◦ t1
yields a transformation fromF to F2 and is defined by:

(Def. 5) For every objecta of A holds(t2 ◦ t1)[a] = t2[a] · t1[a].

The following four propositions are true:

(5) Let A, B be transitive non empty category structures with units andF1, F2 be covariant
functors fromA to B. SupposeF1 is transformable toF2. Let t1, t2 be transformations fromF1

to F2. If for every objecta of A holdst1[a] = t2[a], thent1 = t2.

(6) Let A, B be transitive non empty category structures with units,F be a covariant functor
from A to B, anda be an object ofA. Then idF [a] = idF(a) .

(7) Let A, B be transitive non empty category structures with units andF1, F2 be covariant
functors fromA to B. SupposeF1 is transformable toF2. Let t be a transformation fromF1 to
F2. Then id(F2)

◦t = t andt ◦ id(F1) = t.

(8) Let A, B be categories andF , F1, F2, F3 be covariant functors fromA to B. SupposeF is
transformable toF1 andF1 is transformable toF2 andF2 is transformable toF3. Let t1 be a
transformation fromF to F1, t2 be a transformation fromF1 to F2, andt3 be a transformation
from F2 to F3. Then(t3 ◦ t2) ◦ t1 = t3 ◦ (t2 ◦ t1).

3. NATURAL TRANSFORMATIONS

Let A, B be transitive non empty category structures with units and letF1, F2 be covariant functors
from A to B. We say thatF1 is naturally transformable toF2 if and only if the conditions (Def. 6)
are satisfied.

(Def. 6)(i) F1 is transformable toF2, and

(ii) there exists a transformationt from F1 to F2 such that for all objectsa, b of A such that
〈a,b〉 6= /0 and for every morphismf from a to b holdst[b] ·F1( f ) = F2( f ) · t[a].

Next we state two propositions:

2 The proposition (3) has been removed.
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(9) For all transitive non empty category structuresA, B with units holds every covariant func-
tor F from A to B is naturally transformable toF .

(10) Let A, B be categories andF , F1, F2 be covariant functors fromA to B. SupposeF is
naturally transformable toF1 andF1 is naturally transformable toF2. ThenF is naturally
transformable toF2.

Let A, B be transitive non empty category structures with units and letF1, F2 be covariant
functors fromA to B. Let us assume thatF1 is naturally transformable toF2. A transformation from
F1 to F2 is said to be a natural transformation fromF1 to F2 if:

(Def. 7) For all objectsa, b of A such that〈a,b〉 6= /0 and for every morphismf from a to b holds
it[b] ·F1( f ) = F2( f ) · it[a].

Let A, B be transitive non empty category structures with units and letF be a covariant functor
from A to B. Then idF is a natural transformation fromF to F .

Let A, B be categories and letF , F1, F2 be covariant functors fromA to B. Let us assume
thatF is naturally transformable toF1 andF1 is naturally transformable toF2. Let t1 be a natural
transformation fromF to F1 and lett2 be a natural transformation fromF1 to F2. The functort2 ◦ t1
yields a natural transformation fromF to F2 and is defined as follows:

(Def. 8) t2 ◦ t1 = t2 ◦ t1.

Next we state three propositions:

(11) LetA, B be transitive non empty category structures with units andF1, F2 be covariant func-
tors fromA to B. SupposeF1 is naturally transformable toF2. Let t be a natural transformation
from F1 to F2. Then id(F2)

◦t = t andt ◦ id(F1) = t.

(12) LetA, B be transitive non empty category structures with units andF , F1, F2 be covariant
functors fromA to B. SupposeF is naturally transformable toF1 andF1 is naturally trans-
formable toF2. Let t1 be a natural transformation fromF to F1, t2 be a natural transformation
from F1 to F2, anda be an object ofA. Then(t2 ◦ t1)[a] = t2[a] · t1[a].

(13) Let A, B be categories,F , F1, F2, F3 be covariant functors fromA to B, t be a natural
transformation fromF to F1, andt1 be a natural transformation fromF1 to F2. SupposeF
is naturally transformable toF1 andF1 is naturally transformable toF2 andF2 is naturally
transformable toF3. Let t3 be a natural transformation fromF2 to F3. Then(t3 ◦ t1) ◦ t =
t3 ◦ (t1 ◦ t).

4. CATEGORY OFFUNCTORS

Let I be a set and letA, B be many sorted sets indexed byI . The functorBA yielding a set is defined
as follows:

(Def. 9)(i) For every setx holdsx∈ BA iff x is a many sorted function fromA into B if for every set
i such thati ∈ I holds ifB(i) = /0, thenA(i) = /0,

(ii) BA = /0, otherwise.

Let A, B be transitive non empty category structures with units. The functor Funct(A,B) yields
a set and is defined as follows:

(Def. 10) For every setx holdsx∈ Funct(A,B) iff x is a covariant strict functor fromA to B.

Let A, B be categories. The functorBA yielding a strict non empty transitive category structure
is defined by the conditions (Def. 11).
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(Def. 11)(i) The carrier ofBA = Funct(A,B),

(ii) for all strict covariant functorsF , G from A to B and for every setx holdsx∈ (the arrows
of BA)(F, G) iff F is naturally transformable toG andx is a natural transformation fromF to
G, and

(iii) for all strict covariant functorsF , G, H from A to B such thatF is naturally transformable
to G andG is naturally transformable toH and for every natural transformationt1 from F
to G and for every natural transformationt2 from G to H there exists a functionf such that
f = (the composition ofBA)(F, G, H) and f (t2, t1) = t2 ◦ t1.
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[4] Czesław Bylínski. Functions from a set to a set.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/funct_
2.html.
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