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1. PRELIMINARIES

We follow the rulesza, x, A, B denote sets anah, n denote natural numbers.
The following propositions are true:

(1) For every functiorf and for every seX such that rnd C X holds idg - f = f.

(2) LetX be a setY be a non empty set, andbe a function fromX into Y. Supposef is
one-to-one. LeB be a subset ok andC be a subset of. If C C f°B, thenf~1(C) C B.

(3) LetX,Y be non empty sets anfdbe a function fromX into Y. Supposef is one-to-one.
Let x be an element ok andA be a subset ok. If f(x) € f°A, thenx € A.

(4) LetX,Y be non empty sets anfdbe a function fromX into Y. Supposef is one-to-one.
Let x be an element oX, A be a subset aK, andB be a subset of. If f(x) € f°A\ B, then
xec A\ f~1(B).

(5) LetX,Y be non empty sets anidbe a function fromX into Y. Supposef is one-to-one.
Lety be an element of, A be a subset oK, andB be a subset of. If y € f°A\ B, then

f-1(y) € A\ -1(B).

(6) For every functiorf and for every sea such that € domf holdsf[{a} = a—f(a).

Letx, y be sets. Observe that—y is non empty.
Letx, y, a, b be sets. Observe thpt—— a,y — b] is non empty.
One can prove the following propositions:

(7) For every set and for every many sorted skt indexed byl and for every sett such that
i €1 holdsi—M(i) =M[{i}.

(8) Letl, J be setsM be a many sorted set indexed pl, J], andi, j be sets. Ifi €1 and
j €J,then((i, j) — M(i, )] =MT[{i}, {j}].
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(10@ For all functionsf, g, h such that rng C domf and rnch C domf holds f - (g+-h) =
f.-g+f-h

(11) For all functionsf, g, h holds(g+-h)- f =g- f+-h- f.

(12) For all functionsf, g, h such that rndg misses dorg holds(h+-g)- f =h- f.

(13) For all set\, B and for every sey such thatA meets rngids+-(A——y)) holdsy € A.
(14) For all setx, y and for every sef\ such thak # y holdsx ¢ rng(ida+- (x——Y)).

(15) For every seK and for every sea and for every functiorf such that donfi = X U {a}
holdsf = f [X+-(a——f(a)).

(16) For every functiorf and for all set, y, zholds f +-(X — y)+: (X +— 2) = f4-(X —
2).

(17) IfO0<mandm<n,thenZny C Zpn.
(18) Z+Z*.

(19) o0 ={0}.

(20) (x) € A*iff xe A

(21) ACBiff A* C B*.

(22) For every subsé& of N such that for alh, msuch than € A andm < n holdsm € A holds
Ais a cardinal number.

(23) LetA be a finite set an& be a non empty family of subsets Af Then there exists an
elemen(C of X such that for every elemeBtof X such thaB C C holdsB =C.

(24) Letp, q be finite sequences. Supposeen leng+ 1. Leti be a natural number. Then
i € domgqif and only if the following conditions are satisfied:

(i) i1edomp,and
(i) i4+1edomp.

Let us note that there exists a finite sequence which is function yielding, non empty, and non-
empty.

Observe thad is function yielding. Letf be a function. One can verify thaf) is function
yielding. Letg be a function. One can verify thaf,g) is function yielding. Leth be a function.
Note that(f, g, h) is function yielding.

Let n be a natural number and létbe a function. Note that — f is function yielding.

Let p be a finite sequence and lgbe a non empty finite sequence. Observe fitag is non
empty andy ™ p is non empty.

Let p, g be function yielding finite sequences. Observe thaiy is function yielding.

One can prove the following proposition

(25) Letp, gbe finite sequences. Suppgseqis function yielding. Therp is function yielding
andgq is function yielding.

1 The proposition (9) has been removed.
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2. SOME USEFUL SCHEMES

In this article we present several logical schemes. The sciKappa2Ddeals with non empty sets
A, B, C and a binary functoff yielding a set, and states that:
There exists a functiofi from [ .4, B into C such that for every elemerif 4 and
for every elemeny of B holds f({x,y)) = F(x,y)
provided the following requirement is met:
e For every element of 4 and for every elementof B holds ¥ (x,y) € C.
The schemé&inMonodeals with a sefd, a non empty seB, and two unary functorg andg
yielding sets, and states that:
{¥ (d);d ranges over elements &: G(d) € 4} is finite
provided the parameters have the following properties:
e 4 is finite, and
e For all elementsl;, dy of B such thatG(d;) = G(d2) holdsd; = dy.
The scheme&ardMonodeals with a sefl, a non empty seB, and a unary functof yielding
a set, and states that:
4 ~ {d;d ranges over elements &: 7 (d) € 4}
provided the following conditions are met:
e For every sek such thatx € 4 there exists an elemedtof 8 such thax = ¥ (d),
and
e For all elementsl;, d, of B such thatf (di) = ¥ (dz) holdsd; = dy.
The schem&ardMono’deals with a sefl, a non empty seB, and a unary functof yielding
a set, and states that:
A~ {¥F(d);d ranges over elements &: d € 4}
provided the following requirements are met:
e 4C B, and
e For all elementsl;, dy of B such thatf (di) = ¥ (d2) holdsd; = dy.
The schemé&uncSeqindoncerns a unary predicafe and states that:
For every function yielding finite sequenpéolds?[p]
provided the parameters meet the following requirements:
e P[0],and
e For every function yielding finite sequengesuch that?[p] and for every function
f holdsP[p~ (f)].

3. SOME AUXILIARY CONCEPTS

Letx, y be sets. Let us assume that y. The functorx(€ y) yielding an element of is defined as
follows:

(Def. 1) x(ey)=x
One can prove the following proposition
(26) If xe ANB, thenx(e A) = x(€ B).
Let f, g be functions and leA be a set. We say thdtandg are equal outsidA if and only if:
(Def. 2) f[(domf\A)=gl(domg\A).
We now state several propositions:
(27) For every functiorf and for every sef holds f andf are equal outsidé.

(28) Letf, g be functions and\ be a set. Supposkandg are equal outsidd. Theng and f
are equal outsidA.

(29) Letf, g, h be functions and\ be a set. Supposkandg are equal outsid& andg andh
are equal outsidd. Thenf andh are equal outsidA.
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(30) For all functionsf, g and for every sef such thatf andg are equal outsidé holds
domf\ A=domg\ A.

(31) For all functionsf, g and for every sef such that dorg C A holds f and f+-g are equal
outsideA.

Let f be a function and let x be sets. The functof +- (i,x) yielding a function is defined by:

f+-(i——X), if i € domf,

(Def. 3) f+-(i,x)—{ f, otherwise.

We now state several propositions:

(32) For every functiorf and for all setsl, i holds donff +- (i,d)) = domf.
(33) For every functiorf and for all setsl, i such that € domf holds(f +-(i,d))(i) = d.
(34) For every functiorf and for all setdl, i, j such thai # j holds(f +- (i,d))(j) = f(j).

(35) For every functionf and for all setd, e, i, j such that # j holds f +- (i,d) +- (j,e) =
f+(j,e)+(i,d).

(36) For every functiorf and for all setsl, e, i holdsf +- (i,d) +- (i,e) = f +- (i, e).

(37) For every functiorf and for every setholdsf +- (i, f(i)) = f.

Let f be a finite sequence, lebe a natural number, and bete a set. Note that +- (i,x) is
finite sequence-like.

LetD be a set, lef be a finite sequence of elementdifleti be a natural number, and ébe
an element oD. Thenf +- (i,d) is a finite sequence of elementsf

Next we state three propositions:

(38) LetD be a non empty sef, be a finite sequence of elementsinfd be an element db,
andi be a natural number. ife domf, then(f +- (i,d)); =d.

(39) LetD be a non empty sef, be a finite sequence of elementsinfd be an element db,
andi, j be natural numbers. it j andj € domf, then(f +-(i,d)); = f;.

(40) LetD be a non empty sef, be a finite sequence of elementsnfd, e be elements ob,
andi be a natural number. The- (i, f;) = f.

4. ON THE COMPOSITION OF A FINITE SEQUENCE OF FUNCTIONS

Let X be a set and lep be a function yielding finite sequence. The functor compa@sgields a
function and is defined by the condition (Def. 4).

(Def. 4) There exists a many sorted functibmdexed byN such that
(i) composg p= f(lenp),
(i) f(0)=idx,and
(iii)  for every natural number such thati + 1 € domp and for all functionsg, h such that
g=f(i)andh=p(i+1) holdsf(i+1)=h-g.

Let p be a function yielding finite sequence andxdie a set. The functor apgly,x) yields a
finite sequence and is defined by the conditions (Def. 5).
(Def. 5)(i) lenapplyp,x) =lenp+1,

(i) (apply(p.x))(1) =x, and
(iiiy  for every natural numberand for every functiorf such that € dompandf = p(i) holds
(apply(p,x))(i+1) = f((apply(p,x))(i))-
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We adopt the following conventionX, Y, x denote setsp, q denote function yielding finite
sequences, anfi g, h denote functions.
Next we state a number of propositions:

(41) composg0 = idx.
(42) apply0,x) = (x).
(43) composg(p”~ (f)) = f-composg p.
(44) applyp~ (f),x) = (apply(p,x)) ~ (f((apply(p,x))(lenp+1))).
(45) composg(({f)~ p) = composg.y p- (f[X).
(46) apply(f)~ p,x) = (x) "~ apply(p, f (x).
(47) composg(f) = f -idx.
(48) If domf C X, then composg(f) = f.
(49) apply((f),x) = (x, f(x)).
(50) Ifrngcomposgp C Y, then composg(p™ q) = COMpose g- cComposeg p.
(51) (apply(p~q,x))(len(p~ q) +1) = (apply(q, (apply(p,x))(lenp+1)))(lenq+1).
(52) applyp~q,x) = (apply(p,x))*~ apply(q, (apply(p,))(lenp+1)).
(53) composg(f,g) =g- f-idx.
(54) Ifdomf C X ordom(g- f) C X, then composg(f,g) =g- f.
(55) apply(f.g).x) = (x, F(x),9(f (X))
(56) composg(f,g,h)=h-g-f-idx.
(57) Ifdomf C X ordom(g- f) C X ordomh-g- f) C X, then composg(f,g,h) =h-g- f.
(58) apply(f.g.h),x) = (¥~ (F(x),9(f(x)),h(g(f (x)))-
Let F be a finite sequence. The functor firstdémis defined by:

(Def. 6)(i) firstdon{F) is empty ifF is empty,
(i) firstdom(F) = y(F(1)), otherwise.

The functor lastrng-) is defined as follows:

(Def. 7)()) lastrndgF) is empty ifF is empty,
(i) lastrngF) = mp(F (lenF)), otherwise.

The following three propositions are true:
(59) firstdon{®) = 0 and lastrn@0) = 0.
(60) For every finite sequengeholds firstdonf(f) ~ p) = domf and lastrngp~ (f)) = rngf.

(61) For every function yielding finite sequenpesuch thatp # 0 holds rngcomposgp C
lastrng p).

Let 1 be a finite sequence. We say thats composable if and only if:

(Def. 8) There exists a finite sequengsuch that lep = lenl; + 1 and for every natural number
such thai € domly holdsl(i) € p(i +1)P0).

One can prove the following proposition
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(62) For all finite sequencegs q such thatp ™ g is composable holdp is composable angis
composable.

One can check that every finite sequence which is composable is also function yielding.

Let us observe that every finite sequence which is empty is also composable.

Let f be a function. Observe th&f) is composable.

Let us note that there exists a finite sequence which is composable, non empty, and non-empty.
A composable sequence is a composable finite sequence.

Next we state several propositions:

(63) For every composable sequemcsuch thatp # 0 holds dom composep = firstdom(p) N
X.

(64) For every composable sequerieolds dom composgomp) P = firstdom(p).

(65) For every composable sequenxand for every functiorf such that rng C firstdom(p)
holds(f) ~ p is a composable sequence.

(66) For every composable sequenzand for every functiorf such that lastrng) C domf
holdsp~ (f) is a composable sequence.

(67) For every composable sequenge such thatx € firstdom(p) and x € X holds
(apply(p,x))(lenp+1) = (composg p)(X).

Let X, Y be sets. Let us assume thaYifs empty, therX is empty. A composable sequence is
said to be a composable sequence fXimtoY if:

(Def. 9) firstdonfit) = X and lastrngit) C Y.

LetY be a non empty set, 1 be a set, and €t be a composable sequence fréhinto Y.
Then composgF is a function fromX into Y.

Let g be a non-empty non empty finite sequence. A finite sequence is called a composable
sequence alongif;

(Def. 10) lenit+ 1= lengand for every natural numbesuch that € domit holds iti) € q(i +1)90).

Let q be a non-empty non empty finite sequence. Note that every composable sequencg along
is composable and non-empty.
One can prove the following two propositions:

(68) Letgbe a non-empty non empty finite sequence piiet a composable sequence alogng
If p=# 0, then firstdon(p) = g(1) and lastrngp) C g(lenq).

(69) Letqgbe a non-empty non empty finite sequence piiet a composable sequence algng
Then domcompogg) p= (1) and rngcomposg;, p C q(lenq).

Let f be a function and let be an element d. The functorf" yielding a function is defined
by the condition (Def. 11).

(Def. 11) There exists a functignfrom N into (domf Urng f)—(domf Urngf) such thatf" = p(n)
and p(0) = idgomfumgt and for every elemerk of N there exists a functiog such that
g=p(k) andp(k+1) =g- f.

In the sequein, n are natural numbers.
We now state a number of propositions:

(70) fOziddomfurngf-
(71) fMl=1fn.f,
(72) fl=f.
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(73) fri—f.fn.

(74) don{f") C domfurngf and rndf") C domf urngf.

(75) 1fn#0,then donff") C domf and rng f") C rngf.

(76) Ifrngf C domf, then dontf") = domf and rng f") C domf.
(77) " iddgomfurngf = f".

(78)  iddomfumgt - f" = f".

(79) fn.fm= fntm

(80) Ifn 0, then(fmn = fmn,

(81) Ifrngf C domf,then(f™M" = fmn
82) 0"=0.

83) (idx)" = idx.

(84) Ifrngf misses donf, thenf? = 0.

(85) For every functiorf from X into X holds f" is a function fromX into X.

(86) For every functiorf from X into X holds f = idy.

(87) For every functiorf from X into X holds(f™" = f™".

(88) For every partial functiof from X to X holds f" is a partial function fronX to X.

(89) Ifn#0andac X andf =X+ a, thenf"= f.

(90) For every functiorf and for every natural numbarholds f" = composgom¢ mgt (N f).
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