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The articles [21], [10], [25], [23], [2], [17], [22], [20], [1], [16], [26], [7], [27], [6], [5], [15], [11],
[14], [9], [19], [8], [12], [13], [3], [24], [18], and [4] provide the notation and terminology for this
paper.

1. PRELIMINARIES

We follow the rules:a, x, A, B denote sets andm, n denote natural numbers.
The following propositions are true:

(1) For every functionf and for every setX such that rngf ⊆ X holds idX · f = f .

(2) Let X be a set,Y be a non empty set, andf be a function fromX into Y. Supposef is
one-to-one. LetB be a subset ofX andC be a subset ofY. If C⊆ f ◦B, then f−1(C)⊆ B.

(3) Let X, Y be non empty sets andf be a function fromX into Y. Supposef is one-to-one.
Let x be an element ofX andA be a subset ofX. If f (x) ∈ f ◦A, thenx∈ A.

(4) Let X, Y be non empty sets andf be a function fromX into Y. Supposef is one-to-one.
Let x be an element ofX, A be a subset ofX, andB be a subset ofY. If f (x) ∈ f ◦A\B, then
x∈ A\ f−1(B).

(5) Let X, Y be non empty sets andf be a function fromX into Y. Supposef is one-to-one.
Let y be an element ofY, A be a subset ofX, andB be a subset ofY. If y ∈ f ◦A\B, then
f−1(y) ∈ A\ f−1(B).

(6) For every functionf and for every seta such thata∈ dom f holds f �{a}= a7−→. f (a).

Let x, y be sets. Observe thatx7−→. y is non empty.
Let x, y, a, b be sets. Observe that[x 7−→ a,y 7−→ b] is non empty.
One can prove the following propositions:

(7) For every setI and for every many sorted setM indexed byI and for every seti such that
i ∈ I holdsi 7−→. M(i) = M�{i}.

(8) Let I , J be sets,M be a many sorted set indexed by[: I , J :], and i, j be sets. Ifi ∈ I and
j ∈ J, then[〈〈i, j〉〉 7→M(i, j)] = M�[:{i}, { j} :].
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(10)1 For all functions f , g, h such that rngg⊆ dom f and rngh⊆ dom f holds f · (g+·h) =
f ·g+· f ·h.

(11) For all functionsf , g, h holds(g+·h) · f = g· f+·h· f .

(12) For all functionsf , g, h such that rngf misses domg holds(h+·g) · f = h· f .

(13) For all setsA, B and for every sety such thatA meets rng(idB+·(A 7−→ y)) holdsy∈ A.

(14) For all setsx, y and for every setA such thatx 6= y holdsx /∈ rng(idA+·(x7−→. y)).

(15) For every setX and for every seta and for every functionf such that domf = X ∪{a}
holds f = f �X+·(a7−→. f (a)).

(16) For every functionf and for all setsX, y, zholds f+·(X 7−→ y)+·(X 7−→ z) = f+·(X 7−→
z).

(17) If 0 < m andm≤ n, thenZm⊆ Zn.

(18) Z 6= Z∗.

(19) /0∗ = { /0}.

(20) 〈x〉 ∈ A∗ iff x∈ A.

(21) A⊆ B iff A∗ ⊆ B∗.

(22) For every subsetA of N such that for alln, msuch thatn∈ A andm< n holdsm∈ A holds
A is a cardinal number.

(23) Let A be a finite set andX be a non empty family of subsets ofA. Then there exists an
elementC of X such that for every elementB of X such thatB⊆C holdsB = C.

(24) Let p, q be finite sequences. Suppose lenp = lenq+ 1. Let i be a natural number. Then
i ∈ domq if and only if the following conditions are satisfied:

(i) i ∈ domp, and

(ii) i +1∈ domp.

Let us note that there exists a finite sequence which is function yielding, non empty, and non-
empty.

Observe that/0 is function yielding. Letf be a function. One can verify that〈 f 〉 is function
yielding. Letg be a function. One can verify that〈 f ,g〉 is function yielding. Leth be a function.
Note that〈 f ,g,h〉 is function yielding.

Let n be a natural number and letf be a function. Note thatn 7→ f is function yielding.
Let p be a finite sequence and letq be a non empty finite sequence. Observe thatpa q is non

empty andqa p is non empty.
Let p, q be function yielding finite sequences. Observe thatpa q is function yielding.
One can prove the following proposition

(25) Letp, q be finite sequences. Supposepa q is function yielding. Thenp is function yielding
andq is function yielding.

1 The proposition (9) has been removed.



MISCELLANEOUS FACTS ABOUT FUNCTIONS 3

2. SOME USEFUL SCHEMES

In this article we present several logical schemes. The schemeKappa2Ddeals with non empty sets
A , B, C and a binary functorF yielding a set, and states that:

There exists a functionf from [:A , B :] into C such that for every elementx of A and
for every elementy of B holds f (〈〈x, y〉〉) = F (x,y)

provided the following requirement is met:
• For every elementx of A and for every elementy of B holdsF (x,y) ∈ C .

The schemeFinMonodeals with a setA , a non empty setB, and two unary functorsF andG
yielding sets, and states that:

{F (d);d ranges over elements ofB : G(d) ∈ A} is finite
provided the parameters have the following properties:

• A is finite, and
• For all elementsd1, d2 of B such thatG(d1) = G(d2) holdsd1 = d2.

The schemeCardMonodeals with a setA , a non empty setB, and a unary functorF yielding
a set, and states that:

A ≈ {d;d ranges over elements ofB : F (d) ∈ A}
provided the following conditions are met:

• For every setx such thatx∈ A there exists an elementd of B such thatx = F (d),
and

• For all elementsd1, d2 of B such thatF (d1) = F (d2) holdsd1 = d2.
The schemeCardMono’deals with a setA , a non empty setB, and a unary functorF yielding

a set, and states that:
A ≈ {F (d);d ranges over elements ofB : d ∈ A}

provided the following requirements are met:
• A ⊆ B, and
• For all elementsd1, d2 of B such thatF (d1) = F (d2) holdsd1 = d2.

The schemeFuncSeqIndconcerns a unary predicateP , and states that:
For every function yielding finite sequencep holdsP [p]

provided the parameters meet the following requirements:
• P [ /0], and
• For every function yielding finite sequencep such thatP [p] and for every function

f holdsP [pa 〈 f 〉].

3. SOME AUXILIARY CONCEPTS

Let x, y be sets. Let us assume thatx∈ y. The functorx(∈ y) yielding an element ofy is defined as
follows:

(Def. 1) x(∈ y) = x.

One can prove the following proposition

(26) If x∈ A∩B, thenx(∈ A) = x(∈ B).

Let f , g be functions and letA be a set. We say thatf andg are equal outsideA if and only if:

(Def. 2) f �(dom f \A) = g�(domg\A).

We now state several propositions:

(27) For every functionf and for every setA holds f and f are equal outsideA.

(28) Let f , g be functions andA be a set. Supposef andg are equal outsideA. Theng and f
are equal outsideA.

(29) Let f , g, h be functions andA be a set. Supposef andg are equal outsideA andg andh
are equal outsideA. Then f andh are equal outsideA.
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(30) For all functionsf , g and for every setA such that f and g are equal outsideA holds
dom f \A = domg\A.

(31) For all functionsf , g and for every setA such that domg⊆ A holds f and f+·g are equal
outsideA.

Let f be a function and leti, x be sets. The functorf +· (i,x) yielding a function is defined by:

(Def. 3) f +· (i,x) =
{

f+·(i 7−→. x), if i ∈ dom f ,
f , otherwise.

We now state several propositions:

(32) For every functionf and for all setsd, i holds dom( f +· (i,d)) = dom f .

(33) For every functionf and for all setsd, i such thati ∈ dom f holds( f +· (i,d))(i) = d.

(34) For every functionf and for all setsd, i, j such thati 6= j holds( f +· (i,d))( j) = f ( j).

(35) For every functionf and for all setsd, e, i, j such thati 6= j holds f +· (i,d)+· ( j,e) =
f +· ( j,e)+· (i,d).

(36) For every functionf and for all setsd, e, i holds f +· (i,d)+· (i,e) = f +· (i,e).

(37) For every functionf and for every seti holds f +· (i, f (i)) = f .

Let f be a finite sequence, leti be a natural number, and letx be a set. Note thatf +· (i,x) is
finite sequence-like.

Let D be a set, letf be a finite sequence of elements ofD, let i be a natural number, and letd be
an element ofD. Then f +· (i,d) is a finite sequence of elements ofD.

Next we state three propositions:

(38) LetD be a non empty set,f be a finite sequence of elements ofD, d be an element ofD,
andi be a natural number. Ifi ∈ dom f , then( f +· (i,d))i = d.

(39) LetD be a non empty set,f be a finite sequence of elements ofD, d be an element ofD,
andi, j be natural numbers. Ifi 6= j and j ∈ dom f , then( f +· (i,d)) j = f j .

(40) LetD be a non empty set,f be a finite sequence of elements ofD, d, e be elements ofD,
andi be a natural number. Thenf +· (i, fi) = f .

4. ON THE COMPOSITION OF A FINITE SEQUENCE OF FUNCTIONS

Let X be a set and letp be a function yielding finite sequence. The functor composeX p yields a
function and is defined by the condition (Def. 4).

(Def. 4) There exists a many sorted functionf indexed byN such that

(i) composeX p = f (lenp),

(ii) f (0) = idX, and

(iii) for every natural numberi such thati + 1 ∈ domp and for all functionsg, h such that
g = f (i) andh = p(i +1) holds f (i +1) = h·g.

Let p be a function yielding finite sequence and letx be a set. The functor apply(p,x) yields a
finite sequence and is defined by the conditions (Def. 5).

(Def. 5)(i) lenapply(p,x) = lenp+1,

(ii) (apply(p,x))(1) = x, and

(iii) for every natural numberi and for every functionf such thati ∈ domp and f = p(i) holds
(apply(p,x))(i +1) = f ((apply(p,x))(i)).
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We adopt the following convention:X, Y, x denote sets,p, q denote function yielding finite
sequences, andf , g, h denote functions.

Next we state a number of propositions:

(41) composeX /0 = idX.

(42) apply( /0,x) = 〈x〉.

(43) composeX(pa 〈 f 〉) = f ·composeX p.

(44) apply(pa 〈 f 〉,x) = (apply(p,x))a 〈 f ((apply(p,x))(lenp+1))〉.

(45) composeX(〈 f 〉a p) = composef ◦X p· ( f �X).

(46) apply(〈 f 〉a p,x) = 〈x〉a apply(p, f (x)).

(47) composeX〈 f 〉= f · idX.

(48) If dom f ⊆ X, then composeX〈 f 〉= f .

(49) apply(〈 f 〉,x) = 〈x, f (x)〉.

(50) If rngcomposeX p⊆Y, then composeX(pa q) = composeY q·composeX p.

(51) (apply(pa q,x))(len(pa q)+1) = (apply(q,(apply(p,x))(lenp+1)))(lenq+1).

(52) apply(pa q,x) = (apply(p,x)) $a apply(q,(apply(p,x))(lenp+1)).

(53) composeX〈 f ,g〉= g· f · idX.

(54) If dom f ⊆ X or dom(g· f )⊆ X, then composeX〈 f ,g〉= g· f .

(55) apply(〈 f ,g〉,x) = 〈x, f (x),g( f (x))〉.

(56) composeX〈 f ,g,h〉= h·g· f · idX.

(57) If dom f ⊆ X or dom(g· f )⊆ X or dom(h·g· f )⊆ X, then composeX〈 f ,g,h〉= h·g· f .

(58) apply(〈 f ,g,h〉,x) = 〈x〉a 〈 f (x),g( f (x)),h(g( f (x)))〉.

Let F be a finite sequence. The functor firstdom(F) is defined by:

(Def. 6)(i) firstdom(F) is empty ifF is empty,

(ii) firstdom(F) = π1(F(1)), otherwise.

The functor lastrng(F) is defined as follows:

(Def. 7)(i) lastrng(F) is empty ifF is empty,

(ii) lastrng(F) = π2(F(lenF)), otherwise.

The following three propositions are true:

(59) firstdom( /0) = /0 and lastrng( /0) = /0.

(60) For every finite sequencep holds firstdom(〈 f 〉a p) = dom f and lastrng(pa 〈 f 〉) = rng f .

(61) For every function yielding finite sequencep such thatp 6= /0 holds rngcomposeX p ⊆
lastrng(p).

Let I1 be a finite sequence. We say thatI1 is composable if and only if:

(Def. 8) There exists a finite sequencep such that lenp = lenI1 +1 and for every natural numberi
such thati ∈ domI1 holdsI1(i) ∈ p(i +1)p(i).

One can prove the following proposition
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(62) For all finite sequencesp, q such thatpa q is composable holdsp is composable andq is
composable.

One can check that every finite sequence which is composable is also function yielding.
Let us observe that every finite sequence which is empty is also composable.
Let f be a function. Observe that〈 f 〉 is composable.
Let us note that there exists a finite sequence which is composable, non empty, and non-empty.
A composable sequence is a composable finite sequence.
Next we state several propositions:

(63) For every composable sequencep such thatp 6= /0 holds domcomposeX p = firstdom(p)∩
X.

(64) For every composable sequencep holds domcomposefirstdom(p) p = firstdom(p).

(65) For every composable sequencep and for every functionf such that rngf ⊆ firstdom(p)
holds〈 f 〉a p is a composable sequence.

(66) For every composable sequencep and for every functionf such that lastrng(p) ⊆ dom f
holdspa 〈 f 〉 is a composable sequence.

(67) For every composable sequencep such that x ∈ firstdom(p) and x ∈ X holds
(apply(p,x))(lenp+1) = (composeX p)(x).

Let X, Y be sets. Let us assume that ifY is empty, thenX is empty. A composable sequence is
said to be a composable sequence fromX into Y if:

(Def. 9) firstdom(it) = X and lastrng(it)⊆Y.

Let Y be a non empty set, letX be a set, and letF be a composable sequence fromX into Y.
Then composeX F is a function fromX into Y.

Let q be a non-empty non empty finite sequence. A finite sequence is called a composable
sequence alongq if:

(Def. 10) len it+1= lenq and for every natural numberi such thati ∈ domit holds it(i)∈ q(i +1)q(i).

Let q be a non-empty non empty finite sequence. Note that every composable sequence alongq
is composable and non-empty.

One can prove the following two propositions:

(68) Letq be a non-empty non empty finite sequence andp be a composable sequence alongq.
If p 6= /0, then firstdom(p) = q(1) and lastrng(p)⊆ q(lenq).

(69) Letq be a non-empty non empty finite sequence andp be a composable sequence alongq.
Then domcomposeq(1) p = q(1) and rngcomposeq(1) p⊆ q(lenq).

Let f be a function and letn be an element ofN. The functorf n yielding a function is defined
by the condition (Def. 11).

(Def. 11) There exists a functionp from N into (dom f ∪ rng f )→̇(dom f ∪ rng f ) such thatf n = p(n)
and p(0) = iddom f∪rng f and for every elementk of N there exists a functiong such that
g = p(k) andp(k+1) = g· f .

In the sequelm, n are natural numbers.
We now state a number of propositions:

(70) f 0 = iddom f∪rng f .

(71) f n+1 = f n · f .

(72) f 1 = f .
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(73) f n+1 = f · f n.

(74) dom( f n)⊆ dom f ∪ rng f and rng( f n)⊆ dom f ∪ rng f .

(75) If n 6= 0, then dom( f n)⊆ dom f and rng( f n)⊆ rng f .

(76) If rng f ⊆ dom f , then dom( f n) = dom f and rng( f n)⊆ dom f .

(77) f n · iddom f∪rng f = f n.

(78) iddom f∪rng f · f n = f n.

(79) f n · f m = f n+m.

(80) If n 6= 0, then( f m)n = f m·n.

(81) If rng f ⊆ dom f , then( f m)n = f m·n.

(82) /0n = /0.

(83) (idX)n = idX.

(84) If rng f misses domf , then f 2 = /0.

(85) For every functionf from X into X holds f n is a function fromX into X.

(86) For every functionf from X into X holds f 0 = idX.

(87) For every functionf from X into X holds( f m)n = f m·n.

(88) For every partial functionf from X to X holds f n is a partial function fromX to X.

(89) If n 6= 0 anda∈ X and f = X 7−→ a, then f n = f .

(90) For every functionf and for every natural numbern holds f n = composedom f∪rng f (n 7→ f ).
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[14] Czesław Bylínski. Cartesian categories.Journal of Formalized Mathematics, 4, 1992.http://mizar.org/JFM/Vol4/cat_4.html.

[15] Agata Darmochwał. Finite sets.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/finset_1.html.

[16] Beata Madras. Product of family of universal algebras.Journal of Formalized Mathematics, 5, 1993.http://mizar.org/JFM/Vol5/
pralg_1.html.

[17] Beata Padlewska. Families of sets.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/setfam_1.html.

[18] Dariusz Surowik. Cyclic groups and some of their properties — part I.Journal of Formalized Mathematics, 3, 1991.http://mizar.
org/JFM/Vol3/gr_cy_1.html.

[19] Andrzej Trybulec. Binary operations applied to functions.Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/
Vol1/funcop_1.html.

[20] Andrzej Trybulec. Domains and their Cartesian products.Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/
Vol1/domain_1.html.

[21] Andrzej Trybulec. Tarski Grothendieck set theory.Journal of Formalized Mathematics, Axiomatics, 1989.http://mizar.org/JFM/
Axiomatics/tarski.html.

[22] Andrzej Trybulec. Many-sorted sets.Journal of Formalized Mathematics, 5, 1993.http://mizar.org/JFM/Vol5/pboole.html.

[23] Andrzej Trybulec. Subsets of real numbers.Journal of Formalized Mathematics, Addenda, 2003.http://mizar.org/JFM/Addenda/
numbers.html.

[24] Wojciech A. Trybulec. Pigeon hole principle.Journal of Formalized Mathematics, 2, 1990.http://mizar.org/JFM/Vol2/finseq_
4.html.

[25] Zinaida Trybulec. Properties of subsets.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/subset_1.html.

[26] Edmund Woronowicz. Relations and their basic properties.Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/
Vol1/relat_1.html.

[27] Edmund Woronowicz. Relations defined on sets.Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/
relset_1.html.

Received January 12, 1996

Published January 2, 2004

http://mizar.org/JFM/Vol4/cat_4.html
http://mizar.org/JFM/Vol1/finset_1.html
http://mizar.org/JFM/Vol5/pralg_1.html
http://mizar.org/JFM/Vol5/pralg_1.html
http://mizar.org/JFM/Vol1/setfam_1.html
http://mizar.org/JFM/Vol3/gr_cy_1.html
http://mizar.org/JFM/Vol3/gr_cy_1.html
http://mizar.org/JFM/Vol1/funcop_1.html
http://mizar.org/JFM/Vol1/funcop_1.html
http://mizar.org/JFM/Vol1/domain_1.html
http://mizar.org/JFM/Vol1/domain_1.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Vol5/pboole.html
http://mizar.org/JFM/Addenda/numbers.html
http://mizar.org/JFM/Addenda/numbers.html
http://mizar.org/JFM/Vol2/finseq_4.html
http://mizar.org/JFM/Vol2/finseq_4.html
http://mizar.org/JFM/Vol1/subset_1.html
http://mizar.org/JFM/Vol1/relat_1.html
http://mizar.org/JFM/Vol1/relat_1.html
http://mizar.org/JFM/Vol1/relset_1.html
http://mizar.org/JFM/Vol1/relset_1.html

	miscellaneous facts about functions By grzegorz bancerek and andrzej trybulec

