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Summary. A supplement of[3] and]2], i.e. some useful and explanatory properties
of the product and also the curried and uncurried functions are shown. Besides, the functions
yielding functions are considered: two different products and other operation of such functions
are introduced. Finally, two facts are presented: quasi-distributivity of the power of the set to
other one w.r.t. the unionx"® ~ 1, X"¥) and quasi-distributivity of the product w.r.t.
the raising to the powerTy f (X)* ~ ([Tx f (x))%).
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The articles([156],[[15],[[9],117],118].[16],[14],[113],[[7],[[8].[[5], (1], ([14], [[10], ({11 ],[[2],[12], and
[3] provide the notation and terminology for this paper.

1. PROPERTIES OFCARTESIAN PRODUCT

For simplicity, we use the following conventior; vy, y1, Y2, Z & X, Y, Z, Vi, V, are setsf, g, h,
W, f1, f, are functionsj is a natural numbeR is a permutation oK, D, D1, D, D3 are non empty
sets,d; is an element 0D, d, is an element ob,, andds is an element oDs.

We now state a number of propositions:

(1) xe (X) iff there existsy such thay € X andx = (y).
(2) ze(X,Y) iff there existx, y such thakk € X andy € Y andz= (x,y).
(3) ae[(X,Y,Z) iff there existx, y, zsuch thak € X andy € Y andze Z anda = (x,y,2).

4) m(p)=np*

(5) [1(D1,D2) = {(d1,dz)}.

(6) M(D,D)=D?

(7)  M(D1,D2,D3) = {(d1,dz,d3)}
(8) (D,D,D)=D?3

9 (i~ D)=D"

(10) [ C (U)o,
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2. CURRIED AND UNCURRIED FUNCTIONS OF SOME FUNCTIONS
We now state a number of propositions:
(11) If xe domnf, then there exisy, zsuch thak = (y, z).
12) A([X,Y]r—2)=[Y,X]+—z
(13) curryf = curry ~f and uncurnf = .~uncurry f.

(14) I [X,Y]#0, thencurryf[X,Y]—2)=X+— (Y—2z)and curry([ X,Y]— 2) =
Y — (X+— 2).

(15) uncurnfX — (Y —2)) =X, Y]+ zand uncurrX — (Y — 2)) = [Y, X]+—z
(16) If xe domf andg = f(x), then rngy C rnguncurryf and rngy C rnguncurry f.

(17) domuncurrgX — f)=[:X, domf ] and rnguncurrgX — f) C rngf and domuncurryX —
f) = [domf, X ] and rnguncurfX — f) C rngf.

(18) If X # 0, then rnguncurrgX — f) = rngf and rnguncuryf{X — f) =rngf.
(19) IfEX,Y]#0andf € Z%Y1 then curryf € (Z¥)X and curry f € (ZX)Y.

(20) If f € (2¥)X, then uncurnyf € ZEX%Y7 and uncurryf e ZFY:X,

(21) Ifcurryf € (Z¥)* orcurry f € (ZX)Y and if domf C [[V4, V» ], thenf € ZEXY,

(22) Ifuncurryf e ZEXY or uncurry f € ZEY-X1 and if rngf € V15V, and if domf = X, then
f e (29

(23) If f € [X,Y]>Z, then curryf € X—=(Y—=Z) and curryf € Y= (X-2Z).
(24) If f e X>(Y>Z), then uncurnyf € [ X,Y]—-Z and uncurryf € [Y, X]-Z.

(25) If curryf € X->(Y-5Z) or curry f € Y-5(X-Z) and if domf C [V, V, ], thenf € [ X,
Y]->Z.

(26) [Ifuncurryf € [X,Y]=Zoruncurry f € [[Y, X ]>Z and if rngf C V31—V, and if domf C
X, thenf € X5(Y=2).

3. FUNCTIONS YIELDING FUNCTIONS

Let X be a set. The functor SpX is defined as follows:
(Def. 1) xe€ Suh X iff x e X andxis a function.
Next we state four propositions:
(27) SubX C X.
(28) xc f~1(Sulrngf)iff xc domf andf(x) is a function.
(29) Sub0=0and Sub{f} ={f} and Sub{f,g} = {f,g} and Sub{f,g,h} = {f,g,h}.
(30) IfY C SubX,then SubY =Y.
Let f be a function. The functor dapf (k) yielding a function is defined as follows:

(Def. 2) dom{domy f(k)) = f~1(Sulyrngf) and for everyx such thatx € f~1(Sulyrngf) holds
(domy f(k))(x) = T (f(X)).

The functor rng f (k) yielding a function is defined by:
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(Def. 3) donfrng, f(k)) = f~1(Sulrngf) and for everyx such thatx € f~1(Sulrngf) holds
(mg, f(K))(x) = T (f(x)).

The functom f is defined as follows:
(Def. 4) Nf=Nrngf.

One can prove the following propositions:

(31) If xe domf andg= f(x), thenx € dom(domy f(k)) and (dom f(K))(x) = domg and
x € dom(rng, f(k)) and(rng, f(k))(x) = rngg.

(32) domO(k) =0andrng 0(k) = 0.
(33) dom(f)(k) = (domf) and rng(f)(k) = (rngf).
(34) dom(f,g)(k) = (domf,domg) and rng(f,g)(k) = (rngf,rngg).
(35) dom(f,g,h)(k) = (domf,domg,domh) and rng(f,g,h)(k) = (rngf,rngg,rnghy).
(36) dom(X — f)(K) = X — domf and rng (X — f)(k) = X — rngf.
(37) If f £0,thenxe N f iff for everyy such thay € domf holdsx € f(y).
(38) NO=0.
(39) U(X) =X andn(X) =
(40) U(X,Y)=XUY andN(X,Y) =XnNY.
(41) U(X,Y,Z) =XUYUZandN(X,Y,Z) =XNYNZ.

(42) UO+—Y)=0andN(0+—Y)=0.

(43) X #0, thenJ(X — Y) =Y andN(X — Y) =Y.

Let f be a function and let, y be sets. The functoi(x)(y) yields a set and is defined by:
(Def. 5)  f(x)(y) = (uncurryf)({x,y)).
Next we state several propositions:

(44) Ifxedomf andg = f(x) andy € domg, thenf (x)(y) = g(y).

(45) Ifxedomf,then(f)(1)(x) = f(x) and(f,g)(1)(x) = f(x) and(f,g,h)(1)(x) = f(x).

(46) Ifx € domg, then(f,g)(2)(x) = g(x) and(f,g,h)(2)(x) = g(x).

(47) If xe domh, then(f,g,h)(3)(x) = h(x).

(48) Ifxe X andy € domf, then(X +— f)(X)(y) = f(y).

4. CARTESIAN PRODUCT OF FUNCTIONS WITH THE SAME DOMAIN

Let f be a function. The functqf]* f yields a function and is defined by:
(Def. 6) " f = curry(uncurry f [N (dom f(k)), domf ).
One can prove the following propositions:
(49) dom* f =N(dom f(k)) and rng* f C [](rng, f(K)).
(50) If x e domp* f, then(7* f)(x) is a function.

(51) Ifxedom* f andg= ([7* f)(x), then dongy = f~1(Sulrngf) and for every such that
y € domg holds(y, x} € domuncurryf andg(y) = (uncurryf)((y, X}).



CARTESIAN PRODUCT OF FUNCTIONS 4

(52) Ifxedom[]* f, then for everyg such thag € rngf holdsx € domg.

(53) Ifgerngf and for everyg such thag € rngf holdsx € domg, thenx € dom[]* f.
(54) If xedomf andg = f(x) andy € dom[]* f andh = (7" f)(y), theng(y) = h(x).
(55) Ifxedomf andf(x) is a function andy € dom[]* f, thenf(x)(y) = ([7* ) (y)(X).

Let f be a function. The functor Freg®) yielding a function is defined by the conditions
(Def. 7).

(Def. 7)()) domFregéf) = ](domy f(k)), and

(i)  for every g such thatg € [](domy f(k)) there existsh such that(Fregd f))(g) = h and
domh = f~1(Sulrngf) and for everyx such thatx € domh holdsh(x) = (uncurryf)((x,

9(x)))-
One can prove the following propositions:
(56) If ge ](domyk f(K)) andx € domg, then(Fregé f))(g)(x) = f(X)(g(x)).

(57) Ifxedomf andg= f(x) andh e [](domy f(k)) andh’ = (Fregé f))(h), thenh(x) € domg
andh/(x) = g(h(x)) andh’ € [](rng, f(K)).

(58) rngFregéf) =[1(rng, f(K)).

(59) If0¢rngf, then Fregéf) is one-to-one iff for everyg such thag € rngf holdsg is one-
to-one.

5. CARTESIAN PRODUCT OF FUNCTIONS

One can prove the following propositions:
(60) *0=0and Fregéd) = {0} — 0.
(61) dom[7*(h) = domh and for every such thai € domh holds([7*(h))(x) = (h(x)).

(62) dom[7*(f1, f2) = domfy Nndomf, and for everyx such thatx € domf; N domf, holds
(17 (1, 2)) (%) = (f1(x), f2(X)).

(63) If X # 0, then donT]*(X — f) = domf and for everyx such thatx € domf holds
(M (X— ) (x) =X — f(x).

(64) domFreggh)) = [1(domh) and rngFreggh)) = [](rngh) and for everyx such thai €
domh holds(Fregé (h)))((x)) = (h(x)).

(65) domFregg f1, f2)) = []{domfi,domf,) and rngFregg f1, f2)) = [1(rngf1,rngfz) and
for all x, y such thak € domf; andy € domf, holds(Fregéd(f1, f2)))((x,y)) = (f1(x), fa(y)).

(66) domFregeX — f) = (domf)* and rgFregeX — f) = (rgf)* and for everyg such
thatg € (domf)* holds(FregéX — f))(g) = f - g.

(67) If x € domfy andx € domfy, then for allys, y» holds (f1, f2) (X) = {y1, y2) iff ([7"(f1,
f2))(X) = (y1,¥2).

(68) If x € domfy andy € domf,, then for ally;, y» holds [: f1, f2]({X,¥)) = (y1, y2) iff
(Fregé<f17 f2>))(<x7y>) = <y17y2>'

(69) If domf = X and dormg = X and for everyx such thatx € X holds f(x) ~ g(x), then
nf~ne

(70) If domf =domh and dong =rngh andh is one-to-one and for everysuch thak € domh
holds f (x) =~ g(h(x)), then[] f =~ []0.

(71) Ifdomf =X, then[]f ~](f-P).
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6. FUNCTION YIELDING POWERS

Let us considerf, X. The functorX yielding a function is defined as follows:
(Def. 8) don{X") = domf and for every such thak € domf holdsX(x) = X .
We now state several propositions:
(72) 1f0¢ rgf, thend’ = domf — 0.
(73) X°=0.
(74) Y = (YX).
(75) Z™*Y) = (zX,ZY).
(76) ZX—Y =X+ 2",
(77) XUdisiontf o m(xf).
Let us consideK, f. The functorf yielding a function is defined by:
(Def. 9) don{f*) = domf and for every such thak € domf holds f*(x) = f(x)*.
The following propositions are true:
(78) f%=domf — {0}.
(79) 0% =0.
(80) (Y)X = (YX).
(81) (Y,Z)X =(YX,Z%).
(82 (Y+—2Z)X=Y+—ZX,
®83) N =(nH*
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