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Summary. In the article we introduce some operations on functions. We define the
natural ordering relation on functions. The fact that a funcfiaa less than a functiog we
denote byf < gand we define by graghC graphf. In the sequel we define the modifications
of a function f by a functiong denotedf+-g and then-th iteration of the composition of a
function f denoted byf". We prove some propositions related to the introduced notions.

MML Identifier: FUNCT_4.

WWW: http://mizar.org/JFM/Vol2/funct_4.html

The articlesl[6],4],[7], 18], [1], [9], [2], [3], and([5] provide the notation and terminology for this
paper.

We adopt the following rulesa, b, x, X, X1, X2, ¥, ¥, Y1, ¥2, 2 X, X', Y, Y’, Z, Z’ denote sets,
D, D’ denote non empty sets, aridg, h denote functions.

One can prove the following propositions:

(1) |Iffor everyzsuch that € Z there exisk, y such that = (X, y), then there exisX, Y such
thatZ C [ X,Y].

(2) g-f=(glmgf)-f.

3B) 0=0+—a.

(4) idx Cidy iff X CY.

(B) IfXCY,thenX—alY+r—a

6) IfX+—alYr—Dhb thenXCY.

(7) tX#A0andX+—aCY+——b,thena=h.
(8) If xedomf,then{x}— f(x) C f.

Let us consideff, g. We introducef < gas a synonym of C g.
One can prove the following two propositions:

9) Y[fIX<H.
(10) If f <g,thenY[fIX <Y[g[X.

Let us consideff, g. The functorf +-g yields a function and is defined as follows:
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dom{ f+-g) = domf udomgand for everyi such thak € domf Udomg holds ifx € domg,

then(f+-g)(x) = g(x) and ifx ¢ domg, then(f+-g)(x) = f(x).

Let us notice that the functdr+-g is idempotent.
The following propositions are true:
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domf C dom(f+-g) and dong C dom(f+-g).

If x ¢ domg, then(f+-g)(x) = f(x).

x € dom(f+-g) iff x e domf orx e domg.

If x e domg, then(f+-g)(x) = g(x).

(f+-g)+h= f+(g+-h).

If f ~ gandx e domf, then(f+-g)(x) = f(x).

If domf misses dorg andx € domf, then(f+-g)(x) = f(x).
rng f+-g) C rngf Urngg.

rngg C rng(f+-g).

If domf C domg, thenf+.g=g.

O+-f = f.
f4-0=f.
idx +-idy = idxuy.

(f+-g)fdomg=g.

(f4-g)[(domf \ domg) C f.

gc f+.0.

If f ~g+-h, thenf[(domf\domh)~g.

If f ~g+:-h,thenf = h.

f~giff f C f+-g

f+gC fug.

f~giff fug= f+-g.

If domf misses domg, thenfug= f+-g.

If domf misses dorg, thenf C f+-g.

If domf misses dorg, then(f+-g)[domf = f.

f~giff f+-g=g+-f.

If domf misses dorg, thenf+.g=g+-f.

For all partial functiond, g from X to Y such thag is total holdsf+-g = g.
For all functionsf, g from X into Y such that ifY = 0, thenX =0 holdsf+-g=g.
For all functionsf, g from X into X holdsf+-g=g.

For all functionsf, g from X into D holdsf+-g=g.

For all partial functiond, g from X to'Y holds f+-gis a partial function fronK to Y.
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Let us considerf. The functor~f yielding a function is defined by the conditions (Def. 2).

(Def. 2)(i) For everyx holdsx € domn f iff there existy, zsuch thaik = (z y) and(y, z) € domf,
and

(i) for all y, zsuch thaty, zZ) € domf holds(~f)({z,y)) = f({y, 2)).
We now state a number of propositions:

(42) mg~f Crngf.

(43) (x,y) € domf iff (y,x) € dom~f.

(44) If {y,x) e domn~f, then(~f)({y, X)) = F((X, ¥)).

(45) There exisX, Y such that domnf C [ X, Y ].

(46) Ifdomf C [ X,Y], thendom~f C[Y, X].

47) Ifdomf =[X,Y], thendom~f =Y, X].

(48) Ifdomf C[X,Y],thenrng~f =rngf.

(49) For every partial functiori from [ X, Y ] to Z holds~f is a partial function frontY, X ]
to Z.

(50) For every functiorf from [} X,Y ] into Z such thaZ # 0 holds f is a function from[:,
X7]into Z.

(51) For every functiorf from [: X, Y ] into D holds~f is a function from[:Y, X ] into D.
(52) ~nfCHf.

(53) Ifdomf C [X,Y], then-~af = f.

(54) For every partial functiori from [: X, Y ] to Z holds~~ f = f.

(55) For every functiorf from [ X, Y ] into Z such thaZ # 0 holds~~f = f.

(56) For every functiorf from [ X, Y ] into D holds:~~f = f.

Let us considef, g. The functor: f, g:| yielding a function is defined by the conditions (Def. 3).

(Def. 3)(i) For everyzholdsz € dom(: f, g:| iff there existx, y, X, ¥ such thaz = ((x, X}, {y,Y'))
and(x, y) € domf and{x,y'} € domg, and

(i) forall x, y, X,y such that{x, y) € domf and(xX,y) € domg holds|:f, g:|({{x, X'}, (Y,
Y = (f({x.y), 9({X, ¥))).

One can prove the following propositions:
(B57) (X, X),{y,¥)) e dom:f, g iff (x,y) € domf and(xX,y) € domg.
(58) I {{x, X}, {y,y}) € domi:f, g:f, then|:f, g (({x, X}, (¥, ¥'))) = (F((x, ), 9({X, ¥')))-
(59) rnd:f,g:| C[rngf, rngg].
(60) Ifdomf C[X,Y]anddomgC [X', Y], thendonmif,g:)| C[[X, X" ], [Y,Y"]].
(61) Ifdomf =[X,Y]anddong=[X' Y] thendonif,g]|="[[X,X"][Y, Y]]

(62) Letf be a partial function front X, Y ] to Z andg be a partial function fron X', Y] to
Z'. Then|:f, g:| is a partial function fronf [: X, X" ], [Y,Y']]to [Z,Z"].

(63) Letf be afunction fron. X, Y ] into Z andg be a function fronf: X', Y'] intoZ. If Z# 0
andZ’ # 0, then|:f, g:| is a function from[: [ X, X" ], [Y,Y']]into [ Z, Z' ].
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(64) Letf be a function fron: X, Y] into D andg be a function from: X', Y'] into D’. Then
| f, g:| is a function from[: | X, X" ], [Y,Y"]] into D, D"].

Letx, y, a, b be sets. The functdk — a,y — b] yields a set and is defined as follows:
(Def. 4)  [x—ay— b] = ({x} — a)+-({y} —b).

Letx, y, a, b be sets. Observe thpt—— a,y — b is function-like and relation-like.
One can prove the following four propositions:

(65) donixq —— y1,% Y] = {X1,X2} and rngxs — y1,X2 — Y2 C {y1,¥2}.

(66) If X1 # X2, then[xy —— y1,Xo —— Yo](x1) = y1 and[xy —— y1,X2 — V2| (X2) = Y.
(67) If xg # %o, then rndxs — y1, %2 — Vo] = {y1,¥2}.

(68) [xir— Y X2 — Y] = {X1, %} —V.

Let us consideA, x1, x2 and letys, y» be elements oh. Then[x; — y1, X2 — y»] is a function
from {x1,%2} into A.
Next we state four propositions:

(69) For all sets, b, ¢, d and for every functiomg such that dorg = {a,b} andg(a) = c and
g(b) =d holdsg=[a+— c,b—d].

(70) Forall setx, y holds{x} — y = {{x, ¥} }.
(71) Forall sets, b, ¢, d such thata # ¢ holds[a— b,c— d] = {(a, b}, {c, d) }.
(72) Forallsets, b, x,y, X,y such tha # bandja—— x,b—y] = [ar— X/,b— y'] holds

x=x andy=Y.
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