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Summary. In this article we continue investigations from [22] of verification of a
design of subtracter circuit. We define it as a combination of multi cell circuit using schemes
from [6]. As the main result we prove the stability of the circuit.
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The articles([16],[[15],[[21],[[20],[12],[[17],[[24],[[1],.[8],L[9],[14],[[10],[I3],[[18],[[25],[[14],[[19],
[12], [13], [11], [23], [5], [1], and [22] provide the notation and terminology for this paper.
Let n be a natural number and lety be finite sequences. The functeBitSubtracterSiix,y)
yields an unsplit non void strict non empty many sorted signature with arity held in gates and
Boolean denotation held in gates and is defined by the condition (Def. 1).
(Def. 1) There exist many sorted sétsg indexed byN such that
(i) n-BitSubtracterStix,y) = f(n),
(i)  f(0) = 1GateCircSte, Booleal! — true),
(i) g(0) = (g, Boolea? — true), and
(iv) for every natural numban and for every non empty many sorted signattend for every

setzsuch thaG= f(n) andz= g(n) holdsf (n+ 1) = S+ BitSubtracterWithBorrowStx(n-+
1),y(n+1),z) andg(n+ 1) = BorrowOutputx(n+1),y(n+1),2).

Let n be a natural number and bety be finite sequences. The functeBitSubtracterCir¢x,y)
yielding a Boolean strict circuit af-BitSubtracterStix,y) with denotation held in gates is defined

by the condition (Def. 2).
(Def. 2) There exist many sorted sdtgg, h indexed byN such that
(i) n-BitSubtracterStix,y) = f(n),
(i) n-BitSubtracterCir¢x,y) = g(n),
(i)  f(0) = 1GateCircStfe, Boolea! — true),
(iv) g(0) = 1GateCircuite, Boolea! — true),
(v) h(0) = (¢, Booleal! — true), and

(vi) for every natural numben and for every non empty many sorted signatseand for every
non-empty algebr& over S and for every set such thatS= f(n) andA =g(n) andz=
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h(n) holds f (n+ 1) = S+- BitSubtracterWithBorrowS{x(n+ 1),y(n+1),z) andg(n+ 1) =
A+ BitSubtracterWithBorrowCirgx(n+ 1), y(n+ 1), z) andh(n+ 1) = BorrowOutpufx(n+
1),y(n+1),2).

Let n be a natural number and bety be finite sequences. The functeBitBorrowOutputx,y)
yields an element of InnerVerticesBitSubtracterSix,y)) and is defined by the condition (Def. 3).

(Def. 3) There exists a many sorted seindexed byN such thatn-BitBorrowOutputx,y) =
h(n) andh(0) = (g, Boolea! — true) and for every natural number holdsh(n+ 1) =
BorrowOutputx(n+1),y(n+1),h(n)).

We now state several propositions:

(1) Letx,y be finite sequences arfdg, h be many sorted sets indexed Wy Suppose that
(i)  f(0) = 1GateCircStfe, Boolea! — true),

(i)  g(0) = 1GateCircuite, Booleal! — true),

(i) h(0) = (g, Booleaf — true), and

(iv) for every natural numban and for every non empty many sorted signattend for every
non-empty algebr& over S and for every set such thatS= f(n) andA = g(n) andz=
h(n) holds f (n+ 1) = S+-BitSubtracterwWithBorrowStx(n+ 1),y(n+ 1),z) andg(n+1) =
A+-BitSubtracterWithBorrowCirgx(n+ 1), y(n+ 1), z) andh(n+ 1) = BorrowOutpufx(n+
1),y(n+1),2).
Letnbe a natural number. TherBitSubtracterSiix,y) = f (n) andn-BitSubtracterCir¢x,y) =
g(n) andn-BitBorrowOutputx,y) = h(n).

(2) Forall finite sequences b holds 0-BitSubtracterSta, b) = 1GateCircStfe, Booleal —
true) and 0-BitSubtracterCifa, b) = 1GateCircuite, Booleal! — true) and 0-BitBorrowOutpy, b) =
(¢, Booleal? — trug).

(3) Leta, b be finite sequences armbe a set. Suppose= (g, Boolearf — true). Then
1-BitSubtracterStia, b) = 1GateCircStfe, Boolea! — true)+- BitSubtracterWithBorrowSta(1),b(1), c)
and 1-BitSubtracterCifa, b) = 1GateCircuite, Boolea — true)+- BitSubtracterwithBorrowCir@(1), b(1), c)
and 1-BitBorrowOutpuia, b) = BorrowOutputa(1),b(1),c).

(4) Forall sets, b, csuch that = (g, Boolea! — true) holds 1-BitSubtracterStta), (b)) =
1GateCircStfe, Boolear? — true)+- BitSubtracterWithBorrowSta, b, ¢) and 1-BitSubtracterCifca), (b)) =
1GateCircuite, Booleal! — true)-+- BitSubtracterWithBorrowCir, b, ¢) and 1-BitBorrowOutpy{(a), (b)) =
BorrowOutputa, b, c).

(5) Letn be a natural numberp, g be finite sequences with lengthy and p1, p2, a1,
gy be finite sequences. ThenBitSubtracterS{ip ~ p1,q~ g1) = n-BitSubtracterS{p ~
p2,9" gz2) andn-BitSubtracterCir€p~ p1,q~ 1) = n-BitSubtracterCir€¢p~ p2,q~ ¢2) and
n-BitBorrowOutpufp ™ p1,q~ g1) = n-BitBorrowOutpu{p ™ p2,q" q2).

(6) Letnbe anatural numbex, y be finite sequences with lengthanda, b be sets. Thefn+
1)-BitSubtracterS{x~ (a),y~ (b)) = (n-BitSubtracterStx, y))+- BitSubtracterWithBorrowSte, b, n-BitBorrowOuty
and(n+1)-BitSubtracterCir¢x~ (a),y~ (b)) = (n-BitSubtracterCir¢x, y) )+- BitSubtracterwithBorrowCir@, b, n-Bit
and(n+ 1)-BitBorrowOQutpufx™ (a),y" (b)) = BorrowOutputa, b, n-BitBorrowOutputXx, y)).

(7) Let n be a natural number and, y be finite sequences. Therin +
1)-BitSubtracterS{ix,y) = (n-BitSubtracterSiix,y))+- BitSubtracterWithBorrowStx(n +
1),y(n+1),n-BitBorrowOutputx,y)) and(n+ 1)-BitSubtracterCir¢x,y) = (n-BitSubtracterCir¢x, y))+- BitSubtracts
1),y(n+1),n-BitBorrowOutputx,y)) and(n+ 1)-BitBorrowOutputXx, y) = BorrowOutputx(n+
1),y(n+ 1), n-BitBorrowOutputXx, y)).

(8) For all natural numbergs, m such thatn < m and for all finite sequences y holds
InnerVerticegn-BitSubtracterS{ix,y)) C InnerVerticesm-BitSubtracterSiix, y)).
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(9) For every natural number and for all finite sequences y holds InnerVerticegn +
1)-BitSubtracterS{ix,y)) = InnerVertice$n-BitSubtracterSiix, y) ) UInnerVertice$BitSubtracterWithBorrowS{x(n -+
1),y(n+1),n-BitBorrowOutputx,y))).

Letk, nbe natural numbers. Let us assume thatl andk < n. Letx, y be finite sequences. The
functor(k, n)-BitSubtracterOutpuk, y) yields an element of InnerVerticgsBitSubtracterSiix, y))
and is defined as follows:

(Def. 4) There exists a natural numbesuch thak = i + 1 and(k, n)-BitSubtracterOutpuk,y) =
BitSubtracterOutpyk(k), y(k), i-BitBorrowOutputXx, y)).

One can prove the following propositions:

(10) For all natural numbersn, k such thatk < n and for all finite sequences
X,y holds (k + 1,n)-BitSubtracterOutpyk,y) = BitSubtracterOutpyk(k + 1),y(k +
1), k-BitBorrowOutputx,y)).

(11) Forevery natural numbarand for all finite sequencesy holds InnerVertice@-BitSubtracterS{ix, y))
is a binary relation.

(12) For all setsx, y, c holds InnerVerticeBorrowlIStr(x,y,c)) = {{(X,y), ancha}, {{y,C),
and ), ((x,c), ancka)}.

(13) Forallsets, y, csuch thak # {(y,c), anch ) andy # ({x,C), ancha ) andc # ((X,y), anchs )
holds InputVerticeBorrowlStr(x,y,c)) = {x,y,c}.

(14) For all setsx, y, ¢ holds InnerVerticeBorrowSti(x,y,c)) = {{(X,y), ancha }, {{y,C),
and), ({x,c), anth, ) } U {BorrowOutputx,y,c)}.

(15) Forall sets, y, csuch thak # {(y,c), anc ) andy # ((x,C), ancha } andc # {{(X,y), antka )
holds InputVerticeBorrowSti(x,y,c)) = {X,y,c}.

(16) Forall sets, y, csuch thak # {(y,c), anc ) andy # ((x,C), ancha ) andc # {{(X,y), antka )
andc # {(x,y), xor) holds InputVertice@BitSubtracterWithBorrowS{K,y,c)) = {x,y,c}.

(17) For all setsx, y, ¢ holds InnerVerticeBitSubtracterwithBorrowStx,y,c)) = {{(X,y),
xor), 2GatesCircOutpyk, y, ¢, xor) } U{{(x,y), ancka), ({y;c), anck }, ((x,c), ancha ) } U{BorrowOutputx,y,c)}.

Letn be a natural number and bety be finite sequences. Observe thaitBorrowOutputx,y)
is pair.
Next we state several propositions:

(18) Letx, y be finite sequences amde a natural number. Thén-BitBorrowOutputx,y)); =
£ and(n-BitBorrowOutputx, y) ) = Booleal — trueandm ((n-BitBorrowOutputx, y))2) =

Boolead! or (n-BitBorrowOutputx,y)); = 3 and (n-BitBorrowOutputx,y)), = org and
 ((n-BitBorrowOutputx, y))2) = Booleart .

(19) Let n be a natural numberx, y be finite sequences, and be a set. Then
n-BitBorrowOutputx,y) # (p,anct) and n-BitBorrowOutputx,y) # (p,ants) and
n-BitBorrowOutputx,y) # (p, Xor).

(20) Let f, g be nonpair yielding finite sequences andbe a natural number. Then
InputVerticeg(n + 1)-BitSubtracterSif,g)) = InputVerticegn-BitSubtracterS{f,g)) U
(InputVertice¢BitSubtracterWithBorrowS{if (n+ 1),g(n+ 1), n-BitBorrowOutput f,g))) \
{n-BitBorrowOutput f,g)}) and InnerVertice@-BitSubtracterS{f,g)) is a binary relation
and InputVertice@-BitSubtracterStf, g)) has no pairs.

(21) For every natural numberand for all nonpair yielding finite sequencesy with lengthn
holds InputVertice@-BitSubtracterStix, y)) = rngxu rngy.
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(22) Letx, vy, c be sets,s be a state of BorrowCifg,y,c), anda;, ap, as be elements of

Boolean If a; = s({(x,y), anta)) anda, = s({(y,c), ancb)) andaz = s({{x,Cc), antha }),
then(Following(s)) (BorrowOutputx,y,c)) = a1 Vay V ag.

(23) LetX, y,C be sets. Suppose/jé (<y7 C>7 an@) andy# (<X7 C>a an(ba) andc# (<X? y>7 an(ha)

andc # {((x,y), xor). Let sbe a state of BorrowCif&,y,c). Then Followings, 2) is stable.

(24) Letx, y, c be sets. Suppose# {(y,c),ancd) andy # {(x,C),ancs) andc # {(x,

y), anta) andc # ((x,y), xor}). Let s be a state of BitSubtracterwithBorrowCircy, c)
and a3, ay, az be elements ofBoolean Supposea; = s(x) and a; = s(y)
and az = s(c). Then (Following(s,2))(BitSubtracterOutpyk,y,c)) = a; & ap ¢ az and
(Following(s,2))(BorrowOutputx,y,c)) = -ag Aax Vaz AagV —ag A as.

(25) Letx, y, c be sets. Suppose# ((y,c),anc) andy # ((x,c), antha ) andc # ((x,y),

ant, ) andc # ((x,y), Xxor). Let s be a state of BitSubtracterwWithBorrowCircy,c). Then
Following(s, 2) is stable.

(26) Letn be a natural numbeyx, y be nonpair yielding finite sequences with lengttands be
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a state oh-BitSubtracterCir¢x,y). Then Followings,1+ 2-n) is stable.
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