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Summary. We formalize the concept of the full subtracter circuit, define the structures
of bit subtract/borrow units for binary operations, and prove the stability of the circuit.

MML Identifier: FSCIRC_1.

WWW: http://mizar.org/JFM/Volll/fscirc_1.html

The articles[[9],8],[11],[18],[[8],01241,11],110],[151,[16],14],[12],[[2], and [7] provide the notation
and terminology for this paper.

1. BIT SUBTRACT AND BORROWCIRCUIT

In this papel, y, c are sets.
Letx, y, cbe sets. The functor BitSubtracterOutpyy, ¢) yields an element of InnerVerticgGatesCircS{i, y, ¢, xor))
and is defined by:

(Def. 1) BitSubtracterOutp(t,y,c) = 2GatesCircOutpux, y, c, Xor).

Let x, y, ¢ be sets. The functor BitSubtracterGixgy,c) yields a strict Boolean circuit of
2GatesCircS{K, y, c, xor) with denotation held in gates and is defined as follows:

(Def. 2) BitSubtracterCirx, y, c) = 2GatesCircuitx, y, ¢, xor).

Letx, y, c be sets. The functor Borrowl3;y, c) yielding an unsplit non void strict non empty
many sorted signature with arity held in gates and Boolean denotation held in gates is defined as
follows:

(Def. 3) BorrowlISt(x,y,c) = 1GateCircSti(x,y),anta)+- 1GateCircStf(y, c), anch) +- 1GateCircStf(x,
C),anchs).

Let x, y, ¢ be sets. The functor Borrow$ty, c) yields an unsplit non void strict non empty
many sorted signature with arity held in gates and Boolean denotation held in gates and is defined
as follows:

(Def. 4) BorrowStfx,y,c) = BorrowlIStr(x,y, c)+- 1GateCircSt{{ (X, y), ancha }, ({y, ), anc ), {{X,
C>7 anCiZa)) ) 0r3)'

Let X, y, ¢ be sets. The functor BorrowlCifx,y,c) yielding a strict Boolean circuit of
BorrowlStr(x,y, c) with denotation held in gates is defined as follows:

(Def. 5) BorrowlICirdx,y,c) = 1GateCircuitx, y,antha)+- 1GateCircuiy, c,anch)+- 1GateCircuitx, ¢, ancha).

The following propositions are true:
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(1) InnerVertice$BorrowStr(x,y,c)) is a binary relation.
(2) For all non pair sets, y, ¢ holds InputVerticeBorrowSti(x,y,c)) has no pairs.

(3) For every states of BorrowlCirc(x,y,c) and for all elements, b of Booleansuch that
a= s(x) andb = s(y) holds(Following(s))({(x,y), anta )) = —aAb.

(4) For every states of BorrowlCirc(x,y,c) and for all elements, b of Booleansuch that
a=s(y) andb = s(c) holds(Following(s))({(y,c), and)) = aAb.
)

(5) For every states of BorrowlCirc(x,y,c) and for all elements, b of Booleansuch that
a=s(x) andb = s(c) holds(Following(s))({(x,c), ant, }) = ~aAb.

Let X, y, ¢ be sets. The functor BorrowOutgxty,c) yielding an element of
InnerVerticegBorrowStr(x,y, c)) is defined as follows:

(Def. 6) BorrowOutputx,y,c) = {{({{X,y), anta), {(y,C), anch ), {{x,c), ancks )), ors ).

Let x, y, ¢ be sets. The functor BorrowCipgy,c) yielding a strict Boolean circuit of
BorrowStr(x, y, ) with denotation held in gates is defined as follows:

(Def. 7) BorrowCirgx, Y, c) = BorrowlICirc(x, Y, c)+- 1GateCircuit((x, y), ancha ), ((y,c), and ), ((X,
C), anchy ),0r3).

The following propositions are true:

(6) x € the carrier of BorrowStk,y,c) andy € the carrier of BorrowS{K,y,c) andc € the
carrier of BorrowStfx,y, c).

(7)  ((x,y), anta) € InnerVerticegBorrowSti(x,y,c)) and{(y,c), anc } € InnerVertice$BorrowStrx,y,c))
and{((x,c), anth, ) € InnerVerticegBorrowSti(x,y,c)).

(8) For all non pair set, y, ¢ holds x € InputVerticegBorrowSti(x,y,c)) and y €
InputVerticegBorrowStr(x, y, ¢)) andc € InputVerticegBorrowSti(x, y,c)).

(9) For all non pair setsx, y, c holds InputVertice@BorrowSt(x,y,c)) = {X,y,c}
and InnerVertice(SBorrOWStr(X,y,C)) = {<<X7y>,an(ba),(<y,c>,an¢>7(<X7C>,aana)} U
{BorrowOutputx,y,c)}.

(10) Letx, y, c be non pair setss be a state of BorrowCifg,y,c), anda;, a; be elements of
Boolean If a; = s(x) anday = s(y), then(Following(s)) ({{x,y), ands)) = —a; A ay.

(11) Letx, y, c be non pair setss be a state of BorrowCifg, y,c), anday, az be elements of
Boolean If a, = s(y) andasz = s(c), then(Following(s)) ({{y,c), ant}) = a» A az.

(12) Letx, y, c be non pair setss be a state of BorrowCifg,y, c), andas, az be elements of
Boolean If a; = s(x) andag = s(c), then(Following(s)) ({{x,c), antka )) = —a1 A as.

(13) Letx, y, ¢ be non pair sets be a state of BorrowCi(g,y,c), anda;, ap, ag be elements
of Boolean If a; = s({{x,y), anths )) anday = s({{y,c), and)) andaz = s({(x,C), ancha }),
then(Following(s)) (BorrowOutputx,y,c)) = a1 Vay V as.

(14) Letx, y, c be non pair setss be a state of BorrowCifg,y, c), andas, ay be elements of
Boolean If a; = s(x) andaz = s(y), then(Following(s, 2)) ({{x,y), anta )) = —ai A ap.

(15) Letx, y, c be non pair setss be a state of BorrowCifg, Y, ¢), anday, az be elements of
Boolean If a; = s(y) andag = s(c), then(Following(s, 2)) ({{y,c), anc)) = ax A as.

(16) Letx, y, c be non pair setss be a state of BorrowCifg, y, c), andas, az be elements of
Boolean If a; = s(x) andag = s(c), then(Following(s, 2))({(x,c), ands)) = —a; A as.

(17) Let x, y, ¢ be non pair sets,s be a state of BorrowCifg,y,c), and a;, ap,
az be elements ofBoolean If a; = s(x) and a; = s(y) and a3 = s(c), then
(Following(s, 2))(BorrowOutputx,y,c)) = ~ay Aax Vagx AagV —ag Aas.

(18) Forall non pair sets y, c and for every stateof BorrowCirc(x, Y, c) holds Followings, 2)
is stable.
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2. BIT SUBTRACTER WITH BORROWCIRCUIT

Let %, y, ¢ be sets. The functor BitSubtracterWithBorrow@&ty, c) yielding an unsplit non void
strict non empty many sorted signature with arity held in gates and Boolean denotation held in gates
is defined by:

(Def. 8) BitSubtracterWithBorrowSfx,y,c) = 2GatesCircS{K, y, c,xor)+- BorrowSti(x, y, ¢).

We now state three propositions:

(19) For all non pair setsg, y, ¢ holds InputVertice@BitSubtracterWithBorrowStx,y,c)) =
{xy.c}.

(20) For all non pair setsg, y, ¢ holds InnerVerticeBitSubtracterWithBorrowStx,y,c)) =

{{{x,y), xor}, 2GatesCircOutpyx, y, c,xor) } U{{(x,y), antka ), {{y,C), and ), {{x, ), ancha } } U
{BorrowOutputx,y,c)}.

(21) LetSbe anonempty many sorted signature. SupfSes8itSubtracterWithBorrowStx,y, c).
Thenx € the carrier ofSandy € the carrier ofSandc € the carrier ofS,

Letx, y, ¢ be sets. The functor BitSubtracterWithBorrowQitg, c) yielding a strict Boolean
circuit of BitSubtracterWithBorrowS(k, y, c) with denotation held in gates is defined by:

(Def. 9) BitSubtracterWithBorrowCifa, y, ¢) = BitSubtracterCir¢x, y, c)+- BorrowCirg(x, Y, ).

The following propositions are true:

(22) InnerVerticeBitSubtracterWithBorrowS{K,y, c)) is a binary relation.

(23) Forall non pair sets y, ¢ holds InputVertice@BitSubtracterWithBorrowStx, y, c)) has no
pairs.

(24) BitSubtracterOutp(,y, c) € InnerVertice$BitSubtracterwWithBorrowS¢K, y, ¢)) and BorrowOutpui, y, ¢) €
InnerVertice$BitSubtracterWithBorrowStK, y,c)).

(25) Letx, y, ¢ be non pair setss be a state of BitSubtracterWithBorrowCirzy,c),
and aj;, ay, az be elements ofBoolean  Supposea; = s(x) and a, = s(y)
and az = s(c). Then (Following(s, 2))(BitSubtracterOutpyk,y,c)) = a; ¢ a; ¢ az and
(Following(s,2))(BorrowOutpufx,y,c)) = —ag Aax Vaz AagV —ag A as.

(26) For all non pair setg, y, ¢ and for every stats of BitSubtracterWithBorrowCir(x,y, c)
holds Followingds, 2) is stable.
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