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The articles [15], [18], [16], [19], [7], [9], [4], [8], [14], [10], [1], [2], [3], [17], [13], [6], [11], [5],
and [12] provide the notation and terminology for this paper.

1. PRELIMINARIES

In this papern denotes a natural number.
Let I1 be a set. We say thatI1 is missingN if and only if:

(Def. 1) I1 missesN.

One can check that there exists a set which is non empty and missingN.
Let I1 be a finite sequence. We say thatI1 has zero if and only if:

(Def. 2) 0∈ rngI1.

We introduceI1 is without zero as an antonym ofI1 has zero.
Let us note that there exists a finite sequence of elements ofN which is non empty and has zero

and there exists a finite sequence of elements ofN which is non empty and without zero.

2. FREE UNIVERSAL ALGEBRA — GENERAL NOTIONS

Let U1 be a universal algebra and letn be a natural number. Let us assume thatn ∈ dom(the
characteristic ofU1). The functor oper(n,U1) yields an operation ofU1 and is defined by:

(Def. 4)1 oper(n,U1) = (the characteristic ofU1)(n).

Let U0 be a universal algebra. A subset ofU0 is called a generator set ofU0 if:

(Def. 5) The carrier of GenUA(it) = the carrier ofU0.

Let U0 be a universal algebra and letI1 be a generator set ofU0. We say thatI1 is free if and
only if the condition (Def. 6) is satisfied.

1 The definition (Def. 3) has been removed.

1 c© Association of Mizar Users
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(Def. 6) LetU1 be a universal algebra. SupposeU0 andU1 are similar. Letf be a function from
I1 into the carrier ofU1. Then there exists a functionh from U0 into U1 such thath is a
homomorphism ofU0 into U1 andh�I1 = f .

Let I1 be a universal algebra. We say thatI1 is free if and only if:

(Def. 7) There exists a generator set ofI1 which is free.

Let us observe that there exists a universal algebra which is free and strict.
Let U0 be a free universal algebra. Observe that there exists a generator set ofU0 which is free.
We now state the proposition

(1) LetU0 be a strict universal algebra andA be a subset ofU0. ThenA is a generator set ofU0

if and only if GenUA(A) = U0.

3. CONSTRUCTION OFDECORATEDTREE STRUCTURE FORFREE UNIVERSAL ALGEBRA

Let f be a non empty finite sequence of elements ofN and letX be a set. The functor REL( f ,X)
yielding a relation between domf ∪X and(dom f ∪X)∗ is defined by:

(Def. 8) For every elementa of dom f ∪X and for every elementb of (dom f ∪X)∗ holds〈〈a, b〉〉 ∈
REL( f ,X) iff a∈ dom f and f (a) = lenb.

Let f be a non empty finite sequence of elements ofN and letX be a set. The functor DTConUA( f ,X)
yielding a strict tree construction structure is defined as follows:

(Def. 9) DTConUA( f ,X) = 〈dom f ∪X,REL( f ,X)〉.

Let f be a non empty finite sequence of elements ofN and letX be a set. One can check that
DTConUA( f ,X) is non empty.

The following propositions are true:

(2) Let f be a non empty finite sequence of elements ofN andX be a set. Then the terminals
of DTConUA( f ,X)⊆ X and the nonterminals of DTConUA( f ,X) = dom f .

(3) Let f be a non empty finite sequence of elements ofN andX be a missingN set. Then the
terminals of DTConUA( f ,X) = X.

Let f be a non empty finite sequence of elements ofN and letX be a set. Note that DTConUA( f ,X)
has nonterminals.

Let f be a non empty finite sequence of elements ofN with zero and letX be a set. Note that
DTConUA( f ,X) has nonterminals and useful nonterminals.

Let f be a non empty finite sequence of elements ofN and letD be a missingN non empty set.
Note that DTConUA( f ,D) has terminals, nonterminals, and useful nonterminals.

Let f be a non empty finite sequence of elements ofN, let X be a set, and letn be a natural num-
ber. Let us assume thatn∈ dom f . The functor Sym(n, f ,X) yields a symbol of DTConUA( f ,X)
and is defined as follows:

(Def. 10) Sym(n, f ,X) = n.

4. CONSTRUCTION OFFREE UNIVERSAL ALGEBRA FORNON-EMPTY SET OF GENERATORS

AND GIVEN SIGNATURE

Let f be a non empty finite sequence of elements ofN qua non empty set, letD be a miss-
ing N non empty set, and letn be a natural number. Let us assume thatn ∈ dom f . The functor
FreeOpNSG(n, f ,D) yielding a homogeneous quasi total non empty partial function from TS(DTConUA( f ,D))∗

to TS(DTConUA( f ,D)) is defined by the conditions (Def. 11).

(Def. 11)(i) domFreeOpNSG(n, f ,D) = TS(DTConUA( f ,D)) fn, and

(ii) for every finite sequencep of elements of TS(DTConUA( f ,D)) such that p ∈
domFreeOpNSG(n, f ,D) holds(FreeOpNSG(n, f ,D))(p) = Sym(n, f ,D)-tree(p).
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Let f be a non empty finite sequence of elements ofN and letD be a missingN non empty set.
The functor FreeOpSeqNSG( f ,D) yields a finite sequence of operational functions of TS(DTConUA( f ,D))
and is defined by:

(Def. 12) lenFreeOpSeqNSG( f ,D) = len f and for everyn such thatn∈ domFreeOpSeqNSG( f ,D)
holds(FreeOpSeqNSG( f ,D))(n) = FreeOpNSG(n, f ,D).

Let f be a non empty finite sequence of elements ofN and letD be a missingN non empty set.
The functor FreeUnivAlgNSG( f ,D) yields a strict universal algebra and is defined as follows:

(Def. 13) FreeUnivAlgNSG( f ,D) = 〈TS(DTConUA( f ,D)),FreeOpSeqNSG( f ,D)〉.

The following proposition is true

(4) For every non empty finite sequencef of elements ofN and for every missingN non empty
setD holds signatureFreeUnivAlgNSG( f ,D) = f .

Let f be a non empty finite sequence of elements ofN and letD be a non empty missingN
set. The functor FreeGenSetNSG( f ,D) yielding a subset of FreeUnivAlgNSG( f ,D) is defined as
follows:

(Def. 14) FreeGenSetNSG( f ,D) = {the root tree ofs; s ranges over symbols of DTConUA( f ,D):
s∈ the terminals of DTConUA( f ,D)}.

One can prove the following proposition

(5) Let f be a non empty finite sequence of elements ofN andD be a non empty missingN
set. Then FreeGenSetNSG( f ,D) is non empty.

Let f be a non empty finite sequence of elements ofN qua non empty set and letD be a non
empty missingN set. Then FreeGenSetNSG( f ,D) is a generator set of FreeUnivAlgNSG( f ,D).

Let f be a non empty finite sequence of elements ofN, let D be a non empty missingN set,
let C be a non empty set, lets be a symbol of DTConUA( f ,D), and letF be a function from
FreeGenSetNSG( f ,D) intoC. Let us assume thats∈ the terminals of DTConUA( f ,D). The functor
πsF yields an element ofC and is defined as follows:

(Def. 15) πsF = F(the root tree ofs).

Let f be a non empty finite sequence of elements ofN, let D be a set, and lets be a symbol of
DTConUA( f ,D). Let us assume that there exists a finite sequencep such thats⇒ p. The functor
@s yields a natural number and is defined by:

(Def. 16) @s= s.

The following proposition is true

(6) For every non empty finite sequencef of elements ofN and for every non empty missing
N setD holds FreeGenSetNSG( f ,D) is free.

Let f be a non empty finite sequence of elements ofN and letD be a non empty missingN set.
Note that FreeUnivAlgNSG( f ,D) is free.

Let f be a non empty finite sequence of elements ofN and letD be a non empty missingN set.
Then FreeGenSetNSG( f ,D) is a free generator set of FreeUnivAlgNSG( f ,D).

5. CONSTRUCTION OFFREE UNIVERSAL ALGEBRA AND SET OF GENERATORS

Let f be a non empty finite sequence of elements ofN qua non empty set with zero, letD
be a missingN set, and letn be a natural number. Let us assume thatn ∈ dom f . The functor
FreeOpZAO(n, f ,D) yields a homogeneous quasi total non empty partial function from TS(DTConUA( f ,D))∗

to TS(DTConUA( f ,D)) and is defined by the conditions (Def. 17).
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(Def. 17)(i) domFreeOpZAO(n, f ,D) = TS(DTConUA( f ,D)) fn, and

(ii) for every finite sequencep of elements of TS(DTConUA( f ,D)) such that p ∈
domFreeOpZAO(n, f ,D) holds(FreeOpZAO(n, f ,D))(p) = Sym(n, f ,D)-tree(p).

Let f be a non empty finite sequence of elements ofN with zero and letD be a missing
N set. The functor FreeOpSeqZAO( f ,D) yields a finite sequence of operational functions of
TS(DTConUA( f ,D)) and is defined by:

(Def. 18) lenFreeOpSeqZAO( f ,D) = len f and for everyn such thatn∈ domFreeOpSeqZAO( f ,D)
holds(FreeOpSeqZAO( f ,D))(n) = FreeOpZAO(n, f ,D).

Let f be a non empty finite sequence of elements ofN with zero and letD be a missingN set.
The functor FreeUnivAlgZAO( f ,D) yields a strict universal algebra and is defined by:

(Def. 19) FreeUnivAlgZAO( f ,D) = 〈TS(DTConUA( f ,D)),FreeOpSeqZAO( f ,D)〉.

Next we state three propositions:

(7) For every non empty finite sequencef of elements ofN with zero and for every missingN
setD holds signatureFreeUnivAlgZAO( f ,D) = f .

(8) Let f be a non empty finite sequence of elements ofN with zero andD be a missingN set.
Then FreeUnivAlgZAO( f ,D) has constants.

(9) For every non empty finite sequencef of elements ofN with zero and for every missingN
setD holds Constants(FreeUnivAlgZAO( f ,D)) 6= /0.

Let f be a non empty finite sequence of elements ofN with zero and letD be a missingN set.
The functor FreeGenSetZAO( f ,D) yielding a subset of FreeUnivAlgZAO( f ,D) is defined by:

(Def. 20) FreeGenSetZAO( f ,D) = {the root tree ofs; s ranges over symbols of DTConUA( f ,D):
s∈ the terminals of DTConUA( f ,D)}.

Let f be a non empty finite sequence of elements ofN qua non empty set with zero and letD
be a missingN set. Then FreeGenSetZAO( f ,D) is a generator set of FreeUnivAlgZAO( f ,D).

Let f be a non empty finite sequence of elements ofN with zero, letD be a missingN set,
let C be a non empty set, lets be a symbol of DTConUA( f ,D), and letF be a function from
FreeGenSetZAO( f ,D) intoC. Let us assume thats∈ the terminals of DTConUA( f ,D). The functor
πsF yields an element ofC and is defined by:

(Def. 21) πsF = F(the root tree ofs).

We now state the proposition

(10) For every non empty finite sequencef of elements ofN with zero and for every missingN
setD holds FreeGenSetZAO( f ,D) is free.

Let f be a non empty finite sequence of elements ofN with zero and letD be a missingN set.
One can check that FreeUnivAlgZAO( f ,D) is free.

Let f be a non empty finite sequence of elements ofN with zero and letD be a missingN set.
Then FreeGenSetZAO( f ,D) is a free generator set of FreeUnivAlgZAO( f ,D).

Let us observe that there exists a universal algebra which is strict and free and has constants.
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