JOURNAL OF FORMALIZED MATHEMATICS
Volumell, Released 1999, Published 2003
Inst. of Computer Science, Univ. of Bialystok

The Sequential Closure Operator in Sequential and
Frechet Spaces

Barttomiej Skorulski
University of Biatystok

MML Identifier: FRECHET2.

WWW: http://mizar.org/JFM/Volll/frechet2.html

The articles[[1B],[[2B],[[21],[1R],[18],[[16],[191,[1241,[16],[[7],[T1i7],[[8], 141, [[L], ([14],[T1B],[112],[15],
[10], [186], [22], [11], [20], and[[18] provide the notation and terminology for this paper.

1. THE PROPERTIES OFSEQUENCES ANDSUBSEQUENCES

Let T be a non empty 1-sorted structure, fdbe a function fronN into N, and letSbe a sequence
of T. ThenS. f is a sequence df.

Next we state two propositions:

(1) LetT be a non empty 1-sorted structufebe a sequence df, andN; be an increasing
sequence of naturals. Th&N; is a sequence dfF.

(2) For every sequendg; of real numbers such th&; = idy holdsR; is an increasing se-
guence of naturals.

Let T be a non empty 1-sorted structure anddéke a sequence af. A sequence of is called
a subsequence &if:

(Def. 1) There exists an increasing sequeNg®f naturals such that i S- Nj.

The following propositions are true:

(3) For every non empty 1-sorted structdrdolds every sequencof T is a subsequence of
S

(4) For every non empty 1-sorted structureand for every sequenceof T and for every
subsequencg; of Sholds rngS; C rngS.

Let T be a non empty 1-sorted structure,Ngtbe an increasing sequence of naturals, an8 let
be a sequence @f. ThenS: Nj is a subsequence &f
One can prove the following proposition

(5) LetT be anon empty 1-sorted structu&,be a sequence df, andS; be a subsequence
of . Then every subsequence®fis a subsequence &f.

In this article we present several logical schemes. The sclsrh8eqChoicdeals with a non
empty 1-sorted structurd, a sequence of 4, and a unary predicatg, and states that:
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There exists a subsequengg of B such that for every natural numbarholds
2[Sy(n)]
provided the parameters satisfy the following condition:
e For every natural numberthere exists a natural numh@rand there exists a point
of 4 such than < mandx = B(m) andP[x].
The schem&ubSeqChoicedeals with a hon empty topological structufie a sequence of
A4, and a unary predicat®, and states that:
There exists a subsequengg of B such that for every natural numbarholds
P[Si(n)]
provided the parameters meet the following requirement:
e For every natural numberthere exists a natural numb@rand there exists a poirt
of 4 such than < mandx = B(m) andP[x.
We now state several propositions:

(6) LetT be a non empty 1-sorted structufebe a sequence af, andA be a subset of .
Suppose that for every subsequergeof S holds rngs; Z A. Then there exists a natural
numbem such that for every natural numbersuch than < mholdsS(m) ¢ A.

(7) LetT be a non empty 1-sorted structuBhe a sequence df, andA, B be subsets of . If
rngSC AU B, then there exists a subsequefg®f Ssuch that rn@ C AorrngS; C B.

(8) LetT be a non empty topological space. Suppose that for every seqB8aice and for
all pointsxy, Xz of T such thai; € Lim Sandx, € Lim Sholdsx; = x,. ThenT is aT; space.

(9) LetT be a non empty topological space. Supp®dss aT, space. LeSbe a sequence of
T andxq, X2 be points ofT. If x; € Lim Sandx, € Lim S thenx; = xo.

(10) LetT be a non empty topological space. Suppbsefirst-countable. Thei is aT, space
if and only if for every sequenc®of T and for all points«, x; of T such that; € Lim Sand
X2 € Lim Sholdsx; = xo.

(11) For every non empty topological structireand for every sequencgof T such thatSis
not convergent holds Lilg= 0.

(12) LetT be a non empty topological space afidbe a subset of . If A is closed, then for
every sequenc8of T such that rng C A holds LimSC A.

(13) LetT be a non empty topological structuigpe a sequence df, andx be a point ofT.
SupposeEsis not convergent ta. Then there exists a subsequeg®f Ssuch that for every
subsequenc®; of § holdsS; is not convergent ta.

2. THE CONTINUOUS MAPS
Next we state two propositions:

(14) LetTy, T, be non empty topological spaces ahdbe a map fromTy into T,. Supposef
is continuous. LeE, be a sequence Gf andS; be a sequence b. If S = f- S, then
f°LimS CLimS,.

(15) LetTy, T> be non empty topological spaces ahébe a map fronil; into T,. Supposen;
is sequential. Theri is continuous if and only if for every sequenggof T, and for every
sequenc&, of T such thats, = f - S holdsf°Lim S C Lim S,.

3. THE SEQUENTIAL CLOSURE OPERATOR

Let T be a non empty topological structure andAdbe a subset of . The functor CegA yields a
subset ofl and is defined by:
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(Def. 2) Forevery poinkof T holdsx € ClseqA iff there exists a sequen&of T such that ngC A
andx € LimS.

One can prove the following propositions:

(16) LetT be a non empty topological structukepe a subset of, Sbe a sequence df, and
X be a point ofT. If rngSC Aandx € Lim S thenx € A.

(17) For every non empty topological structdrend for every subsét of T holds CkeqA C A.

(18) LetT be a non empty topological structu®be a sequence df, S; be a subsequence of
S andx be a point ofT. If Sis convergent tx, thenS; is convergent to.

(19) LetT be a non empty topological structu&be a sequence df, andS; be a subsequence
of S Then LIimSC Lim ;.

(20) For every non empty topological structdréiolds Ckeq0r) = 0.
(21) For every non empty topological structdrend for every subsét of T holdsA C ClsegA.

(22) For every non empty topological structdreand for all subset#, B of T holds CkeqAU

(23) For every non empty topological structdreéholdsT is Frechet iff for every subseétof T

(24) LetT be a non empty topological space. Suppdde Frechet. Le®, B be subsets of.

(25) LetT be a non empty topological space. Suppdde sequential. If for every subsAtof
T holds CkeqClsegA = ClsegA, thenT is Frechet.

(26) LetT be a non empty topological space. Supp®sis sequential. Thefl is Frechet if
and only if for all subset#, B of T holds Ckeq0r) = 0 andA C ClsegA and Cke AUB) =

4, THELIMIT

Let T be a non empty topological space and3ée a sequence df. Let us assume that there exists
a pointx of T such that LinS= {x}. The functor limSyielding a point ofT is defined by:

(Def. 3) Sis convergent to lins.

The following propositions are true:

(27) LetT be a non empty topological space. Suppbde aT, space. LeGSbe a sequence of
T. If Sis convergent, then there exists a poimtf T such that LinB= {x}.

(28) LetT be a non empty topological space. Suppdse aT, space. LeSbe a sequence of
T andx be a point ofT. ThenSis convergent ta if and only if Sis convergent and=Ilim S.

(29) For every metric structund holds every sequence bf is a sequence d¥lp.
(30) For every non empty metric structuveholds every sequence by is a sequence dil.

(31) LetM be a non empty metric spacg,be a sequence dfl, x be a point ofM, S be a
sequence oflp, andx’ be a point oMiop. Suppos&S= S andx = x'. ThenSis convergent
to x if and only if S is convergent to(.

(32) LetM be a non empty metric spacg, be a sequence &fl, andS; be a sequence dfiygp.
If S3 =%, thenSs is convergent i, is convergent.

(33) LetM be a non empty metric spacg, be a sequence &fl, andS; be a sequence dfiygp.
If S$=& andSs is convergent, then lirgs = lim &.
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5. THE CLUSTERPOINTS

Let T be a topological structure, I&be a sequence df, and letx be a point ofT. We say thak is
a cluster point o5if and only if the condition (Def. 4) is satisfied.

(Def. 4) LetObe a subset of andn be a natural number. Suppadés open anc € O. Then there
exists a natural numben such than < mandS(m) € O.

One can prove the following propositions:

(34) LetT be a non empty topological structu&be a sequence df, andx be a point ofT . If
there exists a subsequencesfhich is convergent t®, thenx is a cluster point of.

(35) LetT be a non empty topological structu&be a sequence df, andx be a point ofT . If
Sis convergent tx, thenx is a cluster point of.

(36) LetT be a non empty topological structugpe a sequence df, x be a point ofT, and
Y be a subset of . If Y = {y;y ranges over points of: x € {y}} and rngSC Y, thenSis
convergent t.

(37) LetT be a non empty topological structuigpe a sequence af, andx, y be points of
T. Suppose that for every natural numimenolds S(n) = y andSis convergent tx. Then

x€ {y}.

(38) LetT be a non empty topological structusehe a point ofT, Y be a subset of, andSbe
a sequence of. Suppos&’ = {y;y ranges over points af: x € {y}} and rngS missesy and
Sis convergent tx. Then there exists a subsequenc&uwaifhich is one-to-one.

(39) LetT be a non empty topological structure &8BdS, be sequences df. Suppose rn§, C
rngS; and S is one-to-one. Then there exists a permutafioof N such thatS, - P is a
subsequence @&;.

Now we present two schemes. The schdtaanSedleals with a non empty 1-sorted structure
4, a sequence of 4, a permutationC of N, and a unary predicatg, and states that:
There exists a natural numhesuch that for every natural numbarsuch than <m
holds?[(B- C)(m)]
provided the parameters meet the following requirement:
e There exists a natural numbesuch that for every natural numberand for every
pointx of 4 if n < mandx = B(m), then?[x].
The scheméermSeq2leals with a non empty topological structufie a sequence3 of 4, a
permutationC of N, and a unary predicatg, and states that:
There exists a natural numbesuch that for every natural numbmarsuch thah <m
holds?[(B- C)(m)]
provided the parameters satisfy the following condition:
e There exists a natural numbesuch that for every natural numberand for every
pointx of 4 if n < mandx= B(m), then?[x].
One can prove the following propositions:

(40) LetT be a non empty topological structuf@he a sequence df, P be a permutation dF,
andx be a point ofT. If Sis convergent tx, thenS- P is convergent tc.

(41) Letng be a natural number. Then there exists an increasing seqdkrafenaturals such
that for every natural numberholdsN;(n) = n+ ng.

(42) LetT be a non empty 1-sorted structughe a sequence df, andng be a natural number.
Then there exists a subsequeisgef S such that for every natural numbeholdsS; (n) =
S(n+np).

(43) LetT be a non empty topological structube a sequence df, x be a point ofT, and$
be a subsequence 8f Suppose is a cluster point o6 and there exists a natural numimgr
such that for every natural numbeholdsS; (n) = S(n+ng). Thenx s a cluster point 0§;.
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(44) LetT be a non empty topological structu®be a sequence df, andx be a point ofT. If

X is a cluster point 0§, thenx € rngS.

(45) LetT be a non empty topological structure. Suppdss Frechet. LeSbe a sequence of

T andx be a point ofT. If xis a cluster point 0§, then there exists a subsequenc&wmich
is convergent te.

6. AUXILIARY THEOREMS

We now state several propositions:

(46) LetT be a non empty topological space. Suppdsis first-countable. Lek be a point

of T. Then there exists a badisof x and there exists a functiddsuch that dors= N and
rngS= B and for all natural numbers msuch tham > n holdsS(m) C S(n).

(47) For every non empty topological spatéioldsT is a T, space iff for every poinp of T

holds{p} = {p}.

(48) For every non empty topological spateuch thafl is aT, space holdd is aT; space.

(49) LetT be a non empty topological space. Supp®dsie not aT; space. Then there exist

pointsx, xo of T and there exists a sequersef T such thalS= N +— x; andx; # X, and
Sis convergent too.

(50) For every functiorf such that donf is infinite andf is one-to-one holds rnfjis infinite.

(51) For every non empty finite subsgtof N and for every natural numbersuch thatx € X
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