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Summary. This article contains a definition of three classes of topological spaces:
first-countable, Frechet, and sequential. Next there are some facts about them, that every
first-countable space is Frechet and every Frechet space is sequential. Next section contains
a formalized construction of topological space which is Frechet but not first-countable. This
article is based o [10, pp. 73-81].

MML Identifier: FRECHET.

WWW: http://mizar.org/JFM/Voll0/frechet.html

The articles([18],[[211],[[20],[[21]/11], [13][122] L 15],[16],[[271,12] /T3] [171,[116], 1141 18], 112] [14],
[9], [15], and [19] provide the notation and terminology for this paper.

1. PRELIMINARIES
One can prove the following proposition

(1) For every non empty 1-sorted structdreand for every sequencgof T holds rngSis a
subset ofT.

Let T be a non empty 1-sorted structure and3ée a sequence df. Then rngSis a subset of
T

The following two propositions are true:

(2) LetT; be a non empty 1-sorted structufie be a 1-sorted structure, aBde a sequence of
T1. If rngSC the carrier ofT,, thenSis a sequence df,.

(3) For every non empty topological spateand for every poink of T and for every basiB
of x holdsB # 0.

Let T be a non empty topological space andXéte a point ofT. Note that every basis ofis
non empty.

One can prove the following propositions:

(4) For every topological space and for all subset#, B of T such thatA is open an®B is
closed hold#A\ B is open.
(5) LetT be atopological structure. Suppose that
(i) Oy is closed,
(i) Qr isclosed,
(iii)  for all subsetsA, B of T such thatA is closed and is closed hold&\UB is closed, and
(iv) for every familyF of subsets off such thaf is closed hold§)F is closed.
ThenT is a topological space.
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(6) LetT be atopological spac&be a non empty topological structure, ahde a map from
T into S. Suppose that for every subgebf SholdsA is closed iff f ~1(A) is closed. Thers
is a topological space.

(7) Letxbe a point of the metric space of real numbers dndbe real numbers. ¥ = xand
r > 0, then Bal(x,r) =X —r, X +r|.

(8) LetAbe a subset dR. ThenA is open if and only if for every real numbersuch that
x € A there exists a real numbesuch thar > 0 and]x—r,x+r[ C A.

(9) For every sequenc®of R such that for every natural numbeholdsS(n) € Jn— %, n+ [
holds rngSis closed.

(10) For every subse& of R! such thaB = N holdsB is closed.
(11) LetM be a non empty metric spacebe a point 0fMigp, andx’ be a point oM. Suppose
x=X. Then there exists a bad#sof x such that
(i) B={Ball(X, %); n ranges over natural numbers: 0},
(i) Bis countable, and

(iii)  there exists a functiorf from N into B such that for every setsuch thah € N there exists
a natural numben’ such than =n’ and f (n) = Ball(X

’ n’+l)
(12) For all functionsf, g holds rnd f+-g) = f°(domf \ domg) Urngg.

(13) For all set\, B such thaB C A holds(ida)°B = B.
(15f] For all setsA, B, x holds dontida+-(B — x)) = AUB.

(16) For all set#\, B, x such thaB = 0 holds rndida+-(B — x)) = (A\ B) U {x}.
(17) For all set#, B, C, x such thaC C A holds(ida+-(B+—— x))~(C\ {x}) C\ B\ {x}.
(18) For all set#, B, x such thak ¢ A holds(ida+-(B+—— X)) "1({x}) =

(19) For all setd\, B, C, x such thaC C Aandx ¢ A holds(ida+-(B+— X))~ 1(Cu{x}) CUB.
(20) For all set#\, B, C, xsuch thaC C Aandx ¢ A holds(ida+- (B x))~1(C\ {x}) =C\B.

2. FIRST-COUNTABLE, SEQUENTIAL, AND FRECHET SPACES

Let T be a non empty topological structure. We say tha first-countable if and only if:
(Def. 1) For every poink of T holds there exists a basisofvhich is countable.

The following two propositions are true:

(21) For every non empty metric spawkeholdsMop, is first-countable.

(22) Rlis first-countable.

Let us observe tha? is first-countable.
Let T be a topological structure, |&be a sequence df, and letx be a point ofT. We say that
Sis convergent ta if and only if the condition (Def. 2) is satisfied.

(Def. 2) LetU; be a subset of. Supposé&J; is open and € U;. Then there exists a natural number
n such that for every natural numb@rsuch than < mholdsS(m) € U;.

The following proposition is true

(23) LetT be a non empty topological structusehe a point ofT, andSbe a sequence df. If
S=N+— X, thenSis convergent to.

1 The proposition (14) has been removed.
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Let T be a topological structure and Bbe a sequence af. We say thatis convergent if and
only if:

(Def. 3) There exists a poixtof T such thaSis convergent tx.

Let T be a non empty topological structure and $dbe a sequence af. The functor LinS
yielding a subset of is defined as follows:

(Def. 4) For every poink of T holdsx € Lim Siff Sis convergent t.

Let T be a non empty topological structure. We say théa Frechet if and only if the condition
(Def. b5) is satisfied.

(Def. 5) LetA be a subset of andx be a point ofT. If x € A, then there exists a sequersef T
such thatrn&C Aandxe LimS

Let T be a non empty topological structure. We say thais sequential if and only if the
condition (Def. 6) is satisfied.

(Def. 6) LetAbe asubset of. ThenAis closed if and only if for every sequen&of T such that
Sis convergent and rr§C A holds LIimSC A.

Next we state the proposition
(24) For every non empty topological spateuch thafT is first-countable hold¥ is Frechet.

Let us observe that every non empty topological space which is first-countable is also Frechet.
The following propositions are true:

(ZGE] Let T be a non empty topological space ahte a subset of . Supposé\ is closed. Let
Sbe a sequence df. If Sis convergent and ri§C A, then LimSC A.

(27) LetT be a non empty topological space. Suppose that for every salsfet such that
for every sequenc8of T such thaSis convergent and ri§C A holds LimSC A holdsA is
closed. ThefT is sequential.

(28) For every non empty topological spaceuch thafl is Frechet hold3 is sequential.

Let us note that every non empty topological space which is Frechet is also sequential.

3. COUNTEREXAMPLE OFFRECHET BUTNOT FIRST-COUNTABLE SPACE

The strict non empty topological spaR%N is defined by the conditions (Def. 7).

(Def. 7)(i)  The carrier ORJ/‘N = (R\N)U{R}, and
(i) there exists a map fromR? into RY

/N
Aof R}N holdsA is closed ifff ~1(A) is closed.

The following propositions are true:

such thatf =idg+-(N+—— R) and for every subset

(30@ R is a point oﬂR}N.

(31) LetAbe asubset dR}N. ThenAis open an®R € A if and only if there exists a subséx
of R such tha is open andN C O andA = (O\ N) U {R}.

(32) For every sef holdsAis a subset OR}N andR ¢ Aiff Ais a subset oR! andNNA = 0.

2 The proposition (25) has been removed.
3 The proposition (29) has been removed.
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(33) LetAbe asubset dR! andB be a subset dk%. If A= B, thenNNA= 0 andA is open

/N’
iff R ¢ BandB is open.

(34) For every subsét of RY . such that = {R} holdsA s closed.

/N

(35) R}N is not first-countable.

(36) R}N is Frechet.

(37) Itis not true that for every non empty topological sp&cgich thafl is Frechet holdd is

first-countable.

4, AUXILIARY THEOREMS

One can prove the following proposition

(40@ For every real numbersuch that > 0 there exists a natural numbesuch that% <rand
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