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Summary. We deal with a non–empty set of functions and a non–empty set of func-
tions from a setA to a non–empty setB. In the case whenB is a non–empty set,BA is redefined.
It yields a non–empty set of functions fromA to B. An element of such a set is redefined as
a function fromA to B. Some theorems concerning these concepts are proved, as well as a
number of schemes dealing with infinity and the Axiom of Choice. The article contains a
number of schemes allowing for simple logical transformations related to terms constructed
with the Frænkel Operator.

MML Identifier: FRAENKEL.
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The articles [6], [3], [8], [9], [4], [7], [1], [2], and [5] provide the notation and terminology for this
paper.

In this paperB is a non empty set andA, C, X are sets.
In this article we present several logical schemes. The schemeFraenkel5’ deals with a non

empty setA , a unary functorF yielding a set, and two unary predicatesP , Q , and states that:
{F (v′);v′ ranges over elements ofA : P [v′]} ⊆ {F (u′);u′ ranges over elements of
A : Q [u′]}

provided the following condition is satisfied:
• For every elementv of A such thatP [v] holdsQ [v].

The schemeFraenkel5” deals with a non empty setA , a non empty setB, a binary functorF
yielding a set, and two binary predicatesP , Q , and states that:

{F (u1,v1);u1 ranges over elements ofA ,v1 ranges over elements ofB : P [u1,v1]}⊆
{F (u2,v2);u2 ranges over elements ofA ,v2 ranges over elements ofB : Q [u2,v2]}

provided the parameters meet the following requirement:
• For every elementu of A and for every elementv of B such thatP [u,v] holdsQ [u,v].

The schemeFraenkel6’deals with a non empty setA , a unary functorF yielding a set, and two
unary predicatesP , Q , and states that:

{F (v1);v1 ranges over elements ofA : P [v1]}= {F (v2);v2 ranges over elements of
A : Q [v2]}

provided the following condition is satisfied:
• For every elementv of A holdsP [v] iff Q [v].

The schemeFraenkel6” deals with a non empty setA , a non empty setB, a binary functorF
yielding a set, and two binary predicatesP , Q , and states that:

{F (u1,v1);u1 ranges over elements ofA ,v1 ranges over elements ofB : P [u1,v1]}=
{F (u2,v2);u2 ranges over elements ofA ,v2 ranges over elements ofB : Q [u2,v2]}

provided the following condition is met:
• For every elementu of A and for every elementv of B holdsP [u,v] iff Q [u,v].
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The schemeFraenkelF’deals with a non empty setA , a unary functorF yielding a set, a unary
functorG yielding a set, and a unary predicateP , and states that:

{F (v1);v1 ranges over elements ofA : P [v1]}= {G(v2);v2 ranges over elements of
A : P [v2]}

provided the parameters have the following property:
• For every elementv of A holdsF (v) = G(v).

The schemeFraenkelF’Rdeals with a non empty setA , a unary functorF yielding a set, a
unary functorG yielding a set, and a unary predicateP , and states that:

{F (v1);v1 ranges over elements ofA : P [v1]}= {G(v2);v2 ranges over elements of
A : P [v2]}

provided the following condition is met:
• For every elementv of A such thatP [v] holdsF (v) = G(v).

The schemeFraenkelF” deals with a non empty setA , a non empty setB, a binary functorF
yielding a set, a binary functorG yielding a set, and a binary predicateP , and states that:

{F (u1,v1);u1 ranges over elements ofA ,v1 ranges over elements ofB : P [u1,v1]}=
{G(u2,v2);u2 ranges over elements ofA ,v2 ranges over elements ofB : P [u2,v2]}

provided the following condition is satisfied:
• For every elementu of A and for every elementv of B holdsF (u,v) = G(u,v).

The schemeFraenkelF6”deals with a non empty setA , a non empty setB, a binary functorF
yielding a set, and two binary predicatesP , Q , and states that:

{F (u1,v1);u1 ranges over elements ofA ,v1 ranges over elements ofB : P [u1,v1]}=
{F (v2,u2);u2 ranges over elements ofA ,v2 ranges over elements ofB : Q [u2,v2]}

provided the parameters have the following properties:
• For every elementu of A and for every elementv of B holdsP [u,v] iff Q [u,v], and
• For every elementu of A and for every elementv of B holdsF (u,v) = F (v,u).

The following propositions are true:

(3)1 Let A, B be non empty sets,F , G be functions fromA into B, andX be a set. IfF�X = G�X,
then for every elementx of A such thatx∈ X holdsF(x) = G(x).

(5)2 For all setsA, B holdsBA ⊆ 2[:A,B:].

(6) For all setsX, Y such thatYX 6= /0 andX ⊆ A andY ⊆ B holds every element ofYX is a
partial function fromA to B.

Now we present a number of schemes. The schemeRelevantArgsdeals with a non empty set
A , a non empty setB, a setC , a functionD from A into B, a functionE from A into B, and two
unary predicatesP , Q , and states that:

{D(u′);u′ ranges over elements ofA : P [u′] ∧ u′ ∈ C} = {E(v′);v′ ranges over
elements ofA : Q [v′] ∧ v′ ∈ C}

provided the parameters meet the following requirements:
• D�C = E�C , and
• For every elementu of A such thatu∈ C holdsP [u] iff Q [u].

The schemeFr Set0deals with a non empty setA and a unary predicateP , and states that:
{x;x ranges over elements ofA : P [x]} ⊆ A

for all values of the parameters.
The schemeGen1” deals with a non empty setA , a non empty setB, a binary functorF yielding

a set, a unary predicateQ , and a binary predicateP , and states that:
For every elementsof A and for every elementt of B such thatP [s, t] holdsQ [F (s, t)]

provided the parameters satisfy the following condition:
• For every sets1 such thats1∈ {F (s2, t1);s2 ranges over elements ofA , t1 ranges over

elements ofB : P [s2, t1]} holdsQ [s1].
The schemeGen1”A deals with a non empty setA , a non empty setB, a binary functorF

yielding a set, a unary predicateQ , and a binary predicateP , and states that:

1 The propositions (1) and (2) have been removed.
2 The proposition (4) has been removed.



FUNCTION DOMAINS AND FRÆNKEL OPERATOR 3

For every sets1 such thats1∈ {F (s2, t1);s2 ranges over elements ofA , t1 ranges over
elements ofB : P [s2, t1]} holdsQ [s1]

provided the following condition is met:
• For every elementsof A and for every elementt of B such thatP [s, t] holdsQ [F (s, t)].

The schemeGen2” deals with a non empty setA , a non empty setB, a non empty setC , a
binary functorF yielding an element ofC , a unary predicateQ , and a binary predicateP , and
states that:

{s1;s1 ranges over elements ofC : s1 ∈ {F (s2, t1);s2 ranges over elements ofA , t1
ranges over elements ofB : P [s2, t1]} ∧ Q [s1]}= {F (s3, t2);s3 ranges over elements
of A , t2 ranges over elements ofB : P [s3, t2] ∧ Q [F (s3, t2)]}

for all values of the parameters.
The schemeGen3’ deals with a non empty setA , a unary functorF yielding a set, and two

unary predicatesP , Q , and states that:
{F (s);s ranges over elements ofA : s∈ {s2;s2 ranges over elements ofA : Q [s2]} ∧
P [s]}= {F (s3);s3 ranges over elements ofA : Q [s3] ∧ P [s3]}

for all values of the parameters.
The schemeGen3” deals with a non empty setA , a non empty setB, a binary functorF yielding

a set, a unary predicateQ , and a binary predicateP , and states that:
{F (s, t);s ranges over elements ofA , t ranges over elements ofB : s∈ {s2;s2 ranges
over elements ofA : Q [s2]} ∧ P [s, t]}= {F (s3, t2);s3 ranges over elements ofA , t2
ranges over elements ofB : Q [s3] ∧ P [s3, t2]}

for all values of the parameters.
The schemeGen4” deals with a non empty setA , a non empty setB, a binary functorF yielding

a set, and two binary predicatesP , Q , and states that:
{F (s, t);sranges over elements ofA , t ranges over elements ofB : P [s, t]}⊆{F (s2, t1);s2

ranges over elements ofA , t1 ranges over elements ofB : Q [s2, t1]}
provided the parameters meet the following condition:

• Let s be an element ofA andt be an element ofB. If P [s, t], then there exists an
elements′ of A such thatQ [s′, t] andF (s, t) = F (s′, t).

The schemeFrSet 1deals with a non empty setA , a setB, a unary functorF yielding a set, and
a unary predicateP , and states that:

{F (y);y ranges over elements ofA : F (y) ∈ B ∧ P [y]} ⊆ B
for all values of the parameters.

The schemeFrSet 2deals with a non empty setA , a setB, a unary functorF yielding a set, and
a unary predicateP , and states that:

{F (y);y ranges over elements ofA : P [y] ∧ F (y) /∈ B} missesB
for all values of the parameters.

The schemeFrEqua1deals with a non empty setA , a non empty setB, a binary functorF
yielding a set, an elementC of B, and two binary predicatesP , Q , and states that:

{F (s, t);sranges over elements ofA , t ranges over elements ofB : Q [s, t]}= {F (s′,C );s′

ranges over elements ofA : P [s′,C ]}
provided the following condition is satisfied:

• For every elements of A and for every elementt of B holdsQ [s, t] iff t = C and
P [s, t].

The schemeFrEqua2deals with a non empty setA , a non empty setB, a binary functorF
yielding a set, an elementC of B, and a binary predicateP , and states that:

{F (s, t);sranges over elements ofA , t ranges over elements ofB : t = C ∧ P [s, t]}=
{F (s′,C );s′ ranges over elements ofA : P [s′,C ]}

for all values of the parameters.
Let I1 be a set. We say thatI1 is functional if and only if:

(Def. 1) For every setx such thatx∈ I1 holdsx is a function.

One can verify that there exists a set which is non empty and functional.
Let P be a functional set. Observe that every element ofP is function-like and relation-like.
The following proposition is true
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(8)3 For every functionf holds{ f} is functional.

Let A, B be sets. Observe thatBA is functional.
Let A, B be sets. A functional non empty set is said to be a non empty set of functions fromA to

B if:

(Def. 2) Every element of it is a function fromA into B.

We now state two propositions:

(10)4 For every functionf from A into C holds{ f} is a non empty set of functions fromA to C.

(11) BA is a non empty set of functions fromA to B.

Let A be a set and letB be a non empty set. ThenBA is a non empty set of functions fromA to
B. Let F be a non empty set of functions fromA to B. We see that the element ofF is a function
from A into B.

In the sequelp1 is an element ofBA.
We now state two propositions:

(14)5 Let X, Y be sets. SupposeYX 6= /0 andX ⊆ A andY ⊆ B. Let f be an element ofYX. Then
there exists an elementp1 of BA such thatp1�X = f .

(15) For every setX and for everyp1 holdsp1�X = p1�(A∩X).

Now we present four schemes. The schemeFraenkelFindeals with a non empty setA , a setB,
and a unary functorF yielding a set, and states that:

{F (w);w ranges over elements ofA : w∈ B} is finite
provided the parameters meet the following requirement:

• B is finite.
The schemeCartFin deals with non empty setsA , B, setsC , D, and a binary functorF yielding

a set, and states that:
{F (u′,v′);u′ ranges over elements ofA ,v′ ranges over elements ofB : u′ ∈ C ∧ v′ ∈
D} is finite

provided the parameters meet the following requirements:
• C is finite, and
• D is finite.

The schemeFinitenessdeals with a non empty setA , an elementB of FinA , and a binary
predicateP , and states that:

Let x be an element ofA . Supposex∈ B. Then there exists an elementy of A such
thaty∈ B andP [y,x] and for every elementz of A such thatz∈ B andP [z,y] holds
P [y,z]

provided the following conditions are satisfied:
• For every elementx of A holdsP [x,x], and
• For all elementsx, y, z of A such thatP [x,y] andP [y,z] holdsP [x,z].

The schemeFin Im deals with a non empty setA , a non empty setB, an elementC of FinB, a
unary functorF yielding an element ofA , and a binary predicateP , and states that:

There exists an elementc1 of FinA such that for every elementt of A holdst ∈ c1 if
and only if there exists an elementt ′ of B such thatt ′ ∈ C andt = F (t ′) andP [t, t ′]

for all values of the parameters.
The following proposition is true

(16) For all setsA, B such thatA is finite andB is finite holdsBA is finite.

3 The proposition (7) has been removed.
4 The proposition (9) has been removed.
5 The propositions (12) and (13) have been removed.
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Now we present three schemes. The schemeImFin deals with a non empty setA , a non empty
setB, a setC , a setD, and a unary functorF yielding a set, and states that:

{F (p′1); p′1 ranges over elements ofBA : p′1
◦C ⊆ D} is finite

provided the parameters meet the following conditions:
• C is finite,
• D is finite, and
• For all elementsp1, p2 of BA such thatp1�C = p2�C holdsF (p1) = F (p2).

The schemeFunctChoicedeals with a non empty setA , a non empty setB, an elementC of
FinA , and a binary predicateP , and states that:

There exists a functionf1 from A into B such that for every elementt of A such that
t ∈ C holdsP [t, f1(t)]

provided the following requirement is met:
• For every elementt of A such thatt ∈ C there exists an elementf1 of B such that

P [t, f1].
The schemeFuncsChoicedeals with a non empty setA , a non empty setB, an elementC of

FinA , and a binary predicateP , and states that:
There exists an elementf1 of BA such that for every elementt of A such thatt ∈ C
holdsP [t, f1(t)]

provided the parameters meet the following requirement:
• For every elementt of A such thatt ∈ C there exists an elementf1 of B such that

P [t, f1].
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