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Summary. We deal with a non—empty set of functions and a non—empty set of func-
tions from a sef\ to a non—empty s@. In the case wheB is a non—empty seB” is redefined.
It yields a non—empty set of functions frofto B. An element of such a set is redefined as
a function fromA to B. Some theorems concerning these concepts are proved, as well as a
number of schemes dealing with infinity and the Axiom of Choice. The article contains a
number of schemes allowing for simple logical transformations related to terms constructed
with the Fraenkel Operator.
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The articlesl[6],[[3],18], 191, [4], [7], [1], [2], and[[5] provide the notation and terminology for this
paper.
In this papeB is a non empty set and, C, X are sets.
In this article we present several logical schemes. The scheaenkel5’ deals with a non
empty set4, a unary functorf yielding a set, and two unary predicatBsQ, and states that:
{F (V);V ranges over elements ¢f : P[V]} C {F (U);U ranges over elements of
A: QuT}
provided the following condition is satisfied:
e For every element of 4 such thatP[v] holdsQ|v].
The scheméraenkel5” deals with a non empty set, a non empty seB, a binary functorf
yielding a set, and two binary predicat&sQ, and states that:
{¥ (ug,v1); us ranges over elements @f, v, ranges over elements Bf: P[uy,v1]} C
{F (up,v2); up ranges over elements gf, v, ranges over elements & : Q [uy, V2] }
provided the parameters meet the following requirement:
e For every elemeni of 4 and for every elementof B such thatP[u,v] holdsQ [u, V].
The schemé&raenkel6’'deals with a non empty set, a unary functorf yielding a set, and two
unary predicate®, Q, and states that:
{¥F (v1);v1 ranges over elements &f: P[v1|} = { F (v2); v2 ranges over elements of
A: Qpval}
provided the following condition is satisfied:
e For every element of 4 holds?|v] iff Q|v].
The scheméraenkel6” deals with a non empty set, a non empty seB, a binary functor¥
yielding a set, and two binary predicat&sQ, and states that:
{ ¥ (ug,v1);us ranges over elements df v; ranges over elements &f: P[u,v1|} =
{F (uz,v2); up ranges over elements gf, v, ranges over elements & : Q[uy,V2]}
provided the following condition is met:
e For every element of 4 and for every elementof B holdsP[u, V] iff Q[u,V].
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The schemé&raenkelF’ deals with a non empty sét, a unary functorf yielding a set, a unary
functor G yielding a set, and a unary predicafeand states that:
{¥F (v1);v1 ranges over elements df: P[v1]} = {G(v2);V2 ranges over elements of
a: P}
provided the parameters have the following property:
e For every element of 4 holds ¥ (v) = G(v).
The schemd-raenkelF’'Rdeals with a non empty sel, a unary functor¥ yielding a set, a
unary functorg yielding a set, and a unary predicateand states that:
{¥ (v1);v1 ranges over elements &f: P[v1]} = { G(v2); V2 ranges over elements of
AP}
provided the following condition is met:
e For every element of 4 such thatP|v] holds ¥ (v) = G(V).
The schemé&raenkelF” deals with a non empty set, a non empty seB3, a binary functorf
yielding a set, a binary functaf yielding a set, and a binary predicate and states that:
{¥ (u1,v1); us ranges over elements & v; ranges over elements &f: P[u,vi]} =
{G(uz2,v2); uz ranges over elements gf, vo ranges over elements @&: P[uy, o]}
provided the following condition is satisfied:
e For every element of 4 and for every elementof B holds ¥ (u,v) = G(u,v).
The schemé&raenkelF6” deals with a non empty sét, a non empty seB, a binary functorf
yielding a set, and two binary predicat&s Q, and states that:
{¥F (u1,v1); us ranges over elements 4 v1 ranges over elements &f: P[u,v1]} =
{F (v2,up); Uz ranges over elements &, v» ranges over elements &: Q [uz,V2]}
provided the parameters have the following properties:
e For every element of 4 and for every elementof B holds?|u,V] iff Q[u,v], and
e For every element of 4 and for every elementof B holds 7 (u,v) = ¥ (v,u).
The following propositions are true:

(3H LetA, B be non empty set§;,, G be functions fromAinto B, andX be a set. IF [X = GJX,
then for every elementof A such thak € X holdsF (x) = G(x).

(SE] For all setsA, B holdsBA C 2tABI,

(6) For all setsX, Y such thaty* # 0 andX C A andY C B holds every element ofX is a
partial function fromA to B.

Now we present a number of schemes. The schRelevantArgsleals with a non empty set
4, a non empty seB, a setC, a functionD from 4 into B, a functionE from 4 into B, and two
unary predicate®, Q, and states that:
{D(U);u ranges over elements ¢t : P[U] A U € C} = {E(V);V ranges over
elements of2 : Q[V] A V € C}
provided the parameters meet the following requirements:
e DIC=EIC,and
e For every element of 4 such thau € ¢ holds®[u] iff Q]u].
The schemé&r SetOdeals with a non empty sét and a unary predicatg, and states that:
{x;x ranges over elements gf: P[x]} C 4
for all values of the parameters.
The schem&enl” deals with a non empty sét, a non empty seB, a binary functorf yielding
a set, a unary predicat@, and a binary predicat®, and states that:
For every elemergof 4 and for every elementof B such thatP[s,t] holdsQ[F (s,t)]
provided the parameters satisfy the following condition:
e Forevery se$; such thas; € { F (s,t1); S ranges over elements df t; ranges over
elements ofB : P[s,,t1]} holdsQ]sy].
The schemdsenl”A deals with a non empty sel, a non empty sefB, a binary functor¥
yielding a set, a unary predicatg, and a binary predicat®, and states that:

1 The propositions (1) and (2) have been removed.
2 The proposition (4) has been removed.
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For every ses; such thak; € { F(sp,t1); S ranges over elements 4f, t; ranges over
elements ofB : P[s,,t1]} holdsQ|s]
provided the following condition is met:
e Forevery elemergof 4 and for every elementf B such thatP[s,t] holdsQ [ ¥ (s,t)].
The schemdsen2” deals with a non empty set, a non empty sef3, a non empty set’, a
binary functor# yielding an element of", a unary predicat&), and a binary predicat®, and
states that:
{s1;51 ranges over elements of: s, € {F(s,t1); S ranges over elements df, t;
ranges over elements 8f: P[s,t1]} A Q[s1]} = { F (ss,12); S3 ranges over elements
of 4,t; ranges over elements &: P[s3,t2] A Q[F (S3,t2)]}

for all values of the parameters.

The scheméen3’ deals with a non empty se, a unary functor¥ yielding a set, and two
unary predicate®, Q, and states that:

{ ¥ (s);sranges over elements &f: s€ {s; s, ranges over elements af: Q[s;]} A
P[9} = {F (s3); 53 ranges over elements &f: Q[s3] A P[s3]}
for all values of the parameters.
The schem&en3” deals with a non empty sgt, a non empty seB, a binary functorf yielding
a set, a unary predicat@, and a binary predicat®, and states that:
{F (s,t);sranges over elements gt ranges over elements &: s€ {s,; s, ranges
over elements afl : Q[s;]} A P[s,t]} = {F (ss,t2); S3 ranges over elements &, tp
ranges over elements &: Qs3] A P[ss, 2]}

for all values of the parameters.

The schem&en4” deals with a non empty sgt, a non empty seB, a binary functorf yielding
a set, and two binary predicat®s Q, and states that:

{¥ (s,t);sranges over elements df t ranges over elements 8f: P[s,t]} C{F (2,11); %
ranges over elements gf,t; ranges over elements &: Q[sp,t1]}
provided the parameters meet the following condition:
e Letsbe an element off andt be an element oB. If P[st], then there exists an
elements’ of 4 such thatQ[s,t] and ¥ (s,t) = ¥ (S,1).

The schemé&rSet 1deals with a non empty sét, a setB, a unary functorf yielding a set, and
a unary predicat®, and states that:

{¥F (y);yranges over elements gf: F(y) € B A Ply|]} C B
for all values of the parameters.

The schem&rSet 2deals with a non empty set, a setB, a unary functorf yielding a set, and
a unary predicat®, and states that:

{¥ (y);yranges over elements &f: P[y] A F(y) ¢ B} missesB
for all values of the parameters.

The schemd-rEqual deals with a non empty sel, a non empty sef8, a binary functor¥
yielding a set, an elemeidt of B, and two binary predicateB, Q, and states that:

{¥ (s,t);sranges over elements &f t ranges over elements 8f: Q[s,t]} ={F (S, C);
ranges over elements ¢f: P[s, C]}
provided the following condition is satisfied:
e For every elemens of 4 and for every elementof 8 holds Q]s,t] iff t = C and
P[st].

The schemdrEqua2deals with a non empty se1, a non empty se3, a binary functorf

yielding a set, an elemeut of B, and a binary predicat®, and states that:
{¥ (s,t);sranges over elements df t ranges over elements 8f:t = C A P[s t]} =
{F(d,C);s ranges over elements & : P[s, (|}
for all values of the parameters.
Letl; be a set. We say thét is functional if and only if:

(Def. 1) For every set such thai € I1 holdsx is a function.

One can verify that there exists a set which is non empty and functional.
Let P be a functional set. Observe that every elemem izf function-like and relation-like.
The following proposition is true
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(BH For every functionf holds{ f} is functional.

Let A, B be sets. Observe thBf is functional.
Let A, B be sets. A functional non empty set is said to be a non empty set of functioné\from
Bif:

(Def. 2) Every element of it is a function frointo B.

We now state two propositions:

(1OE] For every functionf from A into C holds{ f } is a non empty set of functions frofato C.

(11) BAis a non empty set of functions frofto B.

Let A be a set and |eB be a non empty set. Théf* is a non empty set of functions fromto
B. Let F be a non empty set of functions frofto B. We see that the element Bfis a function
from Ainto B.

In the sequep is an element oBA.

We now state two propositions:

(14E] Let X, Y be sets. Suppos& # 0 andX C AandY C B. Let f be an element ofX. Then
there exists an elemepi of BA such thatp; [ X = f.

(15) For every seX and for everyp; holdsp; [X = p1[(ANX).

Now we present four schemes. The schéraenkelFindeals with a non empty set, a setB,
and a unary functof yielding a set, and states that:
{¥F (w);wranges over elements &f : w € B} is finite
provided the parameters meet the following requirement:
e Bisfinite.
The schem€artFin deals with non empty set8, B, setsC, D, and a binary functof yielding
a set, and states that:
{F (U,V);U ranges over elements &,V ranges over elements &: U € C AV €
D} is finite
provided the parameters meet the following requirements:
e (isfinite, and
e Dis finite.
The schemd-initenessdeals with a non empty set, an elementB of Fin4, and a binary
predicateP, and states that:
Let x be an element off. Suppose& € B. Then there exists an elemendf 4 such
thaty € B andP[y,x] and for every elemertof 4 such thaz € B and?|z,y| holds
Ply, 7
provided the following conditions are satisfied:
e For every element of 4 holds?[x,x], and
e For all elements, y, zof 4 such thatP[x,y] andP[y, ] holdsP|x, Z].
The schemé&in Im deals with a non empty set, a non empty seB, an element of Fin‘B, a
unary functor¥ yielding an element of2, and a binary predicat®, and states that:
There exists an elemeat of Fin 4 such that for every elementf 4 holdst € c; if
and only if there exists an elemanof B such that’ € ¢ andt = 7 (t') andP|t,t']
for all values of the parameters.
The following proposition is true

(16) For all setsA, B such thai is finite andB is finite holdsB” is finite.

3 The proposition (7) has been removed.
4 The proposition (9) has been removed.
5 The propositions (12) and (13) have been removed.
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Now we present three schemes. The schéntén deals with a non empty set, a non empty
set‘B, a setC, a setD, and a unary functof yielding a set, and states that:
{F (py); Py ranges over elements &*: p,°C C D} is finite
provided the parameters meet the following conditions:
e (s finite,
e Dis finite, and
e For all elements;, p; of B# such thatpy[C = p2]C holds 7 (p1) = F (p2).
The schemd-unctChoicedeals with a nhon empty set, a non empty seB, an elementC of
FinA4, and a binary predicat®, and states that:
There exists a functioffy from 4 into B such that for every elemehbf 4 such that
t € C holdsP[t, f1(t)]
provided the following requirement is met:
e For every element of 4 such that € C there exists an elemetfif of B such that
Plt, f1].
The schemé-uncsChoicadeals with a non empty set, a non empty seB, an elementC of
FinA4, and a binary predicat®, and states that:
There exists an elemeffit of 87 such that for every elemenbf 4 such that € ¢
holds?[t, f1(t)]
provided the parameters meet the following requirement:
e For every element of 4 such that € C there exists an elemerfit of B such that
Plt, f1].
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