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Summary. This article is divided into two parts. In the first part, we prove some
useful theorems on finite topological spaces. In the second part, in order to consider a family
of neighborhoods to a point in a space, we extend the notion of finite topological space and
define a new topological space, which we call formal topological space. We show the relation
between formal topological space strueti{_Space_Str) and theTopStruct by giving a
function {leighSp). And the following notions are introduced in formal topological spaces:
boundary, closure, interior, isolated point, connected point, open set and close set, then some
basic facts concerning them are proved. We will discuss the relation between the formal
topological space and the finite topological space in future work.
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The articles|[6], [[3], [[7], [[1], [2], [4], [5], and[IB] provide the notation and terminology for this
paper.

1. SOME USEFULTHEOREMS ONFINITE TOPOLOGICAL SPACES

In this papefF; is a non empty finite topology space afids a subset oF;.
Next we state several propositions:

(1) Forevery non empty finite topology spaéeand for all subsets, B of F; such thah C B
holdsA' CB'.

(2) Ad=APn(A)C.

(3) A>=AP\ A

(4) If A%is open, therAis closed.
(5) If Aisclosed, them is open.

Let F; be a non empty finite topology space,Xdie an element df,, lety be an element df,
and letA be a subset of;. The functor R(x,y,A) yields an element dBooleanand is defined as
follows:

true, if ye U(x) andy € A,

(Def. 1) R(XY,A) = { false otherwise.

1 © Association of Mizar Users


http://mizar.org/JFM/Vol12/fintopo2.html

FORMAL TOPOLOGICAL SPACES 2

Let F; be a non empty finite topology space,Xdie an element df,, lety be an element df,
and letA be a subset of;. The functor B(x,y,A) yields an element dBooleanand is defined as
follows:

true, if y e U(x) andy € AS

(Def. 2) R(xy.A) _{ false otherwise.

We now state three propositions:

(6) For all elements, y of F; and for every subseét of F; holds R(x,y,A) = trueiff y € U(x)
andy € A.

(7) For all elements, y of F; and for every subseét of F; holds B(x,y,A) = trueiff y € U(x)
andy € AC.

(8) Letx be an element of; andA be a subset of;. Thenx e A2 if and only if there exist
elementsy, y, of Fy such that P(x,y1,A) = trueand B(x,y»,A) = true.

Let F; be a non empty finite topology space, ¥dbe an element df;, and lety be an element
of F1. The functor B(x,y) yields an element dBooleanand is defined as follows:

true, if y e U(x),

(Def. 3) R(xy) _{ false otherwise.

One can prove the following three propositions:

(9) For all elements, y of F; holds R(x,y) = trueiff y € U (x).

(10) Letx be an element of; andA be a subset of;. Thenx € Al if and only if for every
elementy of F; such that B(x,y) = true holds R(x,y,A) = true.

(11) Letxbe an element df; andA be a subset df;. Thenx € AP if and only if there exists an
elementy; of Fy such that P(x,y1,A) = true.

Let F; be a non empty finite topology space, ¥dte an element df;, and letA be a subset of
F1. The functor R (x,A) yields an element dBooleanand is defined by:

true, if x € A,

(Def. 4)  Pa(x,A) —{ false otherwise.

We now state three propositions:

(12) For every elementof F; and for every subset of F; holds R (x,A) = trueiff x € A.
(13) Letxbe an element df; andA be a subset df;. Thenx € A% if and only if the following
conditions are satisfied:
(i) there exist elementg, y» of Fy such that P(x,y1,A) = trueand RB(x,y2,A) = true, and
(i) Pa(x,A) =true.
(14) Letxbe an element df; andA be a subset df;. Thenx € A% if and only if the following
conditions are satisfied:
(i) there exist elementg, y» of F1 such that P(x,y1,A) = trueand B(x,y»,A) = true, and
(i) Pa(x,A)=false

Let F; be a non empty finite topology space, ¥dbe an element df;, and lety be an element
of F1. The functor B(x,y) yields an element dBooleanand is defined as follows:

true, if x=y,

(Def. 5) R(xy) _{ false otherwise.

Next we state four propositions:
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(15) For all elements, y of F; holds R(x,y) = trueiff x=y.

(16) Letxbe an element df; andA be a subset df;. Thenx € AS if and only if the following
conditions are satisfied:

(i) Pa(x,A) = true, and

(i) itis not true that there exists an elemgnif F; such that P(x,y,A) = trueand R(x,y) =
false

(17) Letxbe an element df; andA be a subset df;. Thenx € A" if and only if the following
conditions are satisfied:

(i) Pa(x,A)=true, and
(i) there exists an elememtof F; such that P(x,y,A) = true and R(x,y) = false
(18) Letx be an element df; andA be a subset of;. Thenx € Af if and only if there exists
an elemeny of F; such that R(y,A) = true and Ry(y,X) = true.

2. FORMAL TOPOLOGICAL SPACES

We introduce formal topological spaces which are extensions of 1-sorted structure and are systems
( a carrier, a Neighbour-map
where the carrier is a set and the Neighbour-map is a function from the carrie?ino 2
One can verify that there exists a formal topological space which is non empty and strict.
In the sequeT is a non empty topological structui, is a non empty formal topological space,
andx is an element oF.
Let us considel, and letx be an element oF,. The functorUg(x) yielding a subset of
2the carrier off; 5 defined as follows:

(Def. 6) Ug(x) = (the Neighbour-map df)(x).

Let us considell. The functor NeighSp yielding a non empty strict formal topological space
is defined by the conditions (Def. 7).

(Def. 7)()) The carrier of NeighSp = the carrier ofT, and

(i)  for every pointx of NeighSpr holdsUg (x) = {V;V ranges over subsets ®f V € the
topology of T A xeV}.

In the sequeh, B, W, V denote subsets &.
LetI; be a non empty formal topological space. We say that filled if and only if:

(Def. 8) For every elementof |1 and for every subsé@ of |1 such thaD € Ug(x) holdsx € D.
Let us consideF, and let us considek. The functorAFd yielding a subset o is defined by:
(Def. 9) AP = {x: Aw (W € Ug(X) = W meetsA A W meetsA°®)}.
Next we state the proposition
(zoﬂ x € AF9 ff for every W such thatV € Ug (x) holdsW meetsA andW meetsAC,
Let us consideF,, A. The functorA™ yielding a subset of; is defined as follows:
(Def. 10) A = {x: Aw (W € Ug(x) = W meetsA)}.
Next we state the proposition
(21) x e AP iff for every W such thatV € Ug (x) holdsW meetsA.

Let us consideF,, A. The functorA™ yields a subset df, and is defined by:

1 The proposition (19) has been removed.



FORMAL TOPOLOGICAL SPACES 4

(Def. 11) AR ={x:\/y (VEUE(X) AV CA}.
Next we state the proposition
(22) x < AR iff there existsV such tha € Ug(x) andV C A.
Let us consideF,, A. The functorA™ yielding a subset of is defined by:
(Def. 12) AFs = {x:xc A A Vy (V €UE(X) A V\ {x} missesA)}.
We now state the proposition
(23) x < AR iff xc Aand there exists such that/ € Ug(x) andV \ {x} missesA.
Let us consideF,, A. The functorA™n yields a subset df, and is defined by:
(Def. 13) AFon = A\ AFs,
One can prove the following propositions:
(24) x e Afniff x € Aand for every such thav € Ug (x) holdsV \ {x} meetsA.

(25) For every non empty formal topological spdgeand for all subset#, B of F, such that
A C B holdsA™ C BR.

(26) For every non empty formal topological spageand for all subset#, B of F, such that
A C B holdsA™ C BF.

(27) AP UB™ C AUBP.
(28) ANB™ C A NBM.
(29) AR UBR C AUBF.
(30) ANnBfi C ARNBA.

(31) LetF; be a non empty formal topological space. Then for every elemehE, and for all
subset¥;, V, of F; such thav; € Ug (x) andVs € Ug () there exists a subsét of F, such that
W € Ug (x) andW C Vi NV if and only if for all subset\, B of F» holdsAUB™ = A UB™.

(32) LetF,; be a non empty formal topological space. Then for every elemefE, and for all
subset¥, V; of F; such thav; € Ug (x) andVz € Ug () there exists a subsét of F, such that
W € Ug (x) andW C V1 NV if and only if for all subset\, B of F> holdsAT nBf = AnB".

(33) LetF, be a non empty formal topological space a\d be subsets df,. Suppose that
for every elemenx of , and for all subsetd, V, of F, such thay; € Ug(x) andV, € Ug (X)
there exists a subs@t of F» such thaW € Ug (x) andW C V1 NV,. ThenAUBF® C AP UBFO,

(34) Letk; be a non empty formal topological space. Supgesis filled. Suppose that for all
subsetd\, B of & holdsAUBF® = AFOUBF2. Let x be an element df, andVi, Vs be subsets
of F. If V1 € Up(x) andV, € Ug(X), then there exists a subd&tof I, such thatV € Ug (X)
andW CViNVs.

(35) For every element of F>, and for every subsei of F> holdsx € A iff x € A andx ¢
A\ {x}f.

(36) For every non empty formal topological sp&geholdsF; is filled iff for every subseA of
F2 holdsA C A,

(87) For every non empty formal topological sp&geholdsF is filled iff for every subseA of
F2 holdsAf C A,

(38) (ASp)C = AR,
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(39) (ASF)C = AP,
(40) AP — AR ACh,
(41) AP = AP (AR)C,
(42) AFS=pAcFe.

(43) AFO = AR\ AR,

Let us consideF, and let us considek. The functorA™d yields a subset df and is defined as
follows:

(Def. 14) AFd = ANAFD.
The functorAF% yields a subset df, and is defined by:
(Def. 15) AF% — ACNAFS,
One can prove the following proposition
(44) AFS = AF3 AR,
Let us consideF, and letG be a subset df,. We say thaG is open if and only if:
(Def. 16) G=GF.
We say thats is closed if and only if:
(Def. 17) G=GP.
We now state four propositions:
(45) If A®is open, theAis closed.
(46) If A®is closed, ther is open.

(47) LetF; be a non empty formal topological space a#d be subsets df,. Supposd-; is
filled. If for every elemenk of F, holds{x} € Ug(x), thenAnB™ = Afb N B,

(48) LetF; be a non empty formal topological space a&d be subsets df,. Supposd-; is
filled. If for every elemenk of F, holds{x} € Ug(x), thenAT UBF = AUB".
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