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Summary. The article contains the definition of a finite set based on the notion of
finite sequence. Some theorems about properties of finite sets and finite families of sets are
proved.
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The articles [6], [4], [7], [8], [3], [5], [1], and [2] provide the notation and terminology for this
paper.

Let I1 be a set. We say thatI1 is finite if and only if:

(Def. 1) There exists a functionp such that rngp = I1 and domp∈ ω.

We introduceI1 is infinite as an antonym ofI1 is finite.
We adopt the following convention:A, B, C, D, X, Y are sets andf is a function.
Let us mention that there exists a set which is non empty and finite.
One can verify that every set which is empty is also finite.
Let X be a set. Observe that there exists a subset ofX which is empty and finite.
The schemeOLambdaCdeals with a setA , a unary functorF yielding a set, a unary functorG

yielding a set, and a unary predicateP , and states that:
There exists a functionf such that domf = A and for every ordinal numberx such
thatx∈ A holds if P [x], then f (x) = F (x) and if notP [x], then f (x) = G(x)

for all values of the parameters.
Let x be a set. One can verify that{x} is finite.
Let X be a non empty set. Observe that there exists a subset ofX which is non empty and finite.
Let x, y be sets. One can verify that{x,y} is finite.
Let x, y, z be sets. One can check that{x,y,z} is finite.
Let x1, x2, x3, x4 be sets. One can verify that{x1,x2,x3,x4} is finite.
Let x1, x2, x3, x4, x5 be sets. Observe that{x1,x2,x3,x4,x5} is finite.
Let x1, x2, x3, x4, x5, x6 be sets. Observe that{x1,x2,x3,x4,x5,x6} is finite.
Let x1, x2, x3, x4, x5, x6, x7 be sets. Observe that{x1,x2,x3,x4,x5,x6,x7} is finite.
Let x1, x2, x3, x4, x5, x6, x7, x8 be sets. One can verify that{x1,x2,x3,x4,x5,x6,x7,x8} is finite.
Let B be a finite set. Note that every subset ofB is finite.
Let X, Y be finite sets. Note thatX∪Y is finite.
One can prove the following two propositions:

(13)1 If A⊆ B andB is finite, thenA is finite.

(14) If A is finite andB is finite, thenA∪B is finite.

1 The propositions (1)–(12) have been removed.
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Let A be a set and letB be a finite set. One can check thatA∩B is finite.
Let A be a finite set and letB be a set. Observe thatA∩B is finite andA\B is finite.
Next we state three propositions:

(15) If A is finite, thenA∩B is finite.

(16) If A is finite, thenA\B is finite.

(17) If A is finite, thenf ◦A is finite.

Let f be a function and letA be a finite set. Observe thatf ◦A is finite.
One can prove the following proposition

(18) SupposeA is finite. LetX be a family of subsets ofA. SupposeX 6= /0. Then there exists a
setx such thatx∈ X and for every setB such thatB∈ X holds ifx⊆ B, thenB = x.

The schemeFinite deals with a setA and a unary predicateP , and states that:
P [A ]

provided the following requirements are met:
• A is finite,
• P [ /0], and
• For all setsx, B such thatx∈ A andB⊆ A andP [B] holdsP [B∪{x}].

One can prove the following proposition

(19) If A is finite andB is finite, then[:A, B:] is finite.

Let A, B be finite sets. Note that[:A, B:] is finite.
We now state the proposition

(20) If A is finite andB is finite andC is finite, then[:A, B, C:] is finite.

Let A, B, C be finite sets. One can check that[:A, B, C:] is finite.
Next we state the proposition

(21) If A is finite andB is finite andC is finite andD is finite, then[:A, B, C, D :] is finite.

Let A, B, C, D be finite sets. Observe that[:A, B, C, D :] is finite.
The following propositions are true:

(22) If B 6= /0 and[:A, B:] is finite, thenA is finite.

(23) If A 6= /0 and[:A, B:] is finite, thenB is finite.

(24) A is finite iff 2A is finite.

(25) A is finite and for everyX such thatX ∈ A holdsX is finite iff
⋃

A is finite.

(26) If dom f is finite, then rngf is finite.

(27) If Y ⊆ rng f and f−1(Y) is finite, thenY is finite.
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