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Summary. This textis a continuation of [3]. We prove a number of theorems concern-
ing both notions introduced there and one-to-one finite sequences. We introduce a function
that removes from a string elements of the string that belongs to a given set.

MML Identifier: FINSEQ_3.

WWW: http://mizar.org/JFM/Vol2/finseq_3.html

The articles|[8],[[7],[10],19], [8], [11], T4], 5], [6], [1], and.[2] provide the notation and terminol-
ogy for this paper.

We

adopt the following rulesp, g, r are finite sequences, v, X, Y, z, A, D, X, Y are sets, ang

i, k, I, m, nare natural numbers.
One can prove the following propositions:
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(15)

(16)

Seg3={1,2,3}.
Seg4={1,2,3,4}.
Seg5={1,2,3,4,5}.
Seg6={1,2,3,4,5,6}.
Seg7={1,2,3,4,5,6,7}.
Seg8={1,2,3,4,5,6,7,8}.
Sedk = 0iff k ¢ Segk.
k+1¢ Sedk.

If k#£ 0, thenk € Sedk+n).
If k+n e Sedk, thenn=0.
If k< n, thenk+1 € Segn.
If k € Seghandm < k, thenk—m e Sem.
k—n e Segiff n<k.

Seck misses{k+ 1}.
Sedk+1)\ Segk = {k+1}.

1 The proposition (8) has been removed.
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Sed # Sedk+1).

If Segk = Sedk+n), thenn=0.

Sed C Sedk+n).

Sed and Segq areC-comparable.

If Segk = {y}, thenk=1 andy = 1.

If Segk = {x,y} andx #y, thenk = 2 and{x,y} = {1,2}.
If x e domp, thenx € dom(p~q).

If x € domp, thenx is a natural number.

If x € domp, thenx # 0.

ne dompiff 1 <nandn<lenp.

n e dompiff n—1is a natural number and Ign- nis a natural number.
domx,y) = Seg2

dom(x,y,z) = Seg3

lenp = lenq iff dom p = domg.

lenp < lenq iff dom p C domg.

If X € rngp, then 1€ domp.

If rngp # 0, then 1€ domp.

0# (xy).

0+ (xY,2).

(X) # (y.2).

(U) # (x.¥,2).

(UV) # (x,y,2).

If lenr = lenp—+leng and for everyk such thak € domp holdsr (k) = p(k) and for every

k such thak € domq holdsr (lenp+k) = q(k), thenr = p~q.

(44)
(45)
(46)

For every finite seA such thatA C Segk holds len Sgni\ = cardA.
For every finite seA such thatA C Segk holds dom Sgm = Segcard\.
If X C Seg andk < | and 1< nandm < len SgmX and(SgmX)(m) = kand(SgmX)(n) =

[, thenm< n.

(48ff]

If X C Seg andY C Segj, then for allm, n such thatme X andn € Y holdsm < n iff

SgmXUY) = (SgmX) ~ SgmY.

(49)
(50)
(51)

Sgn® = 0.
If 0 n, then Sgrgn} = (n).

If 0 < nandn < m, then SgMn,m} = (n,m).

2 The proposition (21) has been removed.
3 The propositions (35)—(37) have been removed.
4 The proposition (47) has been removed.
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lenSgm Selg= k.

SgmSetk+ n)| Sedk = Sgm Seds.

Sgm Sef = idsedk).

plSegn = pifflenp <n.

idseqn+ k) Segn = idseqn).

idsedn) [ Segn = idsedm) iff m< n.

idsedn) [ Segn=idsedn) iff n<m.

Iflenp=k+1 andq = p| Se, then lemg = k.

If lenp=k+1 andq = p| Sed, then donmg = Sedk.

If lenp=k+ 1 andq = p|Sed, thenp=qg~ (p(k+1)).

p[X is a finite sequence iff there existsuch thaX Ndomp = Segk.

Let p be a finite sequence and lbe a set. Observe that(A) is finite.
We now state two propositions:

(63)
(64)

card(p~q) *(A)) = card p~1(A)) + card g (A)).
pA) C (pm g L(A).

Let us considep, A. The functorp — Ayielding a finite sequence is defined by:

(Def. 1)

p—A=p-Sgmdomp\ p~1(A)).

The following propositions are true:

(66f len(p—A) =lenp—card p~1(A)).
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lenp—A) <lenp.

If len(p—A) = lenp, thenA misses rng.

If n=lenp—card p—1(A)), then donfp— A) = Segn.
dom(p—A) C domp.

If dom(p— A) = domp, thenA misses rng.
rmgp—A) =rngp\ A

rg p—A) C rngp.

If rng(p—A) = rngp, thenA misses rng.
p—A=0iffrngpC A

p—A= piff Amisses rng.

p—{x} = piff x¢& rngp.

p—0=np.

p—rngp=~0.

PTa-A=(p—A)"(q-A).

5 The proposition (65) has been removed.
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0—A=0.

(X) —A=(x) iff x¢ A

(X) —A=0iff xe A

(xy)—A=0iff xe Aandy € A.

If xe Aandy ¢ A, then(x,y) — A= (y).

If (x,y) — A= (y) andx #Yy, thenx € Aandy ¢ A.

If x¢ Aandy € A, then(x,y) — A= (X).

If (x,y) — A= (x) andx # Yy, thenx ¢ Aandy € A.

(xy)—A=(xy) iff x¢ Aandy ¢ A.

If lenp=k+ 1 andq= p|Sed, thenp(k+1) € Aiff p—A=qg—A
Iflenp=k+ 1 andg = p|Sedk, thenp(k+ 1) ¢ Aiff p—A=(g—A) " (p(k+1)).
If n e domp, then for every finite seB such thaB = {k: ke domp A k<n A p(k) € A}

holdsp(n) € Aor (p—A)(n—cardB) = p(n).

(93)
(94)
(95)
(96)

If pis a finite sequence of elements®fthenp— Ais a finite sequence of elementsf
If pis one-to-one, thep — A is one-to-one.
If pis one-to-one, then Iép— A) = lenp—card ANrngp).

For every finite sef\ such thatp is one-to-one ané C rngp holds lerfp— A) = lenp—

cardA.
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If pis one-to-one and € rngp, then lefp— {x}) =lenp— 1.

rngp misses rng andp is one-to-one and is one-to-one iffp ™ g is one-to-one.
If AC Sedk, then SgnA is one-to-one.

idsedn) is one-to-one.

0 is one-to-one.

(X) is one-to-one.

x # yiff (x,y) is one-to-one.

X # yandy # zandz # xiff (x,y,z) is one-to-one.

If pis one-to-one and rng= {x}, then lenp = 1.

If pis one-to-one and rng= {x}, thenp = (x).

If pis one-to-one and rng= {x,y} andx #y, then lerp = 2.

If pis one-to-one and rng= {x,y} andx #y, thenp = (x,y) or p= (y,X).

If pis one-to-one and rng= {x,y,z} and(x,y, 2) is one-to-one, then lgn= 3.

If pis one-to-one and rng= {x,y,z} andx # y andy # zandx # z, then lenp = 3.
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