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Summary. This text is a continuation of [3]. We prove a number of theorems concern-
ing both notions introduced there and one-to-one finite sequences. We introduce a function
that removes from a string elements of the string that belongs to a given set.
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The articles [8], [7], [10], [9], [3], [11], [4], [5], [6], [1], and [2] provide the notation and terminol-
ogy for this paper.

We adopt the following rules:p, q, r are finite sequences,u, v, x, y, z, A, D, X, Y are sets, andi,
j, k, l , m, n are natural numbers.

One can prove the following propositions:

(1) Seg3= {1,2,3}.

(2) Seg4= {1,2,3,4}.

(3) Seg5= {1,2,3,4,5}.

(4) Seg6= {1,2,3,4,5,6}.

(5) Seg7= {1,2,3,4,5,6,7}.

(6) Seg8= {1,2,3,4,5,6,7,8}.

(7) Segk = /0 iff k /∈ Segk.

(9)1 k+1 /∈ Segk.

(10) If k 6= 0, thenk∈ Seg(k+n).

(11) If k+n∈ Segk, thenn = 0.

(12) If k < n, thenk+1∈ Segn.

(13) If k∈ Segn andm< k, thenk−m∈ Segn.

(14) k−n∈ Segk iff n < k.

(15) Segk misses{k+1}.

(16) Seg(k+1)\Segk = {k+1}.
1 The proposition (8) has been removed.
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(17) Segk 6= Seg(k+1).

(18) If Segk = Seg(k+n), thenn = 0.

(19) Segk⊆ Seg(k+n).

(20) Segk and Segn are⊆-comparable.

(22)2 If Segk = {y}, thenk = 1 andy = 1.

(23) If Segk = {x,y} andx 6= y, thenk = 2 and{x,y}= {1,2}.

(24) If x∈ domp, thenx∈ dom(pa q).

(25) If x∈ domp, thenx is a natural number.

(26) If x∈ domp, thenx 6= 0.

(27) n∈ domp iff 1 ≤ n andn≤ lenp.

(28) n∈ domp iff n−1 is a natural number and lenp−n is a natural number.

(29) dom〈x,y〉= Seg2.

(30) dom〈x,y,z〉= Seg3.

(31) lenp = lenq iff dom p = domq.

(32) lenp≤ lenq iff dom p⊆ domq.

(33) If x∈ rngp, then 1∈ domp.

(34) If rngp 6= /0, then 1∈ domp.

(38)3 /0 6= 〈x,y〉.

(39) /0 6= 〈x,y,z〉.

(40) 〈x〉 6= 〈y,z〉.

(41) 〈u〉 6= 〈x,y,z〉.

(42) 〈u,v〉 6= 〈x,y,z〉.

(43) If lenr = lenp+ lenq and for everyk such thatk∈ domp holdsr(k) = p(k) and for every
k such thatk∈ domq holdsr(lenp+k) = q(k), thenr = pa q.

(44) For every finite setA such thatA⊆ Segk holds lenSgmA = cardA.

(45) For every finite setA such thatA⊆ Segk holds domSgmA = SegcardA.

(46) If X ⊆Segi andk< l and 1≤ n andm≤ lenSgmX and(SgmX)(m) = k and(SgmX)(n) =
l , thenm< n.

(48)4 If X ⊆ Segi andY ⊆ Segj, then for allm, n such thatm∈ X andn∈ Y holdsm< n iff
Sgm(X∪Y) = (SgmX)a SgmY.

(49) Sgm/0 = /0.

(50) If 0 6= n, then Sgm{n}= 〈n〉.

(51) If 0 < n andn < m, then Sgm{n,m}= 〈n,m〉.
2 The proposition (21) has been removed.
3 The propositions (35)–(37) have been removed.
4 The proposition (47) has been removed.
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(52) lenSgmSegk = k.

(53) SgmSeg(k+n)�Segk = SgmSegk.

(54) SgmSegk = idseq(k).

(55) p�Segn = p iff len p≤ n.

(56) idseq(n+k)�Segn = idseq(n).

(57) idseq(n)�Segm= idseq(m) iff m≤ n.

(58) idseq(n)�Segm= idseq(n) iff n≤m.

(59) If lenp = k+ l andq = p�Segk, then lenq = k.

(60) If lenp = k+ l andq = p�Segk, then domq = Segk.

(61) If lenp = k+1 andq = p�Segk, thenp = qa 〈p(k+1)〉.

(62) p�X is a finite sequence iff there existsk such thatX∩domp = Segk.

Let p be a finite sequence and letA be a set. Observe thatp−1(A) is finite.
We now state two propositions:

(63) card((pa q)−1(A)) = card(p−1(A))+card(q−1(A)).

(64) p−1(A)⊆ (pa q)−1(A).

Let us considerp, A. The functorp−A yielding a finite sequence is defined by:

(Def. 1) p−A = p·Sgm(domp\ p−1(A)).

The following propositions are true:

(66)5 len(p−A) = lenp−card(p−1(A)).

(67) len(p−A)≤ lenp.

(68) If len(p−A) = lenp, thenA misses rngp.

(69) If n = lenp−card(p−1(A)), then dom(p−A) = Segn.

(70) dom(p−A)⊆ domp.

(71) If dom(p−A) = domp, thenA misses rngp.

(72) rng(p−A) = rngp\A.

(73) rng(p−A)⊆ rngp.

(74) If rng(p−A) = rngp, thenA misses rngp.

(75) p−A = /0 iff rng p⊆ A.

(76) p−A = p iff A misses rngp.

(77) p−{x}= p iff x /∈ rngp.

(78) p− /0 = p.

(79) p− rngp = /0.

(80) pa q−A = (p−A)a (q−A).

5 The proposition (65) has been removed.
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(81) /0−A = /0.

(82) 〈x〉−A = 〈x〉 iff x /∈ A.

(83) 〈x〉−A = /0 iff x∈ A.

(84) 〈x,y〉−A = /0 iff x∈ A andy∈ A.

(85) If x∈ A andy /∈ A, then〈x,y〉−A = 〈y〉.

(86) If 〈x,y〉−A = 〈y〉 andx 6= y, thenx∈ A andy /∈ A.

(87) If x /∈ A andy∈ A, then〈x,y〉−A = 〈x〉.

(88) If 〈x,y〉−A = 〈x〉 andx 6= y, thenx /∈ A andy∈ A.

(89) 〈x,y〉−A = 〈x,y〉 iff x /∈ A andy /∈ A.

(90) If lenp = k+1 andq = p�Segk, thenp(k+1) ∈ A iff p−A = q−A.

(91) If lenp = k+1 andq = p�Segk, thenp(k+1) /∈ A iff p−A = (q−A)a 〈p(k+1)〉.

(92) If n∈ domp, then for every finite setB such thatB = {k : k∈ domp ∧ k≤ n ∧ p(k) ∈ A}
holdsp(n) ∈ A or (p−A)(n−cardB) = p(n).

(93) If p is a finite sequence of elements ofD, thenp−A is a finite sequence of elements ofD.

(94) If p is one-to-one, thenp−A is one-to-one.

(95) If p is one-to-one, then len(p−A) = lenp−card(A∩ rngp).

(96) For every finite setA such thatp is one-to-one andA⊆ rngp holds len(p−A) = lenp−
cardA.

(97) If p is one-to-one andx∈ rngp, then len(p−{x}) = lenp−1.

(98) rngp misses rngq andp is one-to-one andq is one-to-one iffpa q is one-to-one.

(99) If A⊆ Segk, then SgmA is one-to-one.

(100) idseq(n) is one-to-one.

(101) /0 is one-to-one.

(102) 〈x〉 is one-to-one.

(103) x 6= y iff 〈x,y〉 is one-to-one.

(104) x 6= y andy 6= z andz 6= x iff 〈x,y,z〉 is one-to-one.

(105) If p is one-to-one and rngp = {x}, then lenp = 1.

(106) If p is one-to-one and rngp = {x}, thenp = 〈x〉.

(107) If p is one-to-one and rngp = {x,y} andx 6= y, then lenp = 2.

(108) If p is one-to-one and rngp = {x,y} andx 6= y, thenp = 〈x,y〉 or p = 〈y,x〉.

(109) If p is one-to-one and rngp = {x,y,z} and〈x,y,z〉 is one-to-one, then lenp = 3.

(110) If p is one-to-one and rngp = {x,y,z} andx 6= y andy 6= z andx 6= z, then lenp = 3.
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[5] Czesław Bylínski. Finite sequences and tuples of elements of a non-empty sets.Journal of Formalized Mathematics, 2, 1990.http:
//mizar.org/JFM/Vol2/finseq_2.html.

[6] Agata Darmochwał. Finite sets.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/finset_1.html.

[7] Andrzej Trybulec. Enumerated sets.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/enumset1.html.

[8] Andrzej Trybulec. Tarski Grothendieck set theory.Journal of Formalized Mathematics, Axiomatics, 1989.http://mizar.org/JFM/
Axiomatics/tarski.html.

[9] Andrzej Trybulec. Subsets of real numbers.Journal of Formalized Mathematics, Addenda, 2003.http://mizar.org/JFM/Addenda/
numbers.html.

[10] Zinaida Trybulec. Properties of subsets.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/subset_1.html.

[11] Edmund Woronowicz. Relations and their basic properties.Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/
Vol1/relat_1.html.

Received April 8, 1990

Published January 2, 2004

http://mizar.org/JFM/Vol1/card_1.html
http://mizar.org/JFM/Vol1/nat_1.html
http://mizar.org/JFM/Vol1/nat_1.html
http://mizar.org/JFM/Vol1/finseq_1.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol2/finseq_2.html
http://mizar.org/JFM/Vol2/finseq_2.html
http://mizar.org/JFM/Vol1/finset_1.html
http://mizar.org/JFM/Vol1/enumset1.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Addenda/numbers.html
http://mizar.org/JFM/Addenda/numbers.html
http://mizar.org/JFM/Vol1/subset_1.html
http://mizar.org/JFM/Vol1/relat_1.html
http://mizar.org/JFM/Vol1/relat_1.html

	non-contiguous substrings and … By wojciech a. trybulec

