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Summary. The first part of the article is a continuation 6f [4]. Next, we define the
identity sequence of natural numbers and the constant sequences. The main part of this article
is the definition of tuples. The element of a set of all sequences of the largdtb is called
a tuple of a non-empty s& and it is denoted by element Bf". Also some basic facts about
tuples of a non-empty set are proved.

MML Identifier: FINSEQ_2.
WWW: http://mizar.org/JFM/Vol2/finseq_2.html

The articles([18],[[1R],[[9],116],[TR],[3],[114],[[1],[[a],[[15],[[17],.16],18],[[7],[14],15], and [10]
provide the notation and terminology for this paper.

For simplicity, we adopt the following conventiom; j, | are natural numbers is a natural
numberA, a, b, x, X1, X, X3 are setsD, D', E are non empty setsl, di, d», d3 are elements db,
d’, d, d;, dj are elements dd’, andp, g, r are finite sequences.

One can prove the following propositions:

(1) min(i, j) is a natural number and m@xj) is a natural number.

(2) Ifl=min(i,j), then SegN Segj = Sed.

(3) Ifi<j,thenmax0,i—j)=0.

4) Ifj<ithenmax0,i—j)=i—]j.

(5) max0,i— j)is a natural number.

(6) min(0,i) =0 and mir{i,0) = 0 and max0,i) =i and maxi,0) =i.

8 1fi € Sedl +1), theni € Sed ori =1+1.

(9) Ifie Sed,theni € Sedl +j).
(10) Iflenp=iand lerg=i and for everyj such thatj € Seg holdsp(j) =q(j), thenp=aq.
(11) If berngp, then there existssuch thai € domp andp(i) = b.

(13E] For every seD and for every finite sequengeof elements oD such thai € domp holds
p(i) € D.

1 The proposition (7) has been removed.
2 The proposition (12) has been removed.
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(14) For every seb such that for every such thai € domp holdsp(i) € D holdsp is a finite
sequence of elements Df

(15) (di,d) is a finite sequence of elementsif

(16) (d1,d2,ds) is a finite sequence of elementsf

(18 If i € domp, theni € dom(p~ Q).

(19) lenp~(a)) =lenp+1.

(20) Ifp~(a)=q~ (b),thenp=qganda=h.

(21) Iflenp=i+1, then there exisy, asuch thap=q~ (a).

(22) Letp be a finite sequence of elementshaf Suppose lep # 0. Then there exists a finite
sequence of elements oD and there existd such thatp =g~ (d).

(23) Ifg=plSedg andlemp <i,thenp=aq.
(24) If g= plSed, then lerg = min(i,lenp).
(25) Iflenr =i+ j, then there exisp, g such that lep=iandlemm=jandr=p~q.

(26) Letr be a finite sequence of elementsaf Suppose len=i+ j. Then there exist finite
sequences, g of elements oD such that lep =i and lemg= jandr=p~q.

In this article we present several logical schemes. The scBameambdalleals with a natural
number4, a non empty seB, and a unary functof yielding an element o8, and states that:
There exists a finite sequenzef elements ofB such that lea = 4 and for every;
such thatj € Seg4 holdsz(j) = 7 (j)
for all values of the parameters.
The scheméndSeqDdeals with a non empty set and a unary predicatg, and states that:
For every finite sequengeof elements ofZ holds?[p]
provided the parameters meet the following conditions:
e Pleg], and
e For every finite sequengeof elements 0f2 and for every elementof 4 such that
P[p] holds?[p~ (x)].
One can prove the following propositions:

(27) For every non empty subdatof D holds every finite sequence of element®obfs a finite
sequence of elements Df

(28) Every function from Seiginto D is a finite sequence of elementsf

(30@] Every finite sequencp of elements oD is a function from donp into D.

(31) For every functiorf from N into D holds f | Sed is a finite sequence of elementsf
(832) For every functiorf from N into D such thaj= f | Segd holds lerg=i1.

(33) For every functiorf such that rngp C domf andq= f - p holds lerg = lenp.

(34) Suppos® = Seg. Let p be a finite sequence aigbe a finite sequence of elementdbf
If i <lenp, thenp-qis a finite sequence.

(35) Suppos® = Sed. Let p be a finite sequence of elementsfandq be a finite sequence
of elements oD. If i < lenp, thenp-qis a finite sequence of elementsf

(36) LetA, D be setsp be a finite sequence of elementsffand f be a function fromA into
D. Thenf - pis a finite sequence of elementsf

3 The proposition (17) has been removed.
4 The proposition (29) has been removed.
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(37) Letpbe afinite sequence of elementsfodind f be a function fromAintoD’. If q= f - p,
then lerg = lenp.

(38) For every functiorf from Ainto D’ holdsf - €a = €py.

(39) Letpbe afinite sequence of elementdbandf be a function fronD into D'. If p= (xy),
thenf . p= (f(x1)).

(40) Letpbe afinite sequence of elementdband f be a function fronD into D'. If p= (xg,
X2}, thenf .- p=(f(x1), f(x2)).

(41) Letpbe afinite sequence of elementdbandf be a function fronD into D'. If p= (x1,
X2,X3), thenf - p= (f(xq), f(x2), f(x3)).

(42) For every functiorf from Seg into Segj such that ifj = 0, theni = 0 andj < lenp holds
p- f is a finite sequence.

(43) For every functiorf from Seg into Seg such that < lenp holdsp- f is a finite sequence.
(44) For every functiorf from domp into domp holdsp- f is a finite sequence.

(45) For every functiorf from Seg into Sed such that rng = Seg andi < lenpandgq=p- f
holds lemg =i.

(46) For every functionf from domp into domp such that rnd = domp andq = p- f holds
leng = lenp.

(47) For every permutatioh of Seg such thai < lenpandqg= p- f holds lemq =1i.
(48) For every permutatiof of domp such thaty= p- f holds lerg = lenp.

(49) Letp be a finite sequence of elements®fand f be a function from Seginto Seg;.
Suppose iff = 0, theni = 0 andj < lenp. Thenp- f is a finite sequence of elementsf

(50) Letp be a finite sequence of elementsfand f be a function from Seginto Seg. If
i <lenp, thenp- f is a finite sequence of elements»f

(51) Letp be a finite sequence of elementsdfand f be a function from domp into domp.
Thenp- f is a finite sequence of elementsf

(52) idseq is a finite sequence of elementsiof
Leti be a natural number. The functor id¢B8gyielding a finite sequence is defined by:
(Def. 1) idsedi) = idseg-
The following propositions are true:
(54 domidsegk) = Segk.
(55) lenidsegk) = k.
(56) If j € Seg, then(idsedi))(j) = j.
(57) Ifi#0, then for every elemeritof Seg holds(idsedi))(k) = k.
(58) idsed0) = 0.
(59) idseql) = (1).
(60) idsedi+ 1) = (idsedi)) " (i+1).
(61) idsed2) = (1,2).

5 The proposition (53) has been removed.
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(62) idseq3) =(1,2,3).

(63) p-idsedk) = p|Sed.

(64) Iflenp <k, thenp-idsedk) = p.
(65) idsedk) is a permutation of Sdg
(66) Sedk+—— ais a finite sequence.

Let i be a natural number and latbe a set. The functdr— a yielding a finite sequence is
defined as follows:

(Def. 2) i—a=Seg+— a.
We now state a number of propositions:
(68f] dom(k+ a) = Segk.
(69) lenk—a) =k
(70) Ifbe Sed, then(k— a)(b) =a.
(71) If k# 0O, then for every elememnt of Segk holds(k — d)(w) = d.
(72) 0— a=0.
(73) 1—a={(a).
(74) (i+1)—a=(i—a)" (@.
(75) 2—a={(aa).
(76) 3—a={(aaa).
(77) k— dis afinite sequence of elementsof
(78) For every functiofr such that:rngp, rngq;] C domF holdsF°(p, q) is a finite sequence.

(79) For every functiorF such thatrngp, rngq] € domF andr = F°(p, g) holds lemr =
min(lenp,leng).

(80) For every functiofr such that: {a}, rngp: C domF holdsF°(a, p) is a finite sequence.
(81) For every functiofr such that: {a}, rngp: C domF andr = F°(a, p) holds lerr = lenp.
(82) For every functiofr such thaf:rngp, {a} ] C domF holdsF°(p,a) is a finite sequence.
(83) For every functiofr such that:rngp, {a} ] C domF andr = F°(p,a) holds lerr = lenp.

(84) LetF be afunction fronf.D, D' ] into E, p be a finite sequence of elementdifandq be
a finite sequence of elementsdf ThenF°(p, q) is a finite sequence of elementskf

(85) LetF be a function fronf: D, D’ ] into E, p be a finite sequence of elementdhfandg be
a finite sequence of elementsdf. If r = F°(p, q), then lem = min(lenp,lenq).

(86) LetF be a function fronj: D, D' ] into E, p be a finite sequence of elementdhfandg be
a finite sequence of elementsDf. If lenp = leng andr = F°(p, q), then lerr = lenp and
lenr = leng.

(87) LetF be a function from: D, D’] into E, p be a finite sequence of elementsiyfand p’
be a finite sequence of elementdf ThenF°(ep, p') = eg andF°(p, &) = €k.

6 The proposition (67) has been removed.
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(88) LetF be a function fronf: D, D" ] into E, p be a finite sequence of elementdhfandq be
a finite sequence of elementsdf. If p= (d1) andq= (d}), thenF°(p, q) = (F(d1, d})).

(89) LetF be a function fronf.D, D' ] into E, p be a finite sequence of elementdifandq be
a finite sequence of elementsDf. If p= (di,dy) andq = (d;,d}), thenF°(p, q) = (F(dy,
dy),F(dp, d3)).

(90) LetF be a function from: D, D’} into E, p be a finite sequence of elementsfandq
be a finite sequence of elements®f If p= (di,dy,ds) andq = (dj,d5,d3), thenF°(p,
q) = (F(dy, dp),F(dz, d3), F(ds, d3)).

(91) LetF be afunction fronmj: D, D' into E andp be a finite sequence of elementd®f Then
F°(d, p) is a finite sequence of elementskf

(92) LetF be a function fron:D, D’ ] into E and p be a finite sequence of elementsyf If
r =F°(d, p), then lemr =lenp.

(93) For every functiofr from [ D, D’ into E holdsF°(d,ep/) = €g.

(94) LetF be a function fron:D, D’ ] into E and p be a finite sequence of elementsf If
p = (dp), thenF°(d, p) = (F(d, dy)).

(95) LetF be a function fron:D, D’ ] into E and p be a finite sequence of elementsyf If
p = (dy,d3), thenF°(d, p) = (F(d, dy),F(d, d3)).

(96) LetF be a function from:D, D' ] into E and p be a finite sequence of elementsiyf If
p= <d17d/2>dé>’ thenFC)(da p) = <F(d7 di)v F(d7 d/2>7 F(d7 dé>>

(97) LetF be a function fron{. D, D’ ] into E andp be a finite sequence of elementdbfThen
F°(p,d’) is a finite sequence of elementskf

(98) LetF be a function from: D, D’] into E and p be a finite sequence of elementsxf If
r =F°(p,d’), then lerr = lenp.

(99) For every functiorr from D, D’ ] into E holdsF°(ep,d") = €g.

(100) LetF be a function fron]:D, D’ into E and p be a finite sequence of elementsf If
p = (d1), thenF°(p,d’) = (F(dy, d)).

(101) LetF be a function from:D, D’] into E and p be a finite sequence of elementsmxf If
p= (di,dy), thenF°(p,d’) = (F(di, d’),F(dp, d)).

(102) LetF be a function from:D, D’] into E and p be a finite sequence of elementsixf If
p= (di,dz,ds), thenF°(p,d’) = (F(dy, d'),F(dy, d'),F(ds, d")).

LetD be a set. A setis called a set of finite sequencds3 i6if
(Def. 3) Ifacit, thenais a finite sequence of elementsf

Let D be a set. Note that there exists a set of finite sequend@subiich is non empty.

Let D be a set. A hon empty set of finite sequenceB @ a non empty set of finite sequences
of D.

We now state the proposition

(104[] For every seD holdsD* is a non empty set of finite sequence$of

Let D be a set. The®* is a non empty set of finite sequence$of
We now state the proposition

(105) For every sdb and for every non empty s& of finite sequences dd holdsD’ C D*.

7 The proposition (103) has been removed.
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Let D be a set and e be a non empty set of finite sequence®ofWe see that the element of
Sis a finite sequence of elementsf
The following proposition is true

(107 For every non empty subsbBt of D holds every non empty set of finite sequenceB'ab
a non empty set of finite sequencedof

Leti be a natural number and IBtbe a set. The functdd' yields a set of finite sequencesDf
and is defined by:

(Def. 4) D' = {s;sranges over elements Bf: lens=i}.

Leti be a natural number and let us consiBeNote thatD' is non empty.
We now state a number of propositions:

(109@ For every elemerz of D' holds lerz=i.

(110) For every seb holds every finite sequeneef elements oD is an element ob'®"Z,
(111) D' =DSe9.

(112) For every seD holdsD® = {ep}.

(113) For every se and for every elemerztof D° holdsz = €p.

(114) For every sdb holdsep is an element ob°.

(115) For every elememtof D° and for every elemertof D' holdsz~t =t andt " z=t.
(116) D!={(d)}.

(117) For every elementof D! there existsl such thaz = (d).

(118) (d) is an element ob?.

(119) D?= {(d,dp)}.

(120) For every elememtof D? there existy, d» such thatz = (d1,dp).

(121) (dy,dy) is an element ob?.

(122) D3 = {(ch,dp,d3)}.

(123) For every elememtof D3 there existy, d, d3 such thatz = (d1,dp,ds).

(124) (d1,d,d3) is an element ob?.

(125) D't = {z"t:zranges over elements Bf, t ranges over elements Bf }.

(126) For every elemerstof D'*] there exists an elemenbf D' and there exists an elemérdf
D! suchthas=2z"t.

(127) For every elememtof D' and for every elemerttof DI holdsz™t is an element oD+,
(128) D* ={D'}.

(129) For every non empty subd@tof D holds every element d" is an element ob'.
(130) IfD' =D, theni = j.

(131) idsedi) is an element oN'.

(132) i+ dis an element ob'.

8 The proposition (106) has been removed.
9 The proposition (108) has been removed.
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(133) For every elememntof D' and for every functiorf from D into D’ holds f - zis an element
of D",

(134) Letzbe an element ob' and f be a function from Seiginto Seg. If rng f = Seg, then
z-fis an element ob'.

(135) For every elemertof D' and for every permutatiofi of Seg holdsz- f is an element of
D'.

(136) For every elememtof D' and for everyd holds(z™ (d))(i +1) =d.

(137) For every elemerzt of D' there exists an elemeniof D' and there existsl such that
z=t"(d).

(138) For every elementof D' holdsz-idsed(i) = z.

(139) For all elements;, z, of D' such that for everyj such thatj € Seg holdsz(j) = z(j)
holdsz; = z.

(140) LetF be a function fron{: D, D’ ] into E, z; be an element db', andz be an element of
D". ThenF°(z, z) is an element oE'.

(141) For every functiofr from [D, D"} into E and for every elemerzof D" holdsF°(d,z) is
an element oE".

(142) For every functiofr from D, D"} into E and for every elemerzof D' holdsF°(zd') is
an element oE'.

(143) (i+j)—x=(i—x)"(j—Xx).
(144) For alli, D and for every elementof D' holds donx = Seg.

(145) For every functiorf and for all sets, y such thatx € domf andy € domf holds f - (x
y) = (f(x), f(y)).

(146) For every functiorf and for all set, y, zsuch thak € domf andy € domf andz € domf
holds f - (x,y,2) = (f(x), f(y), f(2)).

(147)  rmgx1,X2) = {X1,X2}.

(148) rngx1,X2,X3) = {X1,%2,Xa}.
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