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Summary. By borrowing the concept of neighbourhood from the theory of topolog-
ical space in continuous cases and extending it to a discrete case such as a space of lattice
points we have defined such concepts as boundaries, closures, interiors, isolated points, and
connected points as in the case of continuity. We have proved various properties which are
satisfied by these concepts.
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The articles [12], [7], [16], [3], [13], [9], [2], [10], [18], [17], [5], [6], [8], [11], [14], [4], [15], and
[1] provide the notation and terminology for this paper.

One can prove the following propositions:

(1) Let A be a set andf be a finite sequence of elements of 2A. Suppose that for every natural
numberi such that 1≤ i and i < len f holds fi ⊆ fi+1. Let i, j be natural numbers. Ifi ≤ j
and 1≤ i and j ≤ len f , then fi ⊆ f j .

(2) Let A be a set andf be a finite sequence of elements of 2A. Suppose that for every natural
numberi such that 1≤ i andi < len f holds fi ⊆ fi+1. Let i, j be natural numbers. Suppose
i < j and 1≤ i and j ≤ len f and f j ⊆ fi . Let k be a natural number. Ifi ≤ k andk≤ j, then
f j = fk.

(3) Let F be a set. SupposeF is finite andF 6= /0 andF is⊆-linear. Then there exists a setm
such thatm∈ F and for every setC such thatC∈ F holdsC⊆m.

(5)1 Let f be a function. Suppose that for every natural numberi holds f (i)⊆ f (i +1). Let i, j
be natural numbers. Ifi ≤ j, then f (i)⊆ f ( j).

The schemeMaxFinSeqExdeals with a non empty setA , a subsetB of A , a subsetC of A , and
a unary functorF yielding a subset ofA , and states that:

There exists a finite sequencef of elements of 2A such that
(i) len f > 0,

(ii) f1 = C ,
(iii) for every natural numberi such thati > 0 andi < len f holds fi+1 = F ( fi),
(iv) F ( flen f ) = flen f , and
(v) for all natural numbersi, j such thati > 0 andi < j and j ≤ len f holds fi ⊆B

and fi ⊂ f j

provided the following conditions are satisfied:
• B is finite,

1 The proposition (4) has been removed.
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• C ⊆ B, and
• For every subsetA of A such thatA⊆ B holdsA⊆ F (A) andF (A)⊆ B.

We consider finite topology spaces as extensions of 1-sorted structure as systems
〈 a carrier, a neighbour-map〉,

where the carrier is a set and the neighbour-map is a function from the carrier into 2the carrier.
Let us note that there exists a finite topology space which is non empty and strict.
In the sequelF1 denotes a non empty finite topology space andx, y denote elements ofF1.
Let F1 be a non empty finite topology space and letx be an element ofF1. The functorU(x)

yields a subset ofF1 and is defined by:

(Def. 1) U(x) = (the neighbour-map ofF1)(x).

Let x be a set and lety be a subset of{x}. Thenx7−→. y is a function from{x} into 2{x}.
The strict finite topology space FT{0} is defined by:

(Def. 2) FT{0} = 〈{0},07−→. Ω{0}〉.

Let us mention that FT{0} is non empty.
Let I1 be a non empty finite topology space. We say thatI1 is filled if and only if:

(Def. 3) For every elementx of I1 holdsx∈U(x).

One can prove the following two propositions:

(7)2 FT{0} is filled.

(8) FT{0} is finite.

Let us observe that there exists a non empty finite topology space which is finite, filled, and
strict.

Let T be a 1-sorted structure and letF be a set. We say thatF is a cover ofT if and only if:

(Def. 5)3 The carrier ofT ⊆
⋃

F.

Next we state the proposition

(9) For every filled non empty finite topology spaceF1 holds{U(x) : x ranges over elements
of F1} is a cover ofF1.

In the sequelA is a subset ofF1.
Let us considerF1 and letA be a subset ofF1. The functorAδ yields a subset ofF1 and is defined

as follows:

(Def. 6) Aδ = {x : U(x) meetsA ∧ U(x) meetsAc}.

Next we state the proposition

(10) x∈ Aδ iff U(x) meetsA andU(x) meetsAc.

Let us considerF1 and letA be a subset ofF1. The functorAδi yields a subset ofF1 and is defined
as follows:

(Def. 7) Aδi = A∩Aδ.

The functorAδo yielding a subset ofF1 is defined by:

(Def. 8) Aδo = Ac∩Aδ.

The following proposition is true

(11) Aδ = Aδi ∪Aδo.

2 The proposition (6) has been removed.
3 The definition (Def. 4) has been removed.
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Let us considerF1 and letA be a subset ofF1. The functorAi yielding a subset ofF1 is defined
as follows:

(Def. 9) Ai = {x : U(x)⊆ A}.

The functorAb yielding a subset ofF1 is defined by:

(Def. 10) Ab = {x : U(x) meetsA}.

The functorAs yielding a subset ofF1 is defined by:

(Def. 11) As = {x : x∈ A ∧ U(x)\{x} missesA}.

Let us considerF1 and letA be a subset ofF1. The functorAn yields a subset ofF1 and is defined
as follows:

(Def. 12) An = A\As.

The functorAf yielding a subset ofF1 is defined by:

(Def. 13) Af = {x :
∨

y (y∈ A ∧ x∈U(y))}.

Let I1 be a non empty finite topology space. We say thatI1 is symmetric if and only if:

(Def. 14) For all elementsx, y of I1 such thaty∈U(x) holdsx∈U(y).

The following propositions are true:

(12) x∈ Ai iff U(x)⊆ A.

(13) x∈ Ab iff U(x) meetsA.

(14) x∈ As iff x∈ A andU(x)\{x} missesA.

(15) x∈ An iff x∈ A andU(x)\{x} meetsA.

(16) x∈ Af iff there existsy such thaty∈ A andx∈U(y).

(17) F1 is symmetric iff for everyA holdsAb = Af .

In the sequelF is a subset ofF1.
Let us considerF1 and letI1 be a subset ofF1. We say thatI1 is open if and only if:

(Def. 15) I1 = I1i .

We say thatI1 is closed if and only if:

(Def. 16) I1 = I1b.

We say thatI1 is connected if and only if:

(Def. 17) For all subsetsB, C of F1 such thatI1 = B∪C andB 6= /0 andC 6= /0 andB missesC holds
Bb meetsC.

Let us considerF1 and letA be a subset ofF1. The functorAfb yields a subset ofF1 and is
defined by:

(Def. 18) Afb =
⋂
{F : A⊆ F ∧ F is closed}.

The functorAfi yields a subset ofF1 and is defined as follows:

(Def. 19) Afi =
⋃
{F : A⊆ F ∧ F is open}.

Next we state a number of propositions:

(18) For every filled non empty finite topology spaceF1 and for every subsetA of F1 holds
A⊆ Ab.
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(19) For every non empty finite topology spaceF1 and for all subsetsA, B of F1 such thatA⊆ B
holdsAb ⊆ Bb.

(20) LetF1 be a filled finite non empty finite topology space andA be a subset ofF1. ThenA is
connected if and only if for every elementx of F1 such thatx∈A there exists a finite sequence
Sof elements of 2the carrier ofF1 such that lenS> 0 andS1 = {x} and for every natural number
i such thati > 0 andi < lenSholdsSi+1 = (Si)b∩A andA⊆ SlenS.

(21) For every non empty setE and for every subsetA of E and for every elementx of E holds
x∈ Ac iff x /∈ A.

(22) ((Ac)i)c = Ab.

(23) ((Ac)b)c = Ai .

(24) Aδ = Ab∩ (Ac)b.

(25) (Ac)δ = Aδ.

(26) If x∈ As, thenx /∈ (A\{x})b.

(27) If As 6= /0 andA 6= 1, thenA is not connected.

(28) For every filled non empty finite topology spaceF1 and for every subsetA of F1 holds
Ai ⊆ A.

(29) For every setE and for all subsetsA, B of E holdsA = B iff Ac = Bc.

(30) If A is open, thenAc is closed.

(31) If A is closed, thenAc is open.
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[7] Czesław Bylínski. Some basic properties of sets.Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/
zfmisc_1.html.
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