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Summary. The continuity of real functions is discussed. There is a function defined
on some domain in real numbers which is continuous in a single point and on a subset of
domain of the function. Main properties of real continuous functions are proved. Among
them there is the Weierstral Theorem. Algebraic features for real continuous functions are
shown. Lipschitzian functions are introduced. The Lipschitz condition entails continuity.
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The articles[[14],[[17],[01],[[15],[156],[[2],[[18],14],[[8],112],[18],[17],[16], [186],19], [10],111], and
[13] provide the notation and terminology for this paper.

For simplicity, we adopt the following conventiom denotes a natural numbet, X;, Z, Z;
denote setss, g, r, p, Xo, X1, X2 denote real numbers; denotes a sequence of real numbafs,
denotes a subset &, andf, f1, fo denote partial functions frofR to R.

Let us consideff, xo. We say thaff is continuous irnxg if and only if:

(Def. 1) xo € domf and for everys; such that rng; C domf ands; is convergent and lirsy = X
holdsf - 51 is convergent and(Xp) = lim(f - 7).

The following propositions are true:

(ZE] f is continuous inxg if and only if the following conditions are satisfied:

(i) Xo€domf,and

(i) for everys; such that rng; C domf ands; is convergent and lirsy = xg and for everyn
holdss;(n) # X holdsf - 51 is convergent and (xp) = lim(f - s;).

(3) fiscontinuous ing if and only if the following conditions are satisfied:

(i) Xo€domf,and

(i) foreveryr such that G< r there exists such that G< sand for everyg such thak; € domf
and|x; —Xo| < sholds|f(x1) — f(Xo)| <.

(4) Letgivenf, xo. Thenf is continuous inxg if and only if the following conditions are
satisfied:

(i) X edomf,and

(i) for every neighbourhood\; of f(Xg) there exists a neighbourhodtof xg such that for
everyx; such thai; € domf andx; € N holds f(x3) € Ny.

1Supported by RPBP.1I1-24.C8.
1 The proposition (1) has been removed.
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(5) Letgivenf, xo. Thenf is continuous inxg if and only if the following conditions are
satisfied:

(i) Xo€domf,and

(i) for every neighbourhoodl; of f(Xo) there exists a neighbourhobof xo such thatf °N C
Nj.

(6) If xo € domf and there exists a neighbourhddaf xg such that donf "N = {xo}, thenf
is continuous irxg.

(7) Supposd is continuous irkg and f, is continuous inKg. Thenfy + f; is continuous inkg
andfy — f, is continuous ing and f; fo is continuous irxg.

(8) If fis continuous irxg, thenr f is continuous in.
(9) If fis continuous i, then|f| is continuous inKg and—f is continuous in.

(10) If f is continuous i and f (Xo) # 0, then# is continuous ink.
f

(11) If f1is continuous inkg and f1(Xg) # 0 andf; is continuous iy, then% is continuous in
X0.

(12) If f1 is continuous ing and f; is continuous inf1(xp), thenf, - f1 is continuous inkg.
Let us considerf, X. We say thaff is continuous orX if and only if:
(Def. 2) X C domf and for everyxy such thatg € X holds f [ X is continuous in.

The following propositions are true:

(14E] Let givenX, f. Thenf is continuous orX if and only if the following conditions are
satisfied:

(i) X Cdomf, and

(i) for everys; such thatrng; C X ands; is convergent and lirey € X holdsf - s is conver-
gent andf (lims;) = lim(f - sy).

(15) f is continuous oiX if and only if the following conditions are satisfied:
(i) X Cdomf,and

(i) forall xo, r such thaty € X and O< r there exists such that < sand for everyx; such
thatx; € X and|x; —xo| < sholds|f(x1) — f(xo)| <.

(16) fis continuous oX iff f[X is continuous orX.
(17) If fis continuous oiX andX; C X, thenf is continuous orx;.
(18) If xg € domf, thenf is continuous o{Xp}.

(19) LetgivenX, f1, fo. Supposds is continuous ofX andf; is continuous orX. Thenf; + f;
is continuous orX and f; — f2 is continuous orX and f; fo is continuous orX.

(20) Let givenX, X;, f1, fo. Supposef; is continuous orX and f; is continuous orX;. Then
f1 + f2 is continuous orX N X; and f; — f, is continuous orX N X; and f1 f; is continuous
onXNX;.

(21) Forallr, X, f such thatf is continuous orX holdsr f is continuous orX.
(22) If f is continuous orX, then|f| is continuous orX and— f is continuous orX.

(23) If f is continuous oiX and f~1({0}) = 0, then } is continuous oiX.

2 The proposition (13) has been removed.
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(24) If f is continuous orX and(f[X)~1({0}) = 0, then? is continuous orX.

(25) If f1is continuous oX andf; ~1({0}) = @ andf, is continuous oiX, then% is continuous
onX.

(26) If f1 is continuous orX and f; is continuous orf1°X, thenf, - f1 is continuous orX.

(27) If f1 is continuous orX and f, is continuous onX;, then f; - f1 is continuous onX N
fl‘l(Xl).

(28) If f is total and for all, X2 holds f (x1 +x2) = f(X1) + f(x2) and there existgy such that
f is continuous inxg, thenf is continuous orR.

(29) For everyf such that donfi is compact and is continuous on dorh holds rngf is com-
pact.

(30) IfY Cdomf andY is compact and is continuous orY, thenf°Y is compact.

(31) Letgivenf. Suppose dorfi# 0 and domf is compact and is continuous on dorfi. Then
there existx;, X2 such thaty; € domf andx; € domf and f(x;) = suprngf and f(x2) =
infrng f.

(32) Letgivenf, Y. Supposer # 0 andY C domf andY is compact and is continuous on
Y. Then there exisk;, X2 such thatx; € Y andx; € Y and f(x1) = sup(f°Y) and f (x2) =
inf(feY).

Let us consideff, X. We say thaff is Lipschitzian orX if and only if:

(Def. 3) X C domf and there exists such that O< r and for allxs, x2 such that; € X andx; € X
holds|f (x1) — f(x2)| <T-[X1 —X2|.

We now state a number of propositions:
(34 If fis Lipschitzian onX andX; C X, thenf is Lipschitzian onX;.

(35) If f1 is Lipschitzian onX and f;, is Lipschitzian onX;, then f1 + f, is Lipschitzian on
XNX;.

(36) If f1 is Lipschitzian onX and f;, is Lipschitzian onX;, then f; — f is Lipschitzian on
XNX;g.

(37) Supposd; is Lipschitzian onX and f; is Lipschitzian onX; and f; is bounded orZ and
fo is bounded orZ;. Thenf; f; is Lipschitzian orXNZNX;NZ;.

(38) If f is Lipschitzian onX, thenp f is Lipschitzian onX.

(39) If fis Lipschitzian onX, then—f is Lipschitzian onX and|f| is Lipschitzian orX.
(40) If X Cdomf andf is a constant oiX, thenf is Lipschitzian onX.

(41) idy is Lipschitzian orY.

(42) If fis Lipschitzian onX, thenf is continuous orX.

(43) For everyf such that there existssuch that rng = {r} holds f is continuous on dorf.
(44) If X Cdomf andf is a constant oiX, thenf is continuous orX.

(45) For everyf such that for every such thak € domf holds f (xp) = Xo holds f is contin-
uous on donf.

(46) If f =idgomf, thenf is continuous on dorh.

3 The proposition (33) has been removed.
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(47) 1IfY Cdomf andf|Y =idy, thenf is continuous ory.

(48) If X Cdomf and for every such thakg € X holdsf (xo) =r-X+ p, thenf is continuous
onX.

(49) If for everyxp such thaty € domf holds f (xp) = Xo2, thenf is continuous on dorh.

(50) If X C domf and for everyxy such thatg € X holds f (xg) = %02, then f is continuous on
X.

(51) If for everyxg such thaty € domf holds f (Xp) = |Xo|, thenf is continuous on dorh.

(52) If X Cdomf and for everyxy such that € X holds f (xg) = |%ol|, then f is continuous on
X.

(53) IfX Cdomf andf is monotone oiX and there exisp, g such thatpp < gandf°X = [p,q],
thenf is continuous orX.

(54) Letf be an one-to-one partial function frafto R. Supposep < g and[p,g] € domf and
f is increasing orp, g] and decreasing ofp,g]. Then(f[[p,g]) ! is continuous orf°[p,g].
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