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Summary. In this article we continue the investigations fram [5] of verification of a
design of adder circuit. We define it as a combination of 1-bit adders using schemeklfrom [6].
n-bit adder circuit has the following structure

X1 Y1 X2 Y2 Xn Yn
1st 2nd nth
bit bit bit
adder adder adder

rn r ' As the main
result we prove the stability of the circuit. Further works will consist of the proof of full cor-
rectness of the circuit.

MML Identifier: FACIRC_2.

WWW: http://mizar.org/JEM/Volld/facirc_2.html

The articles|[1r7],[[16],[[22],[121],[12],[[18],[[23],.11],.[7],[18],[T4],[[10],[[1],[13],[[19] [T24] [[15],
[9l, [20], [13], [14], [12], and [5] provide the notation and terminology for this paper.
One can prove the following propositions:

(1) For all set, y, zsuch thak # zandy # zholds{x,y} \ {z} = {x,y}.
(3H For all setsx, y, zholdsx # ((x,y), 2} andy # {{(X,y), Z).

Let us observe that every many sorted signature which is void is also unsplit and has arity held
in gates and Boolean denotation held in gates.

One can verify that there exists a many sorted signature which is strict and void.

Let x be a set. The functor SingleM¥ielding a strict void many sorted signature is defined
as follows:

1 The proposition (2) has been removed.
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(Def. 1) The carrier of SingleMS8= {x}.

Let x be a set. One can check that SingleMS$&non empty.
Letx be a set.

(Def. 2) SingleMSA«is a Boolean strict algebra over SingleM&S

Next we state three propositions:

(4) For every sex and for every many sorted signatiBéolds SingleMSS ~ S.

(5) Letxbe a set an@®be a non empty many sorted signature. Supposé¢he carrier ofS.
Then SingleMSS8+-S= the many sorted signature 8f

(6) Letxbe a setSbe a non empty strict many sorted signature, Ak a Boolean algebra
overS. If x € the carrier ofS, then SingleMSA+-A = the algebra oA.

0 is a finite sequence with length 0. We introdécas a synonym od.
Letn be a natural number and bety be finite sequences. The functeBitAdderSti(x,y) yields

an unsplit non void strict non empty many sorted signature with arity held in gates and Boolean
denotation held in gates and is defined by the condition (Def. 3).

(Def. 3) There exist many sorted sdtsy indexed byN such that
() n-BitAdderSt(x,y) = f(n),
(i)  f(0) = 1GateCircStfe, Boolea — false),
(i) g(0) = (g, Boolea? — false), and

(iv) for every natural numben and for every non empty many sorted signat8end for every

setz such thatS= f(n) andz= g(n) holds f (n+ 1) = S+ BitAdderWithOverflowSt(x(n+
1),y(n+1),2) andg(n+ 1) = MajorityOutpu{x(n+ 1),y(n+1),2).

Let n be a natural number and Igf y be finite sequences. The functeBitAdderCirdx,y)
yields a Boolean strict circuit of-BitAdderSti(x, y) with denotation held in gates and is defined by

the condition (Def. 4).
(Def. 4) There exist many sorted sdtgy, h indexed byN such that
() n-BitAdderStrx,y) = f(n),

(i) n-BitAdderCirdx,y) = g(n),

(i)  f(0) = 1GateCircStfe, Boolea — false),

(iv) g(0) = 1GateCircuite, Booleal! — false),

(v) h(0) = (g, Boolea? — false), and

(vi) for every natural numben and for every non empty many sorted signat8rand for
every non-empty algebr& over S and for every set such thatS= f(n) andA = g(n) and

z=h(n) holdsf(n+ 1) = S+ BitAdderWithOverflowSt(x(n+1),y(n+1),z) andg(n+1) =

A+-BitAdderWithOverflowCir¢x(n+ 1),y(n+ 1),z) andh(n+ 1) = MajorityOutpu{x(n+
1),y(n+1),2).

Letn be a natural number and bety be finite sequences. The functeBitMajorityOutput(x, y)
yielding an element of InnerVerticgsBitAdderStr(x,y)) is defined by the condition (Def. 5).

(Def.5) There exists a many sorted beéhdexed byN such that
() n-BitMajorityOutput(x,y) = h(n),
(i) h(0) = (g, Boolea? — false), and

(i)  for every natural numben and for every set such thatz = h(n) holdsh(n+1) =
MajorityOutpuix(n+1),y(n+1),2).

The following propositions are true:
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(7) Letx, y be finite sequences arfdg, h be many sorted sets indexed Wy Suppose that
(i) f(0) = 1GateCircStfe, Boolea! — false),

(i)  g(0) = 1GateCircuite, Boolea — false),

@iy h(0) = (g, Boolea? — false), and

(iv) for every natural numben and for every non empty many sorted signat8rand for
every non-empty algebr& over S and for every set such thatS= f(n) andA = g(n) and
z=h(n) holdsf (n+1) = S+ BitAdderWithOverflowSttx(n+1),y(n+1),z) andg(n+1) =
A+ BitAdderWithOverflowCir¢x(n+ 1),y(n+ 1),z) andh(n+ 1) = MajorityOutpu{x(n+
1),y(n+1),2).

Let n be a natural number. ThenBitAdderSt(x,y) = f(n) andn-BitAdderCirgx,y) = g(n)
andn-BitMajorityOutput(x,y) = h(n).

(8) For all finite sequences, b holds 0-BitAdderStfa, b) = 1GateCircSife, Booleal! —
false) and 0-BitAdderCir¢a, b) = 1GateCircuite, Booleal! — false) and 0-BitMajorityOutpua, b) =
(¢, Boolea — false).

(9) Leta, b be finite sequences ambe a set. Suppose= (g, Boolea? — false). Then
1-BitAdderSt(a, b) = 1GateCircStfe, Boolea! — false)+- BitAdderwithOverflowStta(1),b(1), c)
and 1-BitAdderCir¢a, b) = 1GateCircuie, BooleaﬁHfalsta)+ BitAdderWithOverflowCir¢a(1),b(1),c)
and 1-BitMajorityOutputa, b) = MajorityOutputa(1),b(1),c).

(10) For all sets, b, ¢ such that = (g, Boolea?! — false) holds 1-BitAdderSif(a), (b)) =
1GateCircStfe, Boolea! — false)+- BitAdderWithOverflowStfa, b, c) and 1-BitAdderCir¢(a), (b)) =
1GateCircuite, Boolea? — false) +- BitAdderWithOverflowCir¢a, b, ¢) and 1-BitMajorityOutput(a), (b)) =
MajorityOutpu(a,b,c).

(11) Let n be a natural numberp, q be finite sequences with length, and p1, pg,
01, g2 be finite sequences. ThemBitAdderSt(p ~ p1,q~ 1) = n-BitAdderSti(p ~
P2,q " d2) and n-BitAdderCirgp ~ p1,q ~ q1) = n-BitAdderCirdp ~ p2,q " 02) and
n-BitMajorityOutput(p~ p1,q~ g1) = n-BitMajorityOutput p~ p2,q~ d2).

(12) Letnbe a natural numbex, y be finite sequences with lengthanda, b be sets. Thefn+
1)-BitAdderSti(x~ (a),y" (b)) = (n-BitAdderSti(x, y) )+ BitAdderWithOverflowSt(a, b, n-BitMajorityOutput(x, y))
and(n+1)-BitAdderCirax"~ (a),y" (b)) = (n-BitAdderCirgx, y) )+ BitAdderWithOverflowCirga, b, n-BitMajorityC
and(n+1)-BitMajorityOutputx~ (a),y~ (b)) = MajorityOutpuf a, b, n-BitMajorityOutput(x, y)).

(13) Let n be a natural number andk, y be finite sequences. Therin +

)-BitAdderSti(x,y) = (n-BitAdderSti(x,y))+- BitAdderWithOverflowSt¢x(n + 1),y(n +

), n-BitMajorityOutput(x,y)) and(n+ 1)-BitAdderCirax, y) = (n-BitAdderCirax, y) ) +- BitAdderWithOverflowCirg
),y¥(n+1), n-BitMajorityOutput(x, y)) and(n+ 1)-BitMajorityOutput(x, y) = MajorityOutpuix(n+

),y(n+ 1), n-BitMajorityOutput(x, y)).

I—\I—‘I—‘H

(14) For all natural numbers, m such thatn < m and for all finite sequences y holds
InnerVerticeg$n-BitAdderSti(x,y)) C InnerVertice$m-BitAdderSti(x,y)).

(15) For every natural number and for all finite sequences y holds InnerVerticegn +
1)-BitAdderSti(x,y)) = InnerVertice$n-BitAdderSti(x, y)) UInnerVertice$BitAdderwithOverflowStéx(n+
1),y(n+ 1), n-BitMajorityOutput(x,y))).

Let k, n be natural numbers. Let us assume that 1 andk < n. Let x, y be finite sequences.
The functor(k, n)-BitAdderOutputx,y) yielding an element of InnerVerticasBitAdderSti(x,y))
is defined by:

(Def. 6) There exists a natural numbiesuch thatk = i + 1 and (k,n)-BitAdderOutputx,y) =
BitAdderOutputx(k), y(k), i-BitMajorityOutput(x, y)).

Next we state several propositions:
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(16) For all natural numbers, k such thatk < n and for all finite sequences y holds (k+
1,n)-BitAdderOutputx,y) = BitAdderOutpufx(k+ 1), y(k+ 1), k-BitMajorityOutput(x, y)).

(17) For every natural numbarand for all finite sequencesy holds InnerVertice@-BitAdderSti(x,y))
is a binary relation.

(18) For all setx, y, ¢ holds InnerVerticegMajoritylStr(x,y,c)) = {{{X,y), &)}, {{y,¢), &)}, {(c,
X), &)}.

(19) For all set, y, ¢ such thatx # ((y,c), &) andy # {(c,x), &) andc # ({x,y), &) holds
InputVerticegMajoritylStr(x,y,c)) = {x,y,c}.

(20) For all setx, y, ¢ holds InnerVertice@MajorityStr(x,y,c)) = {{(x,y), &), {{y,c), &), {{c,
X), &)} U{MajorityOutputx,y,c)}.

(21) For all setx, y, ¢ such thatx # ((y,c), &) andy # {(c,x), &) andc # ({x,y), &) holds
InputVerticegMajorityStr(x,y,c)) = {X,y,c}.

(22) For all non empty many sorted signatusgsS, such thatS; ~ S and InputVerticetS; ) =
InputVertice$S,) holds InputVertice&S; +-S) = InputVerticesS, ).

(23) For all sets, y, ¢ such thatx # {{y,c), &) andy # ({c,x), &) andc # ((x,y), &) and
c# ((x,¥), xor) holds InputVerticeBitAdderWithOverflowSt(x,y,c)) = {x,y,c}.

(24) For all setsx, y, ¢ holds InnerVerticeBitAdderWithOverflowStx,y,c)) = {{(x,y),
xor), 2GatesCircOutpyk, y, ¢, xor) } U {{(x,y), &), {{y;c), &), {{c,X), &)} U{MajorityOutpu(x,y,c)}.

One can check that every set which is empty is also non pair.

Observe tha® is nonpair yielding. Letf be a nonpair yielding function and lgtbe a set.
Observe thaf (x) is non pair.

Let n be a natural number and lety be finite sequences. Note thaBitMajorityOutput(x,y)
is pair.

We now state a number of propositions:

(25) Letx, ybe finite sequences andbe a natural number. Thén-BitMajorityOutput(x,y)); =
¢ and(n-BitMajorityOutput(x, y))> = Boolealf! — falseandm ((n-BitMajorityOutput(x, y))2) =
Boolear? or (n-BitMajorityOutput(x,y)); = 3 and (n-BitMajorityOutput(x,y)), = ors and
m ((n-BitMajorityOutput(x,y)),) = Booleart .

(26) For every natural number and for all finite sequences y and for every sep holds
n-BitMajorityOutputx,y) # (p, &) andn-BitMajorityOutput(x,y) # {p, xor).

(27) Let f, g be nonpair yielding finite sequences amul be a natural num-
ber. Then InputVerticd$n+ 1)-BitAdderSty(f,g)) = InputVerticegn-BitAdderSti(f,g)) U
(InputVerticegBitAdderWithOverflowSt(f (n + 1), 9(n + 1), n-BitMajorityOutput(f,g))) \
{n-BitMajorityOutput(f,g)}) and InnerVertice@-BitAdderStr( f,g)) is a binary relation and
InputVerticegn-BitAdderSti( f,g)) has no pairs.

(28) For every natural numberand for all nonpair yielding finite sequences with lengthn
holds InputVerticegq-BitAdderSti(x,y)) = rngxurngy.

(29) Letx, vy, c be sets,s be a state of MajorityCing,y,c), and a;, a», az be elements
of Boolean If a; = s({{x,y), &)) and a, = s({(y,c), &)) and azg = s({(c,x), &}), then
(Following(s) ) (MajorityOutputx,y,c)) = a; Vaz V as.

(30) Letx, y, c be sets. Suppose# ((y,c), &) andy # {(c,x), &) andc # {(x,y), &) and
c# ((x,¥), xor). Let sbe a state of MajorityCin, y, ). Then Followings, 2) is stable.
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(31) Letx, y, c be sets. Suppose # {{y,c),&) and y # ({(c,X), &) and c # {(x
y),&) and c # {{x,y),xor). Let s be a state of BitAdderWithOverflowCifx,y,c)
and a;, ap, az be elements ofBoolean Supposea; = s(x) and ax = s(y)
and a3 = s(c). Then (Following(s,2))(BitAdderOutputx,y,c)) = a1 @ a» ¢ ag and
(Following(s, 2))(MajorityOutputx,y,c)) = ay AaxVaz AagVagAas.

(32) Letx, y, c be sets. Suppose# {{y,c), &) andy # {(c,x), &) andc # ((x,y), &) and
c# {(x,y), xor). Let sbe a state of BitAdderWithOverflowCig, y,c). Then Followings, 2)
is stable.

(83) Letnbe a natural numbex, y be nonpair yielding finite sequences with lengttands be
a state oh-BitAdderCirdx,y). Then Followings, 1+ 2-n) is stable.

(34) Leti be a natural number andbe a finite sequence with lengith- 1. Then there exists a
finite sequenceg with lengthi and there exists a satsuch thak =y~ (a).

(35) For all finite sequencqs g holds(p~ g)| domp = p.

(36) Leti be a natural number andbe a nonpair yielding finite sequence with length 1.
Then there exists a nonpair yielding finite sequeynasdth lengthi and there exists a non pair
setasuch thak =y~ (a).

(37) For every natural numbaerthere exists a functioN from N into N such thatN(0) = 1 and
N(1) =2 andN(2) =n.
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