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Summary. We introduce product, quotient and absolute value, and we prove some
basic properties of extended real numbers.
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The articlesl[1],[[5],[[2],[[8], and [4] provide the notation and terminology for this paper.

1. PRELIMINARIES

In this paper, y, zdenote extended real numbers axdkenotes a real number.
The following propositions are true:

(1) If x# 4o andx # —oo, thenxis a real number.

(2) —o0 < Hoo.

(3) If x<y, thenx# 4o andy # —co.

(4) x=+owiff —x= —o andx = —o iff —x= +o0.

B5) x——-y=x+V.

(7H] 1f x# —o0 andy # 400 andx <y, thenx # +o andy # —o.

(8) Suppos& =+ andy = —o andx = —co andy = +o andy # -+ 0r Z# —oo buty # —co
Or 2 00 andx # + Or z# —co butx # —c or z# +00. Then(x+Yy) +z= X+ (y+2).

(9) x+-—x=0f.
(11@ Suppose =+ andy = —co andx = —co andy = +o0 andy = +o0 andz= +o0 andy = —oo

andz= —o andx =+ andz= +c andx = —c andz= —co. Then(x+y) —z=x+ (y—2).

2. OPERATIONS OFMULTIPLICATION, QUOTIENT AND ABSOLUTE VALUE ON EXTENDED
REAL NUMBERS

Let x, y be extended real numbers. The functoy yields an extended real number and is defined
by the conditions (Def. 1).

1 The proposition (6) has been removed.
2 The proposition (10) has been removed.
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(Def. 1)(i) There exist real numbessb such thatkk=aandy =bandx-y=a-b, or

(i) O <xandy=+o or Oy <yandx= 4o orx < Og andy = —w ory < Og andx = —oo
butx-y= 4o, or

(i) x<Ogandy=+o ory< 0 andx= +o or Oy < xandy = —oo or Oy <y andx = —o
butx-y= —oco, or

(iv) x=0gory=0gbutx-y=0g.
Next we state two propositions:

(13 For all extended real numbexsy and for all real numbers, b such thaix=aandy="b
holdsx-y=a-h.

(17&] For all extended real numbexsy holdsx-y =y-x.

Letx, y be extended real numbers. Let us observe that the fureyds commutative.
One can prove the following propositions:

(18) Ifx=a, then O< aiff 0 < x.

(19) Ifx=a, thena<0iff x < Og.

(20) IfOg <xand @ <yorx< Og andy < Og, then Gz < X-y.
(21) IfOg <xandy < O orx < Og and G; <, thenx-y < Og.
(22) x-y=0giff x=0gory=_0g.

(23) (x-y)-z=x-(y-2).

(24) —0g=0g.

(25) Qg <xiff —x< Ogandx < Oz iff Og < —x.

(26) —x:y=x-—yand—x-y=(—Xx)-y.

(27) Ifx# +o0 andx # —oo andx-y = +oo, theny = 4o ory = —oo.
(28) If x# o0 andx # —co andx-y = —oo, theny = +co ory = —oo.
(29) If x# 4o andx # —oo, thenx- (y+2z) =x-y+x-z

(30) Ify## 400 0rz 400 buty# —oco Or z# —co andx # 400 andx # —oo, thenx- (y—z) =
X-y—X-Z

Letx, y be extended real numbers. Let us assumexthat-co or x = 40 buty = —co ory = +oo
buty # 0. The functor§ yielding an extended real number is defined by the conditions (Def. 2).

(Def. 2)()) There exist real numbessb such thak =aandy=b and§ =2 or
(i) x=+ooandq§—<yorx:—ooandy<0]§but§=+°°,or
(iii) x:—ooandqg<yorx:+ooandy<oﬂ§but§:—oo,or
(iv) y:—ooory:+oobut>—)f:0@.

We now state three propositions:

(32@ Letx, y be extended real numbers. Suppps€0g. Let a, b be real numbers. K= aand
y=b, then{ = .

3 The proposition (12) has been removed.
4 The propositions (14)—(16) have been removed.
5 The proposition (31) has been removed.
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(33) For all extended real numbexsy such thatx £ —co but X # 400 buty = —oco0 ory = +00
holds$ = Og.

(34) For every extended real numbesuch thak # —co andx # 4o andx # O holds% = 1.

Letx be an extended real number. The fundiorields an extended real number and is defined
as follows:

X, if Og <X,
—X, otherwise.

(Def. 3) |x| = {
One can prove the following propositions:
(36@ For every extended real numbesuch that @ < x holds|x| = x.
(37) For every extended real numbesuch thak < O holds|x| = —x.

(38) For all real numbera, b holdsR(a- b) = R(a) - R(b).

a
(b)°

=

Net?

(39) For all real numbers, b such thab # 0 holdsR(2) =

%\‘

=

(40) For all extended real numbetsy such thak <y andx < 4+ and—o < yholds G; <y—x.
(41) Forall extended real numbe¢s/ such thak < y andx < 40 and—o < y holds G; <y—X.
(42) Ifx<yand G <zthenx-z<y-z

(43) Ifx<yandz<O0g,theny-z<x-z

(44) Ifx<yand G <zandz# +, thenx-z<y-z

(45) Ifx<yandz< O andz# —o, theny-z< x-z

(46) Suppose is a real number anglis a real number. Thex< yif and only if there exist real
numbersp, g such thatp = xandgq=yandp < qg.

(47) Ifx# —coandy # 4o andx <yand G < z then < 3—2’

(48) Ifx<yand @ <zandz# +o, thenX < ¥,

(49) If x# —co andy # +o0 andx <y andz < O, then? < %.

(50) Ifx<yandz< Oy andz+# —o, thenl < X

(51) Ifx<yand @ <zandz# +o, then < ¥,

(52) Ifx<yandz< Oy andz+# —o, then < X
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