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Summary. This article is concerned with the Euler’s function [10] that plays an im-
portant role in cryptograms. In the first section, we present some selected theorems on in-
tegers. Next, we define the Euler’s function. Finally, three theorems relating to the Euler’s
function are proved. The third theorem concerns two relatively prime integers which make up
the Euler’s function parameter. In the public key cryptography these two integer values are
used as public and secret keys.
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The articles [11], [7], [14], [4], [3], [12], [1], [13], [2], [9], [8], [15], [5], and [6] provide the notation
and terminology for this paper.

1. PRELIMINARY

We adopt the following convention:a, b, c, k, l , m, n denote natural numbers andi, j, x, y denote
integers.

The following propositions are true:

(1) For all natural numbersk, n holdsk∈ n iff k < n.

(2) n andn are relative prime iffn = 1.

(3) If k 6= 0 andk < n andn is prime, thenk andn are relative prime.

(4) n is prime andk∈ {k1;k1 ranges over natural numbers:n andk1 are relative prime∧ k1 ≥
1 ∧ k1 ≤ n} if and only if n is prime andk∈ n andk /∈ {0}.

(5) For every finite setA and for every setx such thatx∈ A holdsA\{x} = A− {x} .

(6) If gcd(a,b) = 1, then for everyc holds gcd(a·c,b·c) = c.

(7) If a 6= 0 andb 6= 0 andc 6= 0 and gcd(a·c,b·c) = c, thena andb are relative prime.

(8) If gcd(a,b) = 1, then gcd(a+b,b) = 1.

(9) For everyc holds gcd(a+b·c,b) = gcd(a,b).

(10) Supposem andn are relative prime. Then there existsk such that

(i) there exist integersi0, j0 such thatk = i0 ·m+ j0 ·n andk > 0, and

(ii) for every l such that there exist integersi, j such thatl = i ·m+ j ·n andl > 0 holdsk≤ l .
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(11) If m andn are relative prime, then for everyk there existi, j such thati ·m+ j ·n = k.

(12) For all non empty finite setsA, B such that there exists a function fromA into B which is
one-to-one and onto holdsA = B.

(13) For all integersi, k, n holds(i +k ·n)modn = i modn.

(14) If a 6= 0 andb 6= 0 andc 6= 0 andc | a·b anda andc are relative prime, thenc | b.

(15) Supposea 6= 0 andb 6= 0 andc 6= 0 anda andc are relative prime andb andc are relative
prime. Thena·b andc are relative prime.

(16) If x 6= 0 andy 6= 0 andi > 0, theni ·xgcdi ·y = i · (xgcdy).

(17) For everyx such thata 6= 0 andb 6= 0 holdsa+x ·bgcdb = agcdb.

2. EULER’ S FUNCTION — DEFINITION AND THEOREMS

Let n be a natural number. The functor Eulern yielding a natural number is defined as follows:

(Def. 1) Eulern= {k;k ranges over natural numbers:n andk are relative prime∧ k≥ 1 ∧ k≤ n} .

One can prove the following proposition

(18) Euler1= 1.

Next we state four propositions:

(19) Euler2= 1.

(20) If n > 1, then Eulern≤ n−1.

(21) If n is prime, then Eulern = n−1.

(22) If m> 1 andn > 1 andm andn are relative prime, then Eulerm·n = Eulerm·Eulern.
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