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Summary. Two transformations between the complex space and 2-dimensional Eu-
clidian topological space are defined. By them, the concept of argument is induced to 2-
dimensional vectors using argument of complex number. Similarly, the concept of an angle
is introduced using the angle of two complex numbers. The concept of a triangle and related
concepts are also definednrdimensional Euclidian topological spaces.
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The articles([17],[[20],[19],[121]/13],.[13]/[122] [ 14] 18] [[18]  112] [ 5]/ T14] [16] L19] [12] L 16].07],
[L], [11], [2Q], and [15] provide the notation and terminology for this paper.
We follow the rulesz, z;, zo denote elements @, r, ry, r2, X1, X2 denote real numbers, anml

P1, P2, P3, g denote points ofS2.
Letzbe an element of. The functor cpx2ey@) yields a point of£2 and is defined by:

(Def. 1) cpx2eu) = [0(z),0(2)].

Let p be a point of£2. The functor euc2cppp) yielding an element of is defined by:
(Def. 2) euc2cpkp) = p1+ p2i.

Next we state a number of propositions:

(1) euc2cpxcpx2eu¢z)) =z

(2) cpx2euceuc2cpXp)) = p.

(3) For everyp there existz such thatp = cpx2eu¢z).

(4) Foreveryzthere exist such tha = euc2cpXp).

(5) Forallz, z, such that cpx2eye;) = cpx2eu¢z,) holdsz; = z,.

(6) Forallpy, p2 such that euc2cyiy:) = euc2cpxpz) holdsp; = po.

(7) (cpx2eu¢z))1 = O(z) and(cpx2euc¢z)), = O(2).

(8) O(euc2cpxp)) = pr andd(euc2ecpxp)) = pz.

(9) cpx2eu€xy + xai) = [x1,X2].

(10) [B(z+2),0(z1+2)] = [U(z1) + U(z2), O(z) + O(z2)]-

(11) cpx2eu€z; + z2) = cpx2eucz;) + cpx2eucz).
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(12) (pr+p2)1+ (P14 P2)2i = ((P2)1+ (P2)1) + ((P1)2+ (P2)2)i.
(13) euc2cpkp1 + p2) = euc2cpXp:1) +euc2epXpz)-

(14) [0(=2),0(-2)] = [-0(2), -0O(2)].

(15) cpx2eu¢—z) = —cpx2eucz).

(16) (=p)1+(=p)ai = —p1+(—P2)i.

(17) euc2cpk—p) = —euc2cpXp).

(18) cpx2eu€z; —zp) = cpx2eucz;) — cpx2eu€zy).

(19) euc2cpkpy — p2) = euc2cpxps) —euc2epXpy).

(20) cpx2euc) = OE%.

(21) euc2cp(<0£%) =0Oc.

(22) If euc2cpxp) = Oc, thenp= OE%.
(23) cpx2eu(r +0i)-z) =r-cpx2eucz).
(24) (r+0i)-(re4rai)=r-ry4(r-ra)i.
(25) euc2cpgr - p) = (r+0i) -euc2cpXp).
(26) |euc2epxp)| = /(p1)?+ (p2)?

(27) For every finite sequencé of elements ofR such that lef = 2 holds |f| =
f(1)2+ f(2)2

(28) For every finite sequendeof elements oR and for every poinp of E% such thatlerf =2
andp = f holds|p| = |f].

(29) |cpx2eudz)| = /0(2)2+0(2)2.
(30) |cpx2eu€z)| =|Z.
(31) [euc2epxp)| = [pl.
Let us considep. The functor Argp yields a real number and is defined by:
(Def. 3) Argp= Argeuc2cpxp).

Next we state a number of propositions:

(32) For every elemerztof C and for everyp such thaz = euc2cpXp) or p = cpx2eu¢z) holds
Argz=Argp.

(33) Foreveryp holds O< Argpand Argp < 2-TL

(34) For all real numberg;, x and for everyp such that; = |p| - cosArgp andxz = |p| -
sinArgp holdsp = [xg,Xo].

(35) Arg(OE%) =0.

(36) For everyp such thatp # 05% holds if Argp < 11, then Arg —p) = Arg p+T1tand if Argp >
T, then Arg—p) = Argp—Tt

(37) For everyp such that Argp = 0 holdsp = [|p|,0] andp, = 0.
(38) For everyp such thatp # Oz% holds Argp < Ttiff Arg (—p) > 1L
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(39) Forallpy, p2 such thaip; # pz Or p1— p2 # O holds Arg p1 — p2) < Ttiff Arg (p2— p1) >
L

(40) For everyp holds Argp € 0, 1T iff pp > 0.
(41) For everyp such that Arg # 0 holds Argp < Ttiff sinArg p > 0.
(42) For allpy, p2 such that Argy; < Ttand Argp, < 1tholds Arg pr+ p2) < Tt

Let us considemp:, p2, p3- The functorl(p1, pz, p3) vields a real number and is defined as
follows:

(Def. 4)  £(p1, P2, P3) = £(€uc2cpXpa), eUc2cpXpz), EUC2CPXP3)).
The following propositions are true:
(43) For allpy, pz, ps holds 0< £ (p1, P2, p3) and £ (p1, P2, P3) < 2-TU
(44) Forallpy, pa, ps holds«(py, P2, P3) = £(P1— P2, 02, P3 — P2).-

(45) For all p1, pz, ps such that</(p1, p2, p3) = 0 holds Ard p1 — p2) = Arg(ps — p2) and
i(p:’w p27 pl) =0

(46) Forallpy, p2, p3 such that(pz, p2, p3) # 0 holds £ (ps, p2, p1) = 2- Tt— £(P1, P2, P3)-

)

(47) Forallpy, p2, ps such that((ps, p2, p1) # 0 holds£(ps, P2, p1) = 2- 1— £(p1, P2, P3)-

(48) For all elements, y of C holdsT((x]y)) = O(x) - O(y) + 0O(x) - O(y).

(49) For all elements, y of C holdsO((x]y)) = —0(x) - O(y) + O(x) - O(y).

(50) Forallp, gholds|(p,q)| = p1- 01+ P2 G2.

(51) Forallpg, p2 holds|(p1, p2)| = O((euc2cpXp1)| euc2epXpz))).

(52) Forallps, p2, ps such thatp; # 0 andpy # O holds|(p1, p2)| =0 iff A{(pl,OZ%, p2) =
5 0r £(p1,0 2, P2)=3-T

(53) Letgivenpy, p2. Supposeps 7 02 andpz # Ozz. Then—(p1)1- (P2)2+ (P1)2- (P2)1 =
[Paf-[P2f or =(P1)1- (P2)2+ (P1)2- (P2)1 = —|pa| - [P2| if and only if £(p1, 0z, P2) = 3 OF
£(p1,052,p2) =31

(54) For all pg, p2, pz such thatpy # p2 and p3 # pz holds |(p1 — p2, ps — p2)| = O iff
(plv p27 p3) 2 Or 4(p17 p2a p3) 3 -TL

(55) For allpy, p2, p3 such thatpy # p2 but ps # p2 but £(p1, p2, p3) = 5 or £(p1, P2, P3) =
3 -1tholds|py — p2|? + |ps — P22 = [p1 — 3%

(56) For allpy, p2, p3 such thatp, # p; and py # ps and p3 % p2 and £(p2, p1, p3s) < Tand

£(P1, 3, P2) < tand £ (ps, P2, p1) < tholds £ (pz, p1, P3) + £(P1, P3, P2) + £ (P3, P2, P1) =
T

Let n be a natural number and It, p2, p3 be points ofE{. The functor Triangléps, p2, p3)
yielding a subset o7 is defined as follows:

(Def. 5) Trianglépa, P2, P3) = L(P1, P2) U L(P2, P3) U L(P3, P1)-

Letnbe a natural number and lpt, p, ps be points ofE7. The functor ClinsideOfTriang|e:, p2, p3)
yielding a subset o7 is defined as follows:

(Def. 6) ClinsideOfTriangléps, p2, p3) = {p; p ranges over points Ay Vg, a, as:real number(0 <
yANO<a ANO<ag ANart+@t+ag=1Ap=ar-pi+a p2+as- Ps)}
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Letnbe a natural number and Igt, p2, ps be points of£7. The functor InsideOfTriangl(gs, p2, p3)
yields a subset of and is defined by:

(Def. 7) InsideOfTriangléps, pz, p3) = ClinsideOfTrianglé€p1, p2, ps) \ Triangle(p1, p2, P3)-

Letnbe a natural number and Ipt, po, ps be points of£7. The functor OutsideOfTriang(@s, p2, p3)
yielding a subset o7 is defined by the condition (Def. 8).

(Def. 8) OutsideOfTrianglgps, Pz, ps) = {p; p ranges over points Ay V4, 4, as:real number((0 >
aqVO0>aVv0>a) Nastapt+ag=1Ap=ar-p1+a p2+as-ps)}

Let n be a natural number and let, p2, p3 be points ofE}. The functor plan@oi, p2, p3)
yielding a subset ofy is defined as follows:

(Def. 9) planéps, p2, p3) = OutsideOfTriangléps, p2, ps) U ClinsideOfTriangléps, pz2, ps)-

Next we state two propositions:

(57) Letnbe a natural number arm, p2, ps, p be points ofEf. Suppose € plang py, p2, p3).
Then there exist real numbeag, ap, ag suchthaby +ax+az=1andp=a;-p1+azx-p2+

az- ps.

(58) For every natural numberand for all pointsps, pz, ps of ! holds Trianglép, pz, ps) C
ClinsideOfTrianglép1, p2, p3)-

Letn be a natural number and lgt, g2 be points ofEf. We say thaty;, g are lindependent2 if
and only if:

(Def. 10) For all real numbera, a; such thaty -1 +a2-q2 = OEP holdsa; = 0 anda, = 0.

We introduceqs, g are ldependent2 as an antonynoefdp are lindependent?2.
We now state several propositions:

(59) Letn be a natural number arg, o be points of£{. If g1, o are lindependent2, then
01 # 02 anday # Ozp andd # Ogp.

(60) Letnbe a natural number arml, p2, ps, po be points ofET. Suppose, — p1, p3— py are
lindependent2 angy € plan€ p1, p2, ps)- Then there exist real numbeas, a, ag such that
() po=air-pit+az p2+as-ps,
(i) a+ax+az=1 and
(i) for all real numberdby, by, bz such thatpg =b1-p1+b2- p2+bs-psandby +by+bz3=1
holdsb; = a; andby = a, andbs = as.

(61) Letnbe a natural number ar@i, p2, p3, Po be points ofE. Given real numberay, ay,
agsuchthatpp=a;-p1+ay-p2+az- psanda; +ax +as = 1. Thenpg € pland ps, p2, p3).

(62) Letn be a natural number armi, p2, ps be points ofE7. Then planépy, p2, p3) = {p; p
ranges over points 0}3{‘: \/‘,ﬂl_yaz‘as:real number@1ta2+az=1A p=a-pr+az p2t+az-
P3)}-

(63) For allp1, p2, p3 such thatp, — p1, ps — p1 are lindependent2 holds plaie, p2, ps) =
R2.

Let n be a natural number and Ig§, po, ps, p be points ofE]. Let us assume thgi — p1,
ps — p1 are lindependent2 angle plan€ p1, p2, p3). The functor tricorddps, pz, p3, p) yields a real
number and is defined as follows:

(Def. 11) There exist real numbess, az such that tricord(ps, p2, p3,p) + &2 +az =1 andp =
tricord1(ps, P2, Ps, P) - P1+ a2 P2+ a3+ Pa.
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Let n be a natural number and Igt, p, ps, p be points ofE{. Let us assume thak, — py,
ps — p1 are lindependent2 angle plan€ p1, p2, ps). The functor tricord2p1, pz, p3, p) yielding a
real number is defined by:

(Def. 12) There exist real numbess, az such thata; + tricord2(p1, p2, ps,p) +a3 =1 andp =
ap - Py +tricord2(pa, P2, P3, P) - P2 + a3 - Ps-

Let n be a natural number and Ipi, p, ps, p be points of£{. Let us assume thgi, — py,
ps — p1 are lindependent2 argle plan€ p1, p2, p3). The functor tricord2p1, pz, ps, p) yields a real
number and is defined by:

(Def. 13) There exist real numbeas, a; such thata; + ay + tricord2(ps, p2, ps,p) =1 andp =
a1 P1+az- P2+ tricord2(pa, p2, Ps, P) - Ps-
Let us consideps, p2, p3. The functor trcmapdp:, p2, p3) yielding a map fromE% into R is
defined as follows:
(Def. 14)  For evenyp holds (trcmapX py, pz. ps)) (p) = tricord1(py, p2, Ps. p).
Let us consideps, pz, ps. The functor trcmap@s, p2, p3) yields a map fromB% into R and
is defined as follows:
(Def. 15)  For everyp holds(trcmap2 py, 2, ps))(p) = tricord2(py, pz, P, ).
Let us consideps, pz, ps. The functor tremap@s, pz, ps) yields a map fromE2 into R and
is defined by:
(Def. 16) For everyp holds(trcmap3 p1, p2, p3))(p) = tricord2(p1, p2, pP3, P).
Next we state several propositions:
(64) Let givenpsi, p2, p3, p- Supposepz — p1, p3 — p1 are lindependent2. Thep €
OutsideOfTriangléps, p2, ps) if and only if one of the following conditions is satisfied:
(i) tricord1(py, p2, ps, p) <O, or
(") tricordZ( P1, P2, P3, p) < 07 or
(iiiy  tricord2(py, p2, p3, P) <O.

(65) Let givenps, p2, p3, p- Supposepz — p1, p3s — p1 are lindependent2. Thep €
Trianglg p1, p2, p3) if and only if the following conditions are satisfied:

(i)  tricord1(ps, p2, p3, p) = 0,
(i) tricord2(p1, p2, p3, P) > 0,
(iiiy  tricord2(py, p2, p3, p) > 0, and
(iv) tricord1(p1, p2, p3, p) = O or tricord2 p1, p2, p3, p) = 0 or tricordZ ps, p2, p3, p) = 0.
(66) Let givenpsi, p2, p3, p- Supposepz — p1, p3 — p1 are lindependent2. Thep €
Triangleg p1, p2, p3) if and only if one of the following conditions is satisfied:

(i) tricord1(pz, p2, p3, p) = 0 and tricord2p;, p2, p3, p) > 0 and tricord2py, pz, p3, p) > O,
or

(i)  tricord1(p1, P2, p3, p) > 0 and tricord2py, p2, p3, p) = 0 and tricord2py, p2, 3, p) > O,
or

(iiiy  tricord1(pz, p2, p3, p) > 0 and tricord2py, p2, p3, p) > 0 and tricord2ps, p2, ps, p) = 0.

(67) Let givenpi, p2, P3, P. Supposep: — p1, Ps — p1 are lindependent2. Thep €
InsideOfTrianglépy, p2, p3) if and only if the following conditions are satisfied:

(i)  tricord1(py, p2, ps, p) > 0O,
(i) tricord2(py, p2, p3, p) > 0, and
(ii)) ~tricord2(py, Pz, ps, p) > O.

(68) Forallps, p2, ps such thap, — p1, p3 — p1 are lindependent2 holds InsideOf Triangig, py, p3)

is non empty.
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