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Summary. If V is any non-empty set of sets, we deftaies, to be the category with
the objects of all setX € V, morphisms of all mappings frodd into Y, with the usual com-
position of mappings. By a mapping we mean a trigdeY, f) wheref is a function fromx
into Y. The notations and concepts included corresponds to that presented in [12], [10]. We
also introduce representable functors to illustrate properties of the categary
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WWW: http://mizar.org/JFM/Vol3/ens_1.html

The articles([15],/[6],[118],[[16],[[14],[[19],[[2],[18],[6], (7], [[L], [[1F7], (1], [[18],[14],[1B], and ][9]
provide the notation and terminology for this paper.

1. MAPPINGS

In this papel denotes a non empty set aAdB denote elements &f.
Let us consideY. The functor Funce yielding a set is defined as follows:

(Def. 1) Func¥ = |J{BA}.

Let us consideY. Note that Funcg is functional and non empty.
We now state three propositions:

(1) For every sef holds f € Funcd/ iff there existA, B such that iB = 0, thenA= 0 and f
is a function fromA into B.

(2) BAC Funcy.
(3) For every non empty subséat of V holds FuncgV C Funcs/.

In the sequef denotes an element of Funés
Let us consideY. The functor Map¥ vyields a set and is defined as follows:

(Def.2) Mapd/ ={((A,B), f):(B=0 = A=0) A fisafunction fromAinto B}.

Let us consideY. One can verify that Mapsé is non empty.
In the sequein, my, My, mg denote elements of Mal's
We now state four propositions:

(4) There existf, A, B such tham= ((A, B), f) and ifB= 0, thenA= 0 and f is a function
from Ainto B.

(5) For every functionf from A into B such that ifB = 0, then A = 0 holds ({(A, B), f) €
Mapsv.
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(6) Mapsv C[[V,V], Funcs/ .
(7) For every non empty subsat of V holds Map$V C Mapsv.

LetV be a non empty set and letbe an element of Mapjé Observe thaim, is function-like
and relation-like.
Let us consideY, m. The functor donmyielding an element d¥ is defined by:

(Def. 4E] domm= (my);.
The functor codanyields an element of and is defined by:
(Def.5) codm= (m)>.
We now state three propositions:
(8) m= ({domm, codm), mp}.
(9) codm+# 0 or domm= 0 butmy is a function from dorminto codm.

(10) Letf be a function and\, B be sets. SupposdA, B}, f) € MapsV. Then if B =0, then
A=0andf is a function fromA into B.

Let us conside¥, A. The functor idA) yielding an element of Mapé is defined as follows:
(Def. 6) id(A) = ({A A}, idp).
One can prove the following proposition
(11) (id(A))2 =ida and domidA) = Aand codidA) = A.

Let us conside¥, my, mp. Let us assume that cag = dommy. The functormy, - my yields an
element of Map¥ and is defined by:

(Def. 7)  mp-my = ((dommy, codmy), (Mp)2 - (My)2).
The following propositions are true:

(12) If domm, = codmy, then (my-my)2 = (Mp)2 - (My)2 and dongm, - my) = dommy and
codmp - my) = codmp.

(13) If dommp = codmy and dommg = codmy, thenmg - (My - my) = (Mg - Mp) - My
(14) m-id(domm) =mand idcodm)-m=m.
Let us consideY, A, B. The functor Map§A, B) yields a set and is defined as follows:
(Def. 8) MapgA,B) = {{(A, B), f); f ranges over elements of Fuhts ((A, B}, f) € Mapsv}.
Next we state several propositions:

(15) For every functionf from A into B such that ifB = 0, then A = 0 holds ({A, B), f) €
MapgA,B).

(16) If me MapgA,B), thenm= ({A, B}, mp).
(17) MapgA,B) C Mapsv.
(18) Maps/ =J{MapgA,B)}.
(19) me MapgA,B) iff domm= Aand codn=B.
(20) If me MapgA,B), thenm, € BA.
Let us conside¥, m. We say thamis surjective if and only if:
(Def. 9) rngmp) = codm.

We introducemis a surjection as a synonym ofis surjective.

1 The definition (Def. 3) has been removed.
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Let us considel. The functor Dom yields a function from Mapg into V and is defined as
follows:

(Def. 10) For everynholds Dony (m) = domm.
The functor Cod yields a function from Mapg intoV and is defined by:
(Def. 11) For everyn holds Cog (m) = codm.
The functory yielding a partial function fronf MapsV, MapsV ] to MapsV is defined as follows:

(Def. 12)  For allmp, my holds(mg, my) € dom(-y) iff domm, = codm and for allmp, my such that
domn, = codm hO'dS-V((mz, ml)) =My M.

The functor Ig yielding a function fronV into MapsV is defined as follows:
(Def. 13) For evenAholds Id, (A) = id(A).
Let us consideY. The functorEns, yielding a category structure is defined as follows:
(Def. 14) Ensy = (V,MapsV,Domy,Cod,, v, ldy).
One can prove the following proposition
(21) (V,MapsV,Domy,Cod,,-v,ldy) is a category.

Let us consideY. Observe thaEnsy is strict and category-like.
In the sequed, b denote objects dEns, .
We now state the proposition

(22) Ais an object oEnsy.
Let us consideV, A. The functor@A yields an object oEns, and is defined by:
(Def. 15) @A=A
Next we state the proposition
(23) ais an element o¥/.
Let us consideV, a. The functor@a yields an element df and is defined as follows:
(Def. 16) @a=a.

In the sequef, g denote morphisms @&ns, .
We now state the proposition

(24) mis a morphism oEnsy.
Let us consideV, m. The functor®myielding a morphism oEnsy is defined by:
(Def. 17) @m=m.
We now state the proposition
(25) fis an element of Mapsé

Let us consideV, f. The functor@f yielding an element of Mapsé is defined as follows:
(Def. 18) @f = f.

The following propositions are true:
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(26) domf =dom(@f) and codf = cod(@f).

(27) homn(a,b) = Mapg©@a, @b).

(28) If domg = codf, theng- f = (@g)- (@f).

(29) idy =id(@a).

(30) Ifa=0,thenais initial.

(31) If0eV andais initial, thena= 0.

(32) For every universal cla¥¥ and for every object of Ensy such thatis initial holdsa = 0.
(33) Ifthere exists a setsuch that = {x}, thenais terminal.

(34) IfV # {0} andais terminal, then there exists a setuch that = {x}.

(35) For every universal clad¥ and for every objech of Ensy such thata is terminal there
exists a sex such that = {x}.

(36) f is monic iff (@f), is one-to-one.

(37) If f is epi and there exist& and there exist setg, X, such thatx; € A andx, € A and
X1 # X2, then@f is a surjection.

(38) If @f is a surjection, theti is epi.

(39) For every universal cla®¥ and for every morphisnfi of Ensy such thatf is epi holds@ f
is a surjection.

(40) For every non empty subsatofV holdsEnsy is full subcategory oEnsy.

3. REPRESENTABLEFUNCTORS

We follow the rules:C denotes a categorg, b, ¢ denote objects of, and f, g, h, f/, g denote
morphisms ofC.
Let us conside€. The functor HonfC) yielding a set is defined as follows:

(Def. 19) Hom(C) = {hom(a,b)}.

Let us conside€. Note that HoniC) is non empty.
The following two propositions are true:

(41) hon{a,b) € Hom(C).

(42) If hom(acodf) = 0, then honfa,domf) = 0 and if hon{domf,a) = 0, then
hom(codf,a) = 0.

Let us consideC, a, f. The functor horfe, f) yields a function from horfa,domf) into
hom(a,codf) and is defined by:

(Def. 20) For eveng such thag € hom(a,domf) holds(hom(a, f))(g) = f - g.
The functor honif, a) yields a function from horftodf,a) into hom(domf,a) and is defined by:
(Def. 21) For eveng such thag € hom(codf,a) holds(hom(f,a))(g) =g- f.
The following propositions are true:
(43) hona,idc) = idhomac)-
(44) honfidc,a) = idhom(c,a)-
(45) If domg = codf, then honta,g- f) = hom(a,g) -hom(a, f).
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(46) If domg= codf, then honfg- f,a) = hom(f,a)-hom(g,a).
(47) ({hom(a,domf), hom(a,codf)), hom(a, f)) is an element of MapsHof@).
(48) {({hom(codf,a), hom(domf,a)), hom(f,a)) is an element of Maps Hof@).

Let us conside€, a. The functor horfia, —) yielding a function from the morphisms 6finto
MapsHon{C) is defined as follows:

(Def. 22) For everyf holds(hom(a,—))(f) = {{(hom(a,domf), hom(a,codf)), hom(a, f)).

The functor honi—, a) yields a function from the morphisms Gfinto Maps HonfC) and is defined
as follows:

(Def. 23) For evenyf holds(hom(—,a))(f) = {({(hom(codf,a), hom(domf,a)), hom(f,a)).
We now state three propositions:
(49) If Hom(C) CV, then honga, —) is a functor fromC to Ensy .
(50) If Hom(C) CV, then honf—,a) is a contravariant functor froi@ into Ens, .
(51) If hom(domf, codf’) =0, then honfcodf,domf’) = 0.

Let us conside€, f, g. The functor hortf,g) yields a function from horftodf,domg) into
hom(domf,codg) and is defined as follows:

(Def. 24) For evenh such that € hom(codf,domg) holds(hom(f,g))(h) =g-h- f.
We now state several propositions:
(52) ({hom(codf,domg), hom(domf, codg)), hom(f,qg)) is an element of MapsHof@).
(53) hom(idg, f) =hom(a, f) and honif,ida) = hom(f,a).
(54) hon(ida, idp) = idhomap)-
(55) hom(f,g) = hom(domf,g)-hom(f,domg).
(56) If codg =domf and dong’ = codf’, then honif -g,d - f') = hom(g,g’) - hom(f, f').

Let us conside€. The functor horg(—, —) yielding a function from the morphisms 6€, C ]
into MapsHon{C) is defined as follows:

(Def. 25) For all f, g holds (hom:(—,—))({f, g)) = ((hom(codf,domg), hom(domf,codg)},
hom(f,g)).

Next we state two propositions:
(57) honfa, —) = (curry(homy(—, —)))(ida) and hont—,a) = (curry (home(—, -)))(ida).
(58) If Hom(C) CV, then horg(—,—) is a functor from:C°P, C] to Ensy.

Let us conside¥, C, a. Let us assume that Hd@) C V. The functor horg(a, —) yielding a
functor fromC to Ensy is defined as follows:

(Def. 26) hony(a,—) =hom(a, —).
The functor hom (—, a) yields a contravariant functor fro@into Ens, and is defined by:
(Def. 27) homy(—,a) = hom(—,a).

Let us considel, C. Let us assume that Hai@) C V. The functor horfi(—, —) yielding a
functor from[:C°°, C] to Ensy is defined as follows:

(Def. 28) hon§(—,—) = homg(—,—).
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The following propositions are true:

(59) If Hom(C) CV, then(hom,(a,—))(f) = ({hom(a,domf), hom(a,codf)), hom(a, f)).
(60) If Hom(C) CV, then(Obj(hom,(a,—)))(b) = hom(a,b).
(61) If Hom(C) CV, then(hom,(—,a))(f) = ({hom(codf,a), hom(domf,a)), hom(f,a)).

(62) If Hom(C) CV, then
(63) IfHom(C) CV, then(hont{ (—

(64) If Hom

Obj(homy (-, a)))(b) = hom(b, a).

(=
,—))({f°, g)) = ((hom(codf,domg), hom{domf,codg)),

C) CV, then(Obj(hont; (—, —)))({a%, b)) = hom(a, b).

(
(65) If Hom(C) CV, then(hon{;(—, —))(a%, —) = homy(a,—).
(

(66) If Hom

C) CV, then(hon{;(—, —))(—,a) = hom,(—,a).
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