JOURNAL OF FORMALIZED MATHEMATICS
Volume4,  Released 1992,  Published 2003
Inst. of Computer Science, Univ. of Bialystok

Oriented Metric-Affine Plane — Part Il

Jarostaw Zajkowski
Warsaw University
Biatystok

Summary. Axiomatic description of properties of the oriented orthogonality relation.
Next we construct (with the help of the oriented orthogonality relation) vector space and give
the definitions of left-, right-, and semi-transitives.

MML Identifier: DIRORT.
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The articlesl[3],[[2],[[1], and_[4] provide the notation and terminology for this paper.

In this papeW is a real linear space anxgy are vectors oY/.

Let A; be a non empty affine structure and &tb, c, d be elements of\;. We introduce
a,bT>c,d as a synonym af, b || c,d.

One can prove the following propositions:

(1) Suppose, y span the space. Then

(i) forall elementsy, ug, v, v1, w, wi, W, of CESpacéV, x,y) holdsu,uT~v,wandu,vT~w,w
and ifu,vT~uq,v1 andu,vT vy, Uy, thenu=voru; = vy and ifu,vT ~ug, v, andu,vT = ug, W,
thenu,vT=vy,woru,vT-w,v; and ifu,vT~uq, vy, thenv,uT vy, u; and ifu,vT~ug, vy and
u,vT vy, w, thenu,vT ~u,wand ifu,u; T~V, vy, thenv,vy T~ u,uy or v,v1 T~ Uy, U,

(i) for all elementsu, v, w of CESpacéV, x,y) there exists an elemeunt of CESpacéV, x,y)
such thatv # u; andw,u; T~ u,v, and

(iiiy  for all elementsu, v, w of CESpacéV, x,y) there exists an element of CESpacéV, x,y)
such thatv # u; andu, vT~w,uy.

(2) Suppose, y span the space. Then

(i) forall elementsy, us, v, v, w, Wy, wo of CMSpacéV, x,y) holdsu,uT>v,wandu,vT>w,w
and ifu,vT~uy, vy andu,vT vy, Uy, thenu=voru; = vy and ifu,vT~uz,vi andu,vT ~ U, W,
thenu,vT vy, woru,vT-w,v; and ifu,vT~uq, vy, thenv,uT~vy,up and ifu,vT~ug, vy and
u,vT~vy,w, thenu,vT~uy,wand ifu,uy TV, vy, thenv,vi T~ u,uy or v,v1 T~ Ug, U,

(i) forall elementsy, v, w of CMSpacéV, x, y) there exists an element of CMSpacéV, x,y)
such thatv # ug andw,u; T~ u,v, and

(iiiy  for all elementsu, v, w of CMSpacéV, x, y) there exists an element of CMSpacéV, x,y)
such thatv # u; andu,vT~w, uj.

Letl; be a non empty affine structure. We say thas oriented orthogonality if and only if the
conditions (Def. 1) are satisfied.

(Def. 1)(i) For all elementsl, u, v, v1, w, Wy, Wo of I3 holdsu,uT>v,w andu,vT~w,w and if
u,vT~u,vi andu,vT vy, Uy, thenu=v or uy = v; and if u,vT~uz,vi andu,vT~ug, W,
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thenu,vT~vy,woru,vT>w, vy and ifu,vT~uz, vy, thenv,uT>vy,u; and ifu,vT~up, vy and
u,vT~vy,w, thenu,vT ~u,wand ifu,u; T~V, vy, thenv,v; T~ u,u; or v,v1 T~ Uy, U,

(i)  for all elementsu, v, w of I there exists an elemen of |11 such thatw # u; and
w,u; T~ u,v, and

(i)  for all elementsu, v, w of I, there exists an elemenk of I, such thatw # u; and
u,vT =W, uz.

One can check that there exists a non empty affine structure which is oriented orthogonality.
An oriented orthogonality space is an oriented orthogonality non empty affine structure.
Next we state two propositions:

(4H If X, y span the space, then CMSp@ég,y) is an oriented orthogonality space.
(5) If x, y span the space, then CESpate, y) is an oriented orthogonality space.

We use the following conventior; is an oriented orthogonality space amdiz, Uy, V, V1, Vo,
w, wp are elements ofy;.
Next we state two propositions:

(6) For all elementsl, v, w of A; there exists an elemeni of A; such thatu;,wT~u,v and
Up # W.

(SE] For all elementsy, v, w of A; there exists an element of A; such thatu # u; but
V,WT~U,u; OF V,WT ~Ug, U.

Let A; be an oriented orthogonality space anddgeb, ¢, d be elements of;. The predicate
a,b 1 c,dis defined by:

(Def.2) a,bT>c,dora,bT~d,c.

Let A; be an oriented orthogonality space anddeb, ¢, d be elements of;. The predicate
a,b][ c,d is defined by:

(Def. 3) There exist elements f of A; such thae# f ande, f T~a,bande, f T~c,d.
Let 1 be an oriented orthogonality space. We say th& semi transitive if and only if:

(Def. 4) For all elements, ug, Uy, v, V1, V2, W, Wy of |1 such thau,u; T~v,v; andw, w1 T~v,v; and
W, W1 T~ Up, Vo holdsw = w; orv=vj oru,u; T= Uy, Vo.

Let 1, be an oriented orthogonality space. We say thét right transitive if and only if:

(Def. 5) For all elements, ug, Uy, v, V1, V2, W, Wy of |1 such thau,u; T~v,v; andv,v; T~ w,wy and
Up, Vo T~ W, wy holdsw = wy orv=vy oru,u; T~ Uy, Va.

Let 1, be an oriented orthogonality space. We say thét left transitive if and only if:

(Def. 6) For all elements, uy, Up, V, V1, V2, W, Wy of |1 such thau,u; T~v,v; andv, v, T~w,w; and
U, Uy T~ U2, V2 holdsu = u; orv=vy orus, vo T~ W, Wj.

LetI; be an oriented orthogonality space. We say thét Euclidean like if and only if:
(Def. 7) For all elements, u, v, v1 of 11 such thau,u; T~v,v1 holdsv,v; T~ uz, u.

LetI1 be an oriented orthogonality space. We say thé Minkowskian like if and only if:
(Def. 8) For all elements, u, v, v1 of 11 such thau,u; T~v,v1 holdsv,v; T~ u, uz.

One can prove the following propositions:

1 The proposition (3) has been removed.
2 The proposition (7) has been removed.
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9 uu [ wwandw,w 1l u,us.
(10) 1fu,uy [ v,va, thenv,vy 1 u, u;.
(11) 1fu,uy ][ v,va, thenug,u ] v, v.

(12) A, is left transitive iff for allv, v, w, wy, Uz, V2 such thatv,v; | uz,vo andv, vy T>w, wy
andv # v holdsug, vo T~ w, wy.

(13) A, is semi transitive iff for all, uy, up, v, v, V2 such thats, u; T~ v, v, andv, vy | up, v, and
v # vy holdsu, uy T~ ug, vo.

(14) If Ay is semi transitive, then for all, uy, v, vi, w, wy such that, u; 1] v, vy andv, vy 1] w,wy
andv = v holdsu, up | w,w;.

(15) Suppose, y span the space anh = CESpacéV,x,y). ThenA; is Euclidean like, left
transitive, right transitive, and semi transitive.

Let us observe that there exists an oriented orthogonality space which is Euclidean like, left
transitive, right transitive, and semi transitive.
Next we state the proposition

(16) Supposse, y span the space ad = CMSpacéV, x,y). ThenA; is Minkowskian like, left
transitive, right transitive, and semi transitive.

One can check that there exists an oriented orthogonality space which is Minkowskian like, left
transitive, right transitive, and semi transitive.
One can prove the following propositions:

(17) If Aq is left transitive, therd\; is right transitive.
(18) If Aq is left transitive, ther\; is semi transitive.

(19) Supposé\; is semi transitive. TheAy is right transitive if and only if for allu, uy, v, v1,
Uz, V2 such that, uy T~ up, vo andv, vy T7 Up, v, anduy # v, holdsu, up [ v, v;.

(20) If Aq is right transitive, Euclidean like, and Minkowskian like, th&nis left transitive.
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