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Summary. In the article we consider several geometrical relations in given arbitrary
ordered affine space defined in terms of directed parallelity. In particular we introduce the
notions of the nondirected parallelity of segments, of collinearity, and the betweenness rela-
tion determined by the given relation of directed parallelity. The obtained structures satisfy
commonly accepted axioms for affine spaces. At the end of the article we introduce a formal
definition of affine space and affine plane (defined in terms of parallelity of segments).

MML Identifier: DIRAF.

WWW: http://mizar.org/JFM/Vol2/diraf.html

The articlesl[5],[2], 6], [4], 7], [3], and[1] provide the notation and terminology for this paper.

In this papetX denotes a non empty set.
Let us consideX and letR be a binary relation ofi X, X3. The functorA(R) yields a binary

relation on[: X, X3 and is defined as follows:

(Def. 1) For all elementa, b, ¢, d of X holds({(a, b}, {(c, d}) € A(R) iff ({a, b), {c,d)) € Ror {((a,
b), (d,c)) e R

Let Sbe a non empty affine structure. The funclofS) yielding a strict affine structure is
defined as follows:

(Def. 2) A(S) = (the carrier ofS, A(the congruence @)).

Let Sbe a non empty affine structure. Observe théd) is non empty.
We follow the rules:S denotes an ordered affine space and, c, d, x, y, z t, u, w denote

elements ofs.
Next we state several propositions:

@l xylrxy.

(5) Ifxyl zt, theny,x][t,zandzt || x,y andt,z]] y, .
(6) Ifz#tandxy] ztandzt || u,w, thenx,y || u,w.
(7) xx]y,zandy,z | x,x.

8) Ifxyl ztandx,y]t,z thenx=yorz=t.

Q) xyl xziff x,y|ly,zorx,z| zy.

1Supported by RPBP.1I1-24.C2.
1 The propositions (1)—(3) have been removed.

1 © Association of Mizar Users


http://mizar.org/JFM/Vol2/diraf.html

ORDERED AFFINE SPACES DEFINED IN TERMS OF. . 2

Let Sbe a non empty affine structure anddeb, c be elements ob. We say thab is a midpoint
of a, cif and only if:

(Def. 3) a,b]b,c.
We now state a number of propositions:
(11E] x,y | x,ziff yis a midpoint ofx, zor zis a midpoint ofx, y.
(12) If bis a midpoint ofa, a, thena=h.
(13) If bis a midpoint ofa, c, thenb is a midpoint ofc, a.
(14) xis a midpoint ofx, y andy is a midpoint ofx, y.
(15) If bis a midpoint ofa, c andc is a midpoint ofa, d, thenc is a midpoint ofb, d.
(16) Ifb+# candbis a midpoint ofa, c andc is a midpoint ofb, d, thenc is a midpoint ofa, d.
(17) There existz such thaly is a midpoint ofx, zandy # z
(18) Ifyis a midpoint ofx, zandx is a midpoint ofy, z, thenx =Y.

(19) Suppos& #yandy is a midpoint ofx, zandy is a midpoint ofx, t. Thenzis a midpoint
ofy, t ort is a midpoint ofy, z

(20) Supposea #y andy is a midpoint ofx, zandy is a midpoint ofx, t. Thenzis a midpoint
of x, t ort is a midpoint ofx, z

(21) Supposg is a midpoint ofx, t andzis a midpoint ofx, t. Theny is a midpoint ofx, zor z
is a midpoint ofx, y.

Let Sbe a non empty affine structure anddeb, ¢, d be elements o8 The predicate,b || c,d
is defined as follows:

(Def.4) a,b]c,dorab] d,c.
The following propositions are true:
(23 a,b || c,diff ((a, b, {c, d)) € A(the congruence d¥).
(24) xy ||y, xandxy || x,y.
(25) x,y|lzzandzz|| x,y.
(26) Ifx,y || % z theny,x || y,z

(27) Ifxy|l zt,thenx,y || t,zandy,x || zt andy,x || t,zandzt || x,y andz,t || y,xandt,z || X,y
andt,z || y,x.

(28) Ifa#bandifa,b||x,yandab| ztorab|| x,yandzt ||aborxy| abandzt || ab
orx,y || a,banda,b || zt, thenx,y || z t.

(29) There exisk, y, zsuch thak,y jj x,z
(30) There exists such thak, z || y,t andy # .
(31) There existssuch thak,y || zt andx,z || y,t.

(32) Ifzx || x,t andx # z, then there exista such that, x || x,u andy, z || t, u.

Let Sbe a non empty affine structure andaeb, c be elements o&. The predicaté (a,b,c) is
defined as follows:

2 The proposition (10) has been removed.
3 The proposition (22) has been removed.
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(Def.5) a,b||a,c.

We introducea, b andc are collinear as a synonym bfa, b, c).
We now state a number of propositions:

(34@] If bis a midpoint ofa, ¢, thena, b andc are collinear.

(35) Supposa, b andc are collinear. Theb is a midpoint ofa, c or ais a midpoint ofb, corc
is a midpoint ofa, b.
(36) Suppose, yandzare collinear. Then
(i) x, zandy are collinear,
(i) y,xandzare collinear,
(i) y, zandxare collinear,
(iv) z xandy are collinear, and
(v) z yandxare collinear.

(37) x, xandy are collinear and, y andy are collinear and, y andx are collinear.

(38) Suppose« # Yy andx, y andz are collinear and, y andt are collinear anc, y andu are
collinear. Therg, t andu are collinear.

(39) Ifx#£yandx, yandzare collinear ana,y || zt, thenx, y andt are collinear.
(40) If x, y andzare collinear and, y andt are collinear, them,y || zt.

(41) Supposa # z andx, y andu are collinear an&, y andz are collinear andi, zandw are
collinear. Therx, y andw are collinear.

(42) There exisx, y, zsuch thak, y andz are not collinear.

(43) Ifx#Yy, then there existgsuch thak, y andz are not collinear.

In the sequeh; is a non empty affine structure.
Next we state two propositions:

(45E] Supposed; = A(S). Leta, b, ¢, d be elements cBanda, b/, ¢/, d’ be elements ofy. If
a=a andb="b andc=c andd =d’, thend,b' || ¢,d’iff a,b || c,d.
(46) Supposé; = A(S). Then
(i) there exist elements y of A; such thak £y,

(i) for all elementsx, y, z t, u, wof A; holdsx,y || y,x andx,y || z,zand ifx # y andx,y || z t
andx,y || u,w, thenzt || u,wand ifx,y || x,z theny,x 'y, z,

(iii)  there exist elements, y, zof A; such thai,y }f x,z,
(iv) for all elementsx, y, zof A; there exists an elemenbf A3 such that,z]| y,t andy #t,

(v) forall elements, y, zof A; there exists an elemenof A; such thak,y ] zt andx, z][ y,t,
and

(vi) forall elements, y, z t of A; such thatz,x || x,t andx # zthere exists an elementof A;
such tha, x || x,u andy, z][ t,u.

Let I1 be a non empty affine structure. We say thais affine space-like if and only if the
conditions (Def. 7) are satisfied.

4 The proposition (33) has been removed.
5 The proposition (44) has been removed.
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(Def. 7ﬂi) For all elements, y, z t, u, w of I3 holdsx,y || y,x andx,y |] z z and if x # y and
x Y1 zt andx,y | u,w, thenzt || u,wand ifx, y || X,z theny, x| y,z,

(i) there exist elements, y, zof I; such that, y §f x,z,
(i)  for all elementsx, y, zof |5 there exists an elemenbf |1 such thak,z ][ y,t andy #t,

(iv) for all elementsx, y, zof I there exists an elemenbf | such thai,y || zt andx,z ] y;t,
and

(v) forall elements, y, z t of I; such thatz,x || x,t andx # z there exists an elemeatof I,
such that,x || x,u andy,z|[ t,u.

One can check that there exists a non empty affine structure which is strict, non trivial, and affine
space-like.

An affine space is a non trivial affine space-like non empty affine structure.
One can prove the following propositions:

(47) LetAq be an affine space. Then

(i) there exist elements y of A; such thaik #£y,

(i) forall elementsx,y, z t, u, wof A; holdsx,y || y,xandx,y || z,zand ifx # y andx,y || z t
andx,y || u,w, thenzt || u,wand ifx,y || x,z theny,x 1y, z,

(i)  there exist elementz, y, z of A; such thak,y }f x,z,
(iv) for all elementsx, y, z of A; there exists an elemenbf A; such thak,z || y,t andy #t,

(v) forall elements, y, zof A; there exists an elemenof A; such thak,y ] zt andx, z][ y,t,
and

(vi) forall elements, y, z t of A; such thatz,x || x,t andx # zthere exists an elementof A;
such thay, x || x,u andy, z]| t,u.

(48) A(9) is an affine space.

(49) There exist elements y of A; such thatx # y and for all elements, y, z t, u, w of A;
holdsx,y || y,x andx,y || z zand ifx # y andx,y || zt andx,y || u,w, thenzt ] u,w and if
%Y | %,z theny,x || y,zand there exist elemernksy, z of A; such thaix,y }f x,zand for all
elements, y, z of A; there exists an elemenbf A; such that, z || y,t andy # t and for all
elements, y, zof A; there exists an elemenbf A; such that,y || zt andx,z [ y,t and for
all elements, y, z, t of A; such thatz,x || x,t andx # z there exists an elemeatof A; such
thaty,x || x,u andy,z [ t,uif and only if A; is an affine space.

We adopt the following conventiorss denotes an ordered affine plane ang, z t, u denote
elements of.

We now state two propositions:

(50) Ifx,y} zt, then there exista such thak,y || x,u andzt || z u.

(51) Supposé; =A(S).Letx,y, z,t be elements ofy. If x,y}f z t, then there exists an element
u of Ag such that,y || x,uandzt || z u.

Letl; be a non empty affine structure. We say thds 2-dimensional if and only if:

(Def. 8) For all elements, y, z t of 11 such thatx,y }f z t there exists an elemeantof 1; such that
Xy x,uandzt | z u.

Let us mention that there exists an affine space which is strict and 2-dimensional.
An affine plane is a 2-dimensional affine space.
The following two propositions are true:

(53)] A(S) is an affine plane.

6 The definition (Def. 6) has been removed.
" The proposition (52) has been removed.
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(54) A is an affine plane if and only if the following conditions are satisfied:

there exist elements y of A; such thai # y and for all elements, y, z, t, u, w of A; holds
XY |y,xandx,y ]l z,zand ifx# yandx,y || zt andx,y || u,w, thenzt || u,wand ifx,y || x, ,
theny, x 1| y,zand there exist elementsy, z of A; such thai,y Jf x,zand for all elements,
y, zof Ay there exists an elemenbf A; such thatx,z ]| y,t andy # t and for all elements,
y, zof A there exists an elemenbf A; such that,y || z,t andx,z ]| y,t and for all elements
%, Y, z t of A such thai, x || x,t andx # zthere exists an elemeawf A; such that, x || x,u
andy,z || t,u and for all elements, y, z t of A3 such tha,y }f z t there exists an elemeant
of A; such thak,y || x,uandzt || z u.
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