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Summary. We present a Mizar formalization of the proof of Dickson’s lemma fol-
lowing [7], chapters 4.2 and 4.3.

MML Identifier: DICKSON.

WWW: http://mizar.org/JFM/Voll4/dickson.html

The articles[[29],[11],[35]/[122]/136]/138]/ 128] [ 137] 115]/ 130]. 3] [33]. [34]. [8]. 126]. 1271.15],
(32], [2], [1]. [24], [16], [17], [1Q], [9]. [2C], [25], [19], [14], [31], [23], [4], [18], [12], [6], [13],
and [21] provide the notation and terminology for this paper.

1. PRELIMINARIES
The following two propositions are true:

(1) For every functiorg and for every set such that dorg = {x} holdsg = x——g(x).

(2) For every natural numberholdsn C n+ 1.

The schemé&inSegRng2leals with natural number®, B, a unary functorf yielding a set, and
a unary predicat®, and states that:
{¥(i);i ranges over natural numberg:<i A i < B A P[i]} is finite
for all values of the parameters.
One can prove the following proposition

(3) For every infinite seX holds there exists a function frolinto X which is one-to-one.

Let R be a relational structure and létbe a sequence & We say thatf is ascending if and
only if:

(Def. 1) For every natural number holds f(n+1) # f(n) and (f(n), f(n+1)) € the internal
relation ofR.

Let Rbe a relational structure and letbe a sequence & We say thatf is weakly ascending
if and only if:

(Def. 2) For every natural numberholds(f(n), f(n+1)) € the internal relation oR.

One can prove the following four propositions:

(4) LetRbe a non empty transitive relational structure driak a sequence & Supposd is
weakly ascending. Léf j be natural numbers. If< j, thenf (i) < f(j).
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(5) LetRbe a non empty relational structure. Theiis connected if and only if the internal
relation ofRis strongly connected in the carrier f

(7H Let L be a relational structurd; be a set, and be a set. Then (the internal relation of
L)-Seda) missesy anda €Y if and only if ais minimal w.r.t.Y, the internal relation of..

(8) LetL be a non empty transitive antisymmetric relational structuitee an element off,
anda, N be sets. Supposeis minimal w.r.t. (the internal relation df)-Sedgx) NN, the
internal relation oL.. Thenais minimal w.r.t.N, the internal relation of.

2. MORE ONORDERING RELATIONS

Let Rbe a relational structure. We say tliis quasi ordered if and only if:
(Def. 3) Ris reflexive and transitive.

Let R be a relational structure. Let us assume Ras quasi ordered. The functor EQRIB)
yields an equivalence relation of the carriefRoénd is defined as follows:

(Def. 4) EgRe(R) = (the internal relation oR) N (the internal relation oR)™.

Next we state the proposition

(9) LetR be a relational structure and y be elements oR. If Ris quasi ordered, then
X € [Ylgqgrerr) iff X< yandy <x.

Let Rbe arelational structure. The functefzR yielding a binary relation on Classes Eqfl
is defined by:

(Def. 5) For all setsA, B holds (A B) € <gR iff there exist elements, b of R such thatA =
[@gqre(r) @NAB = [bggre(r) @aNda < b.

Next we state two propositions:

(10) For every relational structuiR such thatR is quasi ordered hold<gR partially orders
ClassesEqRER).

(11) LetRbe a non empty relational structure.Rfis quasi ordered and connected, theaR
linearly orders ClassesEqRRB).

Let Rbe a binary relation. The funct®\ - yields a binary relation and is defined as follows:
(Def. 6) R\ =R\R".

Let Rbe a binary relation. Observe tHt ™ is asymmetric.
Let X be a set and IeR be a binary relation oX. ThenR\> is a binary relation oix.
Let R be a relational structure. The functx - yielding a strict relational structure is defined

by:
(Def. 7) R\~ = (the carrier ofR, the internal relation oR\ ).

Let Rbe a non empty relational structure. One can verify Rat is non empty.
Let R be a transitive relational structure. Observe fRat is transitive.

Let Rbe a relational structure. Note tHat ™ is antisymmetric.

We now state several propositions:

(12) For every non empty posBtand for every elementof R hoIds[x]EqRe[R) = {x}.

(13) For every binary relatioR holdsR = R\~ iff Ris asymmetric.

1 The proposition (6) has been removed.
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(14) For every binary relatioR such thaR is transitive holdSR\ - is transitive.

(15) LetRbe a binary relation and, b be sets. IR is antisymmetric, theffa, b) € R\~ iff (a,
b) € Randa# b.

(16) For every relational structuRsuch thaR is well founded hold®\ - is well founded.

(17) For every relational structuResuch thaR\ - is well founded andR is antisymmetric holds
Ris well founded.

3. FOUNDEDNESSPROPERTIES

One can prove the following propositions:

(18) LetL be a relational structurd) be a set, and be an element df\ . Thenx is minimal
w.r.t. N, the internal relation oE\ - if and only if x € N and for every element of L such
thaty € N and(y, x) € the internal relation of holds(x, y) € the internal relation ok.

(19) LetR, Sbe non empty relational structures amde a map fronRinto S. Suppose that

() Risquasiordered,
(i)  Sis antisymmetric,
(i) S\~ is well founded, and

(iv) for all elementsa, b of R holds ifa < b, thenm(a) < m(b) and ifm(a) = m(b), then(a,
b) € EqRe(R).

ThenR\> is well founded.

Let R be a non empty relational structure andNebe a subset dR. The functor MinClassds
yielding a family of subsets dR is defined by the condition (Def. 8).

(Def. 8) Letxbe a set. Ther € MinClasse®\ if and only if there exists an elemeynbf R\~ such
thaty is minimal w.r.t.N, the internal relation oR\~ andx = [y|g4re(r) MN-

We now state several propositions:

(20) LetRbe a non empty relational structuié be a subset dR, andx be a set. Suppodris
quasi ordered ande MinClassed. Lety be an element dR\ . If y € x, theny is minimal
w.r.t. N, the internal relation oR\ .

(21) LetRbe anon empty relational structure. THe is well founded if and only if for every
subseiN of Rsuch thalN # 0 there exists a setsuch thak € MinClassed.

(22) LetRbe a non empty relational structuiéd be a subset dR, andy be an element dR\ ~.
If yis minimal w.r.t.N, the internal relation oR\ -, then MinClassel is non empty.

(23) LetRbe a non empty relational structuié be a subset dR, andx be a set. IlRis quasi
ordered and € MinClassed, thenx is non empty.

(24) LetR be a non empty relational structure. Supp&sis quasi ordered. TheR is con-
nected andR\ ™~ is well founded if and only if for every non empty subg¢tof R holds

MinClassed = 1.

(25) LetRbe a non empty poset. Then the internal relatioRR@fell orders the carrier dR if
and only if for every non empty subgdtof R holds MinClassefN = 1.

LetRbe a relational structure, Ibtbe a subset d®, and letB be a set. We say thatis Dickson
basis ofN, Rif and only if:

(Def. 9) B C N and for every elemerat of Rsuch that € N there exists an elemebbf R such that
beBandb<a.
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We now state two propositions:
(26) For every relational structuReholds0 is Dickson basis 0Bie carrier ofR: R-

(27) LetRbe a non empty relational structuid be a non empty subset Bf andB be a set. If
B is Dickson basis oN, R, thenB is non empty.

Let Rbe a relational structure. We say tliits Dickson if and only if:
(Def. 10) For every subsét of R holds there exists a set which is Dickson basiblpR and finite.

Next we state two propositions:

(28) Forevery non empty relational struct@euch thaR\ - is well founded andRis connected
holdsR s Dickson.

(29) LetR, Sbe relational structures. Suppose that
(i) the internal relation oR C the internal relation o8,
(i) Ris Dickson, and
(iii)  the carrier ofR = the carrier ofS.
ThenSis Dickson.

Let f be a function and léb be a set. Let us assume that dbm N andb € rngf. The functor
f mindexb yields a natural number and is defined as follows:

(Def. 11) f(f mindexb) = b and for every natural numbesuch thatf (i) = b holds f mindexb < i.

Let R be a non empty 1-sorted structure, febe a sequence &, letb be a set, and leh be a
natural number. Let us assume that there exists a natural nunsioeh thatm < j and f(j) =b.
The functorf mindexb, m) yielding a natural number is defined by:

(Def. 12) f(fmindexb,m)) = b andm < f mindexb, m) and for every natural numbérsuch that
m< iandf(i) =bholds f mindexb,m) <i.

We now state several propositions:

(30) LetRbe a non empty relational structure. SuppBds quasi ordered and Dickson. L&t
be a sequence &t Then there exist natural numbérg such thai < j andf(i) < f(j).

(31) LetRbe arelational structur®| be a subset dR, andx be an element dR\ ~. Suppos&R
is quasi ordered arxe N and (the internal relation d®)-Segx) NN C [X|gqrerr)- Thenxis

minimal w.r.t. N, the internal relation oR\ ~.

(32) LetR be a non empty relational structure. Supp®sis quasi ordered and for every se-
quencef of Rthere exist natural numbersj such that < j andf(i) < f(j). LetN be anon
empty subset odR. Then MinClasseN is finite and MinClasséd¥ is non empty.

(33) LetRbe a non empty relational structure. SuppBse quasi ordered and for every non
empty subsel of R holds MinClasseN is finite and MinClassds is non empty. ThemR is
Dickson.

(34) For every non empty relational structiReuch thaR is quasi ordered and Dickson holds
R\ is well founded.

(35) LetRbe anonempty poset attlbe a non empty subset Bf SupposdRis Dickson. Then
there exists a sé® such thatB is Dickson basis oN, R and for every se€ such thatC is
Dickson basis oN, RholdsB C C.

Let R be a non empty relational structure andNebe a subset oR. Let us assume th& is
Dickson. The functor Dickson-Bas@é, R) yielding a non empty family of subsets Bfis defined
by:
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(Def. 13) For every seB holdsB € Dickson-Base@\, R) iff B is Dickson basis oN, R.

Next we state several propositions:

(36) LetRbe a non empty relational structure asde a sequence &. If Ris Dickson, then
there exists a sequenceR®ivhich is a subsequence sand weakly ascending.

(37) For every relational structufesuch thaR is empty holdsR is Dickson.

(38) LetM, N be relational structures. Suppddeis Dickson ancN is Dickson andM is quasi
ordered andN is quasi ordered. TheM, N is quasi ordered andM, N ] is Dickson.

(39) LetR, Sbe relational structures. SuppoReandS are isomorphic an® is Dickson and
guasi ordered. TheS8is quasi ordered and Dickson.

(40) Letp be a relational structure yielding many sorted set indexed by Tz &edan element
of 1. Thenp(z) and[] p are isomorphic.

Let X be a set, lep be a relational structure yielding many sorted set indexed,land letY be
a subset oK. Note thatp[Y is relational structure yielding.
We now state three propositions:

(41) Letnbe a non empty natural number apdbe a relational structure yielding many sorted
set indexed by. Then[] pis non empty if and only ip is nonempty.

(42) Letn be a non empty natural numbgrbe a relational structure yielding many sorted set
indexed byn+ 1, n; be a subset afi+ 1, andn; be an element ai+ 1. If n; = nandn; =n,
then[:[(pIn1), p(n2) ] and[] p are isomorphic.

(43) Letnbe a non empty natural number apdbe a relational structure yielding many sorted
set indexed by. Suppose that for every elememtf n holdsp(i) is Dickson ando(i) is quasi
ordered. Thef] pis quasi ordered anf p is Dickson.

Let p be a relational structure yielding many sorted set indexe@l I@ne can check the follow-
ing observations:

* []pis non empty,
* []pis antisymmetric,
* []pis quasi ordered, and
* []pis Dickson.
The binary relation NATOrd oi¥ is defined as follows:
(Def. 14) NATOrd= {(x, y);x ranges over elements B, y ranges over elements Bf x <y}.
The following four propositions are true:
(44) NATOTrd is reflexive inN.
(45) NATOTrd is antisymmetric ifN.
(46) NATOTrd is strongly connected .
(47) NATOTrd is transitive inN.

The non empty relational structure OrderedNAT is defined by:
(Def. 15) OrderedNATE= (N,NATOrd).

One can check the following observations:
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x  OrderedNAT is connected,

*x  OrderedNAT is Dickson,

x  OrderedNAT is quasi ordered,
x  OrderedNAT is antisymmetric,
x  OrderedNAT is transitive, and
x  OrderedNAT is well founded.

Let n be a natural number. One can check the following observations:

% [1(n— OrderedNAT) is non empty,

*  [1(n+—— OrderedNAT is Dickson,

% [1(n— OrderedNAT is quasi ordered, and
% [1(n—— OrderedNAT is antisymmetric.

One can prove the following propositions:

(48) LetM be a relational structure. Suppokkis Dickson and quasi ordered. ThéM,
OrderedNAT]:is quasi ordered andV, OrderedNAT]:is Dickson.
(49) LetR, Sbe non empty relational structures. Suppose that
(i) Ris Dickson and quasi ordered,
(i) Sis quasi ordered,
(iii)  the internal relation oR C the internal relation o§, and
(iv) the carrier ofR = the carrier ofS
ThenS\> is well founded.
(50) LetRbe a non empty relational structure. SuppBse quasi ordered. TheR is Dickson
if and only if for every non empty relational structuBesuch thatSis quasi ordered and the

internal relation oR C the internal relation o§ and the carrier oR = the carrier ofSholds
S\~ is well founded.

REFERENCES

[1] Grzegorz Bancerek. Cardinal numbedsurnal of Formalized Mathematic, 1989.http://mizar.org/JFM/Voll/card_1.htmll

[2] Grzegorz Bancerek. The fundamental properties of natural numBetsnal of Formalized Mathematicd, 1989.http://mizar.
org/JFM/Voll/nat_1.htmll

[3] Grzegorz Bancerek. The well ordering relationdournal of Formalized Mathematicd, 1989. http://mizar.org/JFM/Voll/
wellordl.htmll

[4] Grzegorz Bancerek. &nig's theoremJournal of Formalized Mathematic®, 1990/http://mizar.org/JFM/Vol2/card_3.html.

[5] Grzegorz Bancerek. Directed sets, nets, ideals, filters, and ndapsnal of Formalized Mathematic8, 1996.http://mizar.org/
JFM/Vol8/waybel 0.html|

[6] Grzegorz Bancerek. The “way-below” relatiodournal of Formalized Mathematic8, 1996 /http://mizar.org/JFM/Vol8/waybel |
3.htmll

[7] Thomas Becker and Volker Weispfennin@robner Bases: A Computational Approach to Commutative Alge®painger-Verlag, New
York, Berlin, 1993.

[8] Czestaw Bylnski. Functions and their basic propertidsurnal of Formalized Mathematic$, 1989 http://mizar.org/JFM/Voll/
funct_1.html.

[9] Czestaw Bylhski. Functions from a set to a séburnal of Formalized Mathematics, 1989/http://mizar.org/JFM/Voll/funct_|
2.htmll

[10] Czestaw Bylnski. Partial functionsJournal of Formalized Mathematic$, 1989/http://mizar.org/JFM/Voll/partfunl.html}


http://mizar.org/JFM/Vol1/card_1.html
http://mizar.org/JFM/Vol1/nat_1.html
http://mizar.org/JFM/Vol1/nat_1.html
http://mizar.org/JFM/Vol1/wellord1.html
http://mizar.org/JFM/Vol1/wellord1.html
http://mizar.org/JFM/Vol2/card_3.html
http://mizar.org/JFM/Vol8/waybel_0.html
http://mizar.org/JFM/Vol8/waybel_0.html
http://mizar.org/JFM/Vol8/waybel_3.html
http://mizar.org/JFM/Vol8/waybel_3.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/funct_2.html
http://mizar.org/JFM/Vol1/funct_2.html
http://mizar.org/JFM/Vol1/partfun1.html

[11]

[12]

[13]

[14]
[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

DICKSON'S LEMMA 7

Czestaw Bylhski. Some basic properties of setdournal of Formalized Mathematicd, 1989. [http://mizar.org/JFM/Voll/
zfmisc_1.html,

Czestaw Bylnski. A classical first order languagéournal of Formalized Mathematic®, 1990/http://mizar.org/JEM/Vol2/cqc_|
lang.html}

Czestaw Bylhski. The modification of a function by a function and the iteration of the composition of a funddamal of Formalized
Mathematics2, 1990'http://mizar.org/JFM/Vol2/funct_4.html}

Czestaw Bylhski. Galois connectiongournal of Formalized Mathematic8, 1996 http://mizar.org/JFM/Vol8/waybel 1.html}
Agata Darmochwat. Finite setdournal of Formalized Mathematic$, 1989 http://mizar.org/JFM/Voll/finset_1.htmll

Agata Darmochwat and Andrzej Trybulec. Similarity of formuldeurnal of Formalized Mathematic8, 1991.http://mizar.org/
JFM/Vol3/cgc_siml.html.

Adam Grabowski. Auxiliary and approximating relationdournal of Formalized Mathematic8, 1996. http://mizar.org/JFM/
Vol8/waybel 4.html|

Adam Grabowski and Robert Milewski. Boolean posets, posets under inclusion and products of relational strdoumesl. of
Formalized Mathemati¢$8, 1996/http://mizar.orqg/JFM/Vol8/yellow_1.htmll

Artur Kornitowicz. Cartesian products of relations and relational structudesirnal of Formalized Mathematic8, 1996. http:
//mizar.org/JFM/Vol8/yellow_3.htmll

Jarostaw Kotowicz. Monotone real sequences. Subsequeimesal of Formalized Mathematic$, 1989/http://mizar.org/JFM/
Voll/segm_3.html|

Yatsuka Nakamura, Piotr Rudnicki, Andrzej Trybulec, and Pauline N. Kawamoto. Preliminaries to circdisymal of Formalized
Mathematics6, 1994 http://mizar.orqg/JFM/Vol6/pre_circ.htmll

Beata Padlewska. Families of selsurnal of Formalized Mathematic&, 1989/http://mizar.orqg/JFM/Voll/set fam_1.htmll

Beata Padlewska and Agata Darmochwat. Topological spaces and continuous funldimnsl of Formalized Mathematic, 1989.
http://mizar.org/JFM/Voll/pre_topc.htmll

Jan Popiotek. Real normed spadeurnal of Formalized Mathematic, 1990/http://mizar.org/JFM/Vol2/normsp_1.html}

Jan Popiotek. Introduction to Banach and Hilbert spaces — paddlrnal of Formalized Mathematic8, 1991 http://mizar.org/
JFM/Vol3/bhsp_3.htmll

Konrad Raczkowski and Pawet Sadowski. Equivalence relations and classes of abstlaatioal. of Formalized Mathematic$, 1989.
http://mizar.org/JFM/Voll/eqrel_1.html.

Piotr Rudnicki and Andrzej Trybulec. On same equivalents of well-foundeddessnal of Formalized Mathematic9, 1997 /http:
//mizar.org/JFM/Vol9/wellfndl.html,

Andrzej Trybulec. Domains and their Cartesian produdsurnal of Formalized Mathematic4, 1989. http://mizar.org/JFM/
Voll/domain_1.htmll

Andrzej Trybulec. Tarski Grothendieck set theodpurnal of Formalized Mathematicéxiomatics, 1989http://mizar.org/JFM/
Axiomatics/tarski.htmll

Andrzej Trybulec. Tuples, projections and Cartesian produdctstnal of Formalized Mathematics, 1989 http://mizar.org/JFM/
Voll/mcart_1.html}

Andrzej Trybulec. Many-sorted set3ournal of Formalized Mathematic§, 1993 http://mizar.org/JFM/Vol5/pboole.html.

Andrzej Trybulec. Subsets of real numbedsurnal of Formalized Mathematicéddenda, 2003http://mizar.org/JFM/Addenda/
numbers.htmll

Wojciech A. Trybulec. Partially ordered setdournal of Formalized Mathematic&, 1989./http://mizar.org/JFM/Voll/orders_|
T htmll

Wojciech A. Trybulec and Grzegorz Bancerek. Kuratowski - Zorn lemmdaurnal of Formalized Mathematicd, 1989. [http:
//mizar.org/JFM/Voll/orders_2.htmll

Zinaida Trybulec. Properties of subselsurnal of Formalized Mathematic$, 1989 http://mizar.org/JFM/Voll/subset_1.htmll

Edmund Woronowicz. Relations and their basic propertideairnal of Formalized Mathematic4, 1989.http://mizar.org/JFM/
Voll/relat_1.htmll.

Edmund Woronowicz. Relations defined on setlurnal of Formalized Mathematicd, 1989. http://mizar.org/JFM/Voll/
relset_1.html.


http://mizar.org/JFM/Vol1/zfmisc_1.html
http://mizar.org/JFM/Vol1/zfmisc_1.html
http://mizar.org/JFM/Vol2/cqc_lang.html
http://mizar.org/JFM/Vol2/cqc_lang.html
http://mizar.org/JFM/Vol2/funct_4.html
http://mizar.org/JFM/Vol8/waybel_1.html
http://mizar.org/JFM/Vol1/finset_1.html
http://mizar.org/JFM/Vol3/cqc_sim1.html
http://mizar.org/JFM/Vol3/cqc_sim1.html
http://mizar.org/JFM/Vol8/waybel_4.html
http://mizar.org/JFM/Vol8/waybel_4.html
http://mizar.org/JFM/Vol8/yellow_1.html
http://mizar.org/JFM/Vol8/yellow_3.html
http://mizar.org/JFM/Vol8/yellow_3.html
http://mizar.org/JFM/Vol1/seqm_3.html
http://mizar.org/JFM/Vol1/seqm_3.html
http://mizar.org/JFM/Vol6/pre_circ.html
http://mizar.org/JFM/Vol1/setfam_1.html
http://mizar.org/JFM/Vol1/pre_topc.html
http://mizar.org/JFM/Vol2/normsp_1.html
http://mizar.org/JFM/Vol3/bhsp_3.html
http://mizar.org/JFM/Vol3/bhsp_3.html
http://mizar.org/JFM/Vol1/eqrel_1.html
http://mizar.org/JFM/Vol9/wellfnd1.html
http://mizar.org/JFM/Vol9/wellfnd1.html
http://mizar.org/JFM/Vol1/domain_1.html
http://mizar.org/JFM/Vol1/domain_1.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Vol1/mcart_1.html
http://mizar.org/JFM/Vol1/mcart_1.html
http://mizar.org/JFM/Vol5/pboole.html
http://mizar.org/JFM/Addenda/numbers.html
http://mizar.org/JFM/Addenda/numbers.html
http://mizar.org/JFM/Vol1/orders_1.html
http://mizar.org/JFM/Vol1/orders_1.html
http://mizar.org/JFM/Vol1/orders_2.html
http://mizar.org/JFM/Vol1/orders_2.html
http://mizar.org/JFM/Vol1/subset_1.html
http://mizar.org/JFM/Vol1/relat_1.html
http://mizar.org/JFM/Vol1/relat_1.html
http://mizar.org/JFM/Vol1/relset_1.html
http://mizar.org/JFM/Vol1/relset_1.html

DICKSON'S LEMMA 8

[38] Edmund Woronowicz and Anna Zalewska. Properties of binary relatlmsnal of Formalized Mathematic, 1989/http://mizar.
orqg/JFM/Voll/relat_2.htmll

Received March 12, 2002

Published January 2, 2004


http://mizar.org/JFM/Vol1/relat_2.html
http://mizar.org/JFM/Vol1/relat_2.html

	dickson's lemma By gilbert lee and piotr rudnicki

