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The articlesl[8],[[9],17], T1]1, [3], [2], [6], [4], and[[5] provide the notation and terminology for this
paper.
For simplicity, we adopt the following ruleg, g, r, s, p1, g1 denote elements of CQC-WFK,
Y, Z, X1, X2 denote subsets of CQC-WHkdenotes a formula, and y denote bound variables.
The following four propositions are true:

(1) If pe X, thenXt p.
(2) If X ZCnY,then CnX C CnyY.
(3) If X+ pand{p}+q,thenXFq.
(4) If Xt pandX CY,thenYF p.
Let p, q be elements of CQC-WFF. The predicate qis defined by:
(Def. 1) {p}taq.
The following propositions are true:
®) pFp
(6) If pFgandgtr, thenptr.
Let X, Y be subsets of CQC-WFF. The predicte Y is defined by:
(Def. 2) For every elemerg of CQC-WFF such thap € Y holdsX I p.
Next we state several propositions:
(7) XFEYiff Y CCnX.
(8) Xk X.
(9) 1 X+Y andY Z, thenX I Z.
(10) X+ {p}iff X+ p.
(11) {p}tr{a}iff pra.

1This work has been done while the author visited Warsaw University in Biatystok, in winter 1994—1995.
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(12)
13)
(14)
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If X CY, thenY - X.
X I Taut.

Ococ-wrr - Taut.

Let X be a subset of CQC-WFF. The predicatX is defined as follows:

(Def. 3) For every elemerm of CQC-WFF such thap € X holdst p.

The following propositions are true:

(15)
(16)
7

l_ X |ff 0CQC—WFF }_ X
F Taut.
F X iff X C Taut.

Let us considekK, Y. The predicatX HY is defined by:

(Def. 4) For everyp holdsX + piff Y I p.

Let us notice that the predicaxeY is reflexive and symmetric.
The following propositions are true:

(18)
(19)
(20)
(21)
(22)
(23)
(24)
(25)
(26)
(27)

XHY iff XEY andY + X.

If XY andY H Z, thenX H Z.

XHY iff Chn X =CnY.

CnXUCnY C Cn(XUY).

Crn(XUY) = Cn(CnXUCnY).

X H CnX.

XUY H CnXUCnY.

If Xg HH Xz, thenX,UY H X UY.

If X1 X andX  UY = Z, thenX, UY + Z.
If Xy HH Xo andY F Xq, thenY - Xs.

Let p, g be elements of CQC-WFF. The predic@te- qis defined by:

(Def. 5)

pFgandqgt p.

Let us notice that the predicapd— q is reflexive and symmetric.
The following propositions are true:

(28)
(29)
(30)
(1)
(32)
(33)
(34)
(39)

If pHgandqtHir, thenptHir.
pHiqiff {p} — {a}.

If pHqgandX F p, thenX +q.

{p,a} —{pAa}.

pAgqHIQAPp.

XEpAqiff X pandXq.

If pgandr H's, thenpAr HgAs.
X EVgpiff X p.
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(36) VxpHip.

(37)

If pH g, thenvxpt vyq.

Let p, g be elements of CQC-WFF. We say thaits an universal closure afif and only if the
conditions (Def. 6) are satisfied.

(Def. 6)(i)

(ii)

pis closed, and
there exists a natural numbarsuch that 1< n and there exists a finite sequericsuch

that ler. = nandL(1) = q andL(n) = p and for every natural numbé&rsuch that 1< k and
k < n there exists a bound variabkeand there exists an elemenbf CQC-WFF such that
r = L(k) andL(k+ 1) = Vyr.

One can prove the following propositions:

(38) If pis an universal closure af, thenpHiq.

(39) If+p=q,thenptaq.

(40) IfXFp=q,thenXuU{p}t+q.

(41) |If pisclosed angt q, then- p=q.

(42) If pyis an universal closure qf, thenX U {p} - qiff X+ p1 = q.

(43) If pisclosed angt g, then—-qt —p.

(44) If pisclosed anK U {p}F g, thenXuU{—q} - —p.

(45) |If pis closed and-p+ —q, thengt p.

(46) If pisclosed anK U{—-p}+ —q, thenXuU{q} F p.

(47) If pis closed andjis closed, thempt qiff —-qF —p.

(48) If p1is anuniversal closure gfandq; is an universal closure of thenpt qiff =gy - —ps.

(49) If pyis an universal closure gf andq; is an universal closure @f thenpt qiff —py H
—q1-

Let p, g be elements of CQC-WFF. The predicgtes q is defined as follows:

(Def. 7) Fp<a

Let us notice that the predicape= q is reflexive and symmetric.
One can prove the following propositions:

(50)
(51)
(52)
(53)
(54)
(59)
(56)
(67)
(58)

p=qiff - p=qgand-qg=p.
Ifp=qgandg=r,thenp=r.

If p=q, thenpHiag.

p=qiff -p=-aq.

If p=qandr =s,thenpAr =qAs.
Ifp=qandr=sthenp=r=qg=s
If p=qandr =s,thenpvr=qVvs.
Ifp=qandr=sthenp&sr=qg& s

If p=q, thenVyp = Vxq.
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(59) If p=q,thendyp=3xq.

(61f] Letk be a natural number,be a list of variables of the lengt a be a free variable, and
x be a bound variable. Then sihpC sni(l [a——X]).

(62) Letk be a natural numbelrbe a list of variables of the lengt a be a free variable, and
be a bound variable. Then ghfa——x]) C sni1) U {x}.

(63) For evenyh holds snlgh) C sniyh(x)).

(64) For everyh holds snigh(x)) C snlih) U {x}.

(65) If p=h(x) andx+#yandy ¢ sniyh), theny ¢ sni(p).

(66) If p=h(x) andqg = h(y) andx ¢ snk(h) andy ¢ snl(h), thenVyxp = Vyq.

ACKNOWLEDGMENTS

The author wishes to thank Professor A. Trybulec for many helpful talks during the preparation of
this paper.

REFERENCES

)

Grzegorz Bancerek. The fundamental properties of natural numbmusnal of Formalized Mathematic$, 1989 http://mizar.org/
JEM/Voll/nat_1.htmll

[2

Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite seqiences.of Formalized Mathematics
1,1989/http://mizar.org/JFM/Voll/finseq_1.html}

[3

Czestaw Bylihski. Functions and their basic propertidsurnal of Formalized Mathematic4, 1989.http://mizar.org/JFM/Voll/
funct_1.html,

[4

Czestaw Bylhski. A classical first order languagdournal of Formalized Mathematic&, 1990.http://mizar.org/JFM/Vol2/cqc_|
lang.htmll

5

Agata Darmochwat. A first-order predicate calculdsurnal of Formalized Mathematicg, 1990 http://mizar.org/JFM/Vol2/cqc_
thel.htmll

6

Piotr Rudnicki and Andrzej Trybulec. A first order languagleurnal of Formalized Mathematic&, 1989.http://mizar.org/JFM/
Voll/gc_langl.html,

7

Andrzej Trybulec. Domains and their Cartesian produdtsirnal of Formalized Mathematic$, 1989 http://mizar.org/JFM/Voll/
domain_1.htmll

[8

Andrzej Trybulec. Tarski Grothendieck set theodpurnal of Formalized Mathematic#xiomatics, 1989 http://mizar.org/JFM/
Axiomatics/tarski.html.

[9

Zinaida Trybulec. Properties of subsedsurnal of Formalized Mathematic§, 1989 http://mizar.org/JFM/Voll/subset_1.html}

Received January 24, 1995

Published January 2, 2004

1 The proposition (60) has been removed.
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