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Summary. The main objective of the paper is to define the concept of the similarity
of formulas. We mean by similar formulas the two formulas that differs only in the names
of bound variables. Some authors (compare [14]) call such formadagruent We use
the wordsimilar following [12], [11], [13]. The concept is unjustfully neglected in many
logical handbooks. It is intuitively quite clear, however the exact definition is not simple.
As far as we know, only W.A. Pogorzelski and T. Prucihal [13] define it in the precise way.
We follow basically the Pogorzelski's definition (comparel[12]). We define renumeration of
bound variables and we say that two formulas are similar if after renumeration are equal.
Therefore we need a rule of chosing bound variables independent of the original choice. Quite
obvious solution is to use consecutively variablgs;, Xk+2, - . ., wherek is the maximal index
of free variable occurring in the formula. Therefore after the renumeration we get the new
formula in which different quantifiers bind different variables. It is the reason that the result
of renumeration applied to a formupawe call$ with variables separated
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The articles|[18],[[6],[241,[122],[1171,[[20],[125], 126], 141/15] [116], [3],[101/123]/121]/ [2], 18],
[15], [10, [9], [7], and [&] provide the notation and terminology for this paper.
The following propositions are true:

(1) For all sets, y and for every functiorf holds(f+-({x} — y))°{x} = {y}.

(2) For all set, L and for all set, y and for every functiorf holds(f+-(L — y))°K C
feKU{y}.

(3) For all setx, y and for every functiory and for every sef\ holds (g+-({x} — y))°(A\
{x}) =g (A\{x}).

(4) Forall setx, y and for every functiory and for every sef such thay ¢ g°(A\ {x}) holds
(G+({x} — ¥)° (A {x}) = (g+({x} —¥))"A\ {y}.

For simplicity, we follow the rules:p, g, r, s are elements of CQC-WFk,is an element of
BoundVar,, k, |, m, nare elements df|, | is a variables list ok, andP is ak-ary predicate symbol.
We now state several propositions:

(5) If pis atomic, then there exi&t P, 11 such thatp = PJl;].
(6) If pis negative, then there exigisuch thatp = —q.
(7) If pis conjunctive, then there exigtr such thatp=gAr.

(8) If pis universal, then there existqg such thatp = v,q.
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(9) For every finite sequendéolds rnd = {I(i) : 1 <i A i <lenl}.

In this article we present several logical schemes. The scl@mEunc ExNdeals with a non
empty set4, an elementB of 4, a unary functorf yielding an element of4, a binary functorGg
yielding an element ofa, a ternary functor# yielding an element of1, and a binary functod
yielding an element ofi, and states that:

There exists a functioR from WFF into4 such that
() F(VERUM) =3, and
(i) for every elementp of WFF holds if p is atomic, therF(p) = #(p) and
if pis negative, thetr (p) = G(F(Arg(p)), p) and if p is conjunctive, therfr (p) =
H (F(LeftArg(p)), F (RightArg(p)), p) and if pis universal, theiir (p) = I(F (Scopép)), p)
for all values of the parameters.

The schemé&QCF2 Func Exdeals with non empty setg, B, an element of B2, a ternary
functor 7 yielding an element oB~, a binary functorg yielding an element oB, a 4-ary functor
# yielding an element oB?, and a ternary functor yielding an element o8?, and states that:

There exists a functioR from CQC-WFF intoB7 such that
() F(VERUM) =,
(i)  for every k and for every variables lidt of k and for everyk-ary predicate
symbolP holdsF (P[l]) = F (k,R,1), and
(i) forall r, s xholdsF(-r) = G(F(r),r) andF (r As) = #H(F(r),F(s),r,s) and
F(Vxr) = I(x,F(r),r)
for all values of the parameters.

The schem&QCF2 FUnigdeals with non empty set&, B, functionsC, D from CQC-WFF
into B2, a functionE from 4 into B, a ternary functorf yielding a function from4 into B, a
binary functorg yielding a function from4 into B, a 4-ary functor# yielding a function from4
into B, and a ternary functof yielding a function from4 into B, and states that:

C=9D
provided the following conditions are met:

e C(VERUM)=E

e Forallk, 1, PholdsC(P[l1]) = F(k,Pl1),

e Forallr, s, x holds C(-r) = G(C(r),r) and C(r A's) = H(C(r),C(s),r,s) and

C(%r) = 106 C(1).1)

e D(VERUM) =

e Forallk,lq, P holdsﬂ)( i) =7

e For allr, s, x holds D(-r) = G(

D(Wr) = I(% D(r),1).
We now state four propositions:

P,l1), and
),r) and D(r As) = H(D(r), D(s),r,s) and

(k,
D(r
(10) pis a subformula of-p.

(11) pis asubformula op A qandqis a subformula opA Q.
(12) pis asubformula of/xp.

(13) For every variables lidt of k and for everyi such that 1< i andi < lenl holdsl (i) €
BoundVar.

Let D be a non empty set and Iétbe a function fronD into CQC-WFF. The functor NEQJ)
yields an element of CQC-WPFand is defined by:

(Def. 1) For every elemerat of D and for every elemerp of CQC-WFF such thap = f(a) holds
(NEG(f))(@) = =p.
In the sequef, hdenote elements of Bound\&H"@ andK denotes a finite subset of Bound\Var.
Let f, g be functions fron N, BoundVaP°"9a"] into CQC-WFF and let be a natural number.
The functor CONf, g, n) yielding an element of CQC-WEF: BoundvaP*" ™ o jefined as follows:

(Def. 2) For allk, h, p, g such thatp = f({k, h)) andq = g({k+ n, h)) holds (CON(f,g,n))((k,
h)) = pAa.
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Let f be a function fronf: N, BoundVaP°"a"] into CQC-WFF and lex be a bound variable.
The functor UNIMx, f) yields an element of CQC-WER BoundVaP"™&} oy is defined as follows:

(Def. 3) For allk, h, p such thatp = f({k+ 1, h+-({X} — Xk)}) holds (UNIV (x, f))({k, h)) =
Y, P-

Let us considek, let| be a variables list ok, and letf be an element of Bound\Endvar
Thenf -1 is a variables list ok.
Let us considek, let P be ak-ary predicate symbol, and lebe a variables list df. The functor

ATOM(P,1) yielding an element of CQC-WE:BoundVaP"™] g jatined py:
(Def. 4) For alln, h holds(ATOM(P,1))({n, h)) = Plh-1].

Let us considep. The number of quantifiers ip yields an element a¥ and is defined by the
condition (Def. 5).

(Def. 5) There exists a functida from CQC-WFF intoN such that
(i) the number of quantifiers ip = F(p),
(i) F(VERUM) =0, and
(i) for all r, s, x, k and for every variables lidtof k and for everyk-ary predicate symbd?
holdsF (P[l]) = 0 andF (—r) = F(r) andF(r As) = F(r) + F(s) andF (Vxr) = F(r) + 1.

Let f be a function from CQC-WFF into CQC-WiBoundvaP" e o jary he an element
of CQC-WFF. Therf (x) is an element of CQC-W: BoundvaPounder

The function Renum from CQC-WFF into CQC-WIgEBoundvaP "™ o qefined by the con-
ditions (Def. 6).

(Def. 6)() RenunfVERUM) = [N, BoundVaP°u"Va"] ., VERUM,

(i) for everyk and for every variables listof k and for evenk-ary predicate symbd? holds
RenuntP[l]) = ATOM(P,I), and

@iy  for all r, s, x holds Renurfrr) = NEG(Renunfr)) and Renurfr A s) =
CON(Renun{r),Renunts), the number of quantifiers i) and Renurfixr) = UNIV (x, Renunir)).

Let us considep, k, f. The functor Renumy (p) yielding an element of CQC-WFF is defined
by:

(Def. 7) Renum(p) = Renunip)((k, f}).
Next we state several propositions:
(14) The number of quantifiers in VERUM 0.
(15) The number of quantifiers I[l;] = 0.
(16) The number of quantifiers inp = the number of quantifiers ip.

(17) The number of quantifiers ip A q = (the number of quantifiers ip) + (the number of
guantifiers ing).

(18) The number of quantifiers iy p = (the number of quantifiers ip) + 1.

Let A be a non empty subset df. The functor mirA yields a natural number and is defined as
follows:

(Def. 8) minA € A and for evenk such thak € A holds minA < k.

Next we state two propositions:

(19) For all non empty subsefs B of N such thatA C B holds minB < minA.
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(20) For every elemerp of WFF holds snbp) is finite.

The scheméaxFinDomElendeals with a non empty sét, a setB, and a binary predicat@,
and states that:
There exists an elemertof 4 such thatx € B and for every element of 4 such
thaty € B holds?[x, Y]
provided the parameters meet the following conditions:
e BisfiniteandB £ 0andB C 4,
e For all elements, y of 4 holds®[x,y] or P[y,X], and
e For all elements, y, zof 4 such thatP[x,y] andP[y, Z holdsP[x, Z].
Let us considep. The functor NB(p) yielding a subset oN is defined as follows:

(Def.9) NBI(p) ={k: Aj (k<i = x; ¢snl(p))}.

Let us considep. Note that NB(p) is non empty.
Let us considep. The functorje : p|y yielding a natural number is defined by:

(Def. 10) |e: p[y = minNBI(p).
One can prove the following propositions:
(21) |e: p|ly =0iff pis closed.
(22) Ifx; € sni(p), theni < |o: p|x.
(23) |e:VERUM |y =0.
(24) [o:—pln=e: pln.
(25) |e:pln<|e:pAQnandje:qgy<|e:pAQ|n.

Let C be a non empty set and IBtbe a non empty subset 6f Then ic is an element obP.
Let us considep. The functorpwith variables separated yielding an element of CQC-WFF is
defined by:

(Def. 11) pwith variables separated Renun,.: . idsounavar P)-

One can prove the following proposition
(26) VERUMwith variables separated VERUM.

The schem&€QCIndconcerns a unary predicate and states that:

For everyr holds?[r]
provided the parameters meet the following requirements:

e P[VERUM],

e For everyk and for every variables listof k and for everyk-ary predicate symbd?
holds®[P][l]],

e For everyr such that?[r] holds®[-r],

e For allr, ssuch thatP[r] and?[s] holdsP[r A ], and

e For allr, x such thatP[r] holdsP[Vxr].

Next we state four propositions:

(27) PJl1)with variables separated P[l4].

(28) If pis atomic, therpwith variables separated p.

(29) (—p)with variables separated —(pwith variables separated

(30) If pis negative and = Arg(p), thenpwith variables separated—(qwith variables separatgd

Let us considep and letX be a subset of CQC-WFF N, Fin BoundVar BoundVaPeundvar
We say thak is closed w.r.tp if and only if the conditions (Def. 12) are satisfied.
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(Def. 12)(i)  {p, e : p|n,Osoundvar idBoundvay € X,
(i) forall g, k, K, f such that{—q,k,K, f} € X holds{q,k,K, f} € X,
(i) forall g,r,k, K, f suchthafgAr kK, f) € X holds{q,k,K, f) € X and(r,k+the number
of quantifiers ing, K, f) € X, and
(iv) forall g, x, k, K, f suchthagvxq,k,K, f) € X holds(qg,k+1, KU{x}, f+-({x} — xk)} €
X.

Let D be a non empty set and lebe an element dd. Then{x} is an element of FiD.
Let us considep. The functorQuadruples; yields a subset of CQC-WFF, N, FinBoundVar

BoundVaP°u"®a"] and is defined by:

(Def. 13) Quadruples, is closed w.r.t.p and for every subsdd of [ CQC-WFF, N, FinBoundVar
BoundVaPu"®a"] sych thaD is closed w.r.tp holdsQuadruples, C D.

We now state several propositions:

(31) {p,|e: pln,Dsoundvar idBoundvar € Quadruples;,.
(32) Forallg, k K, f such thaf—q,k,K, f) € Quadruples, holds({q,k K, f) € Quadruples,.

(33) For allq, r, k, K, f such that{qArkK,f) € Quadruples, holds (g,kK, f) €
Quadruples, and({r,k+the number of quantifiers ig, K, f) € Quadruples;,.

(34) For allg, x k, K, f such that(vxq,k K, f) € Quadruples, holds (g,k + 1,K U
{x}, f+({x} = x«)) € Quadruples,.

(35) Supposéq,k,K, f) € Quadruples,. Then
() {a,k K, f)=(p,|e: pln,Osoundvar idBoundvay , OF
(i) (—9,k K, f) € Quadruples,, or
(iii)  there existsr such thaf{qAr,k K, f) € Quadruples,, or
(iv) there existr, | such thatk = | 4+ the number of quantifiers in and {r A q,l,K, f) €
Quadruples,, or

(v) there existx, I, h such thatl + 1 = k but h+-({x} — x;) = f but {v¥xq,|,K,h) €
Quadruples, or (¥xq,|,K\ {x},h) € Quadruples;,.

The schem&ep regressiodeals with an elemerd of CQC-WFF and a 4-ary predica#e and
states that:
For allg, k, K, f such thafq,k,K, f} € Quadruples, holds?[q,k, K, f]
provided the parameters meet the following conditions:
o P[4, : A|n,Dsoundvar idBoundvai
e For allqg, k, K, f such that(—q,k,K, f)} € Quadruples; and ?[—q,k,K, f] holds
P[g,k,K, f],
e Forallg,r,k K, f suchthafqAr,k,K, f) € Quadruples, and?[qAr, kK, f] holds
P[g,k, K, f] and?]r,k+ the number of quantifiers ig, K, f], and
e Forallg, x, k, K, f such that{vxq, k,K, f) € Quadruples,; and?[Vxq,k,K, f] holds
Pl k+1,KU{X}, f4+({x} — X).
Next we state a number of propositions:

(36) Forallg, k, K, f such that(q,k,K, f) € Quadruples, holdsq is a subformula of.

(37) QuadrupleS\/ERUM = {(VERUM, 0, OBoundVar, idBoundVar)}.

(38) For everyk and for every variables listof k and for everyk-ary predicate symbd? holds
Quadmplesp[l] = {(P[l], |e : P[l]|rv, O8oundvas idBoundvan) }-

(39) Forallg, k, K, f such that(g,k,K, f) € Quadruples, holds snlyq) C snlp) UK.
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(40) If (g,mK, f) € Quadruples, and x € f°K, theni <m.

(41) If {(g,m K, f) € Quadruplesy, then x, ¢ f°K.

(42) If {(g,mK, f) € Quadruples, and x € f°snk(p), theni <m.

(43) If (g,mK, f) € Quadruples, and x € f°snk(q), theni <m.

(44) 1f {(g,mK, f) € Quadruples,, then x, ¢ f°snl(q).

(45) snlfp) = snl pwith variables separated

(46) |e: p|n = |e: pwith variables separateg.

Let us considep, g. We say thap andq are similar if and only if:

(Def. 14) pwith variables separated qwith variables separated

Let us notice that the predicapsandq are similar is reflexive and symmetric.
One can prove the following proposition

(49E] If pandq are similar andjandr are similar, therp andr are similar.
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