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Summary. The aim is to construct a language for the classical predicate calculus. The
language is defined as a subset of the language constructed in [7]. Well-formed formulas of
this language are defined and some usual connectives and quantifiers lof [7], [1] are accord-
ingly. We prove inductive and definitional schemes for formulas of our language. Substitution
for individual variables in formulas of the introduced language is defined. This definition is
borrowed from([6]. For such purpose some auxiliary notation and propositions are introduced.

MML Identifier: COC_LANG.
WWW: http://mizar.org/JFM/Vol2/cqc_lang.html

The articles|[9], [[11],[T10],[1112],[183],14],[13], 2], [[¥], [1], andL[5] provide the notation and termi-
nology for this paper.

In this papeit, j, k are natural numbers.

Letx, y, a, b be sets. The functdx =y — a,b) yielding a set is defined as follows:

a, if x=y,
(Def. 1) (x=y—ab)= { b otherv)\:ise.

Let D be a non empty set, let y be sets, and leg, b be elements ob. Then(x=y — a,b) is

an element obD.
Letx, y be sets. The functo——y yielding a set is defined by:

(Def. 2) x—y={x}r—V.
Letx, y be sets. One can verify that—y is function-like and relation-like.
Next we state two propositions:
(SE] For all setsx, y holds dongx——y) = {x} and rndx—y) = {y}.
(6) For all sets, y holds(x——y)(x) =Y.

For simplicity, we adopt the following rulesx, y denote bound variables, denotes a free
variable,p, g denote elements of WFF, ahd; denote finite sequences of elements of Var.
The following proposition is true

(7) For every sex holdsx € Var iff x € FixedVar orx € FreeVar ox € BoundVar.

A substitution is a partial function from FreeVar to Var.
In the sequef is a substitution.
Let us considet, f. The functor [f] yields a finite sequence of elements of Var and is defined

by:

1 The propositions (1)—(4) have been removed.

1 © Association of Mizar Users
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(Def. 3) len(l[f]) = lenl and for everyk such that 1< k andk < lenl holds if (k) € domf, then
[[f](k) = f(I(k)) and ifl (k) ¢ domf, thenl[f](k) = (k).

Let us considek, letl be a list of variables of the lengtg and let us considef. Thenl[f]is a
list of variables of the length.

Next we state the proposition
(10f] a——xis a substitution.

Let us consideg, x. Thena——x is a substitution.
Next we state the proposition

(11) If f =a——xandl; =1[f] and 1< k andk <lenl, then if| (k) = a, thenl;(k) = x and if
[(K) # a, thenly(k) = I(K).

The subset CQC-WFF of WFF is defined as follows:

(Def. 4) CQC-WFF= {s;sranges over formulae: Fixad=0 A Frees= 0}.

Let us note that CQC-WFF is non empty.
The following proposition is true

(13E] pis an element of CQC-WFF iff Fixgaol= 0 and Freg = 0.

Let us considek and letl; be a list of variables of the length We say that; is variables
list-like if and only if:

(Def. 5) rngj; C BoundVar.
Let us considek. One can verify that there exists a list of variables of the lekgtfich is
variables list-like.

Let us considek. A variables list ofk is a variables list-like list of variables of the lendth
We now state the proposition

(15@ Let! be a list of variables of the length Thenl is a variables list ok if and only if {1 (i) :
1<iAi<lenl Al(i)eFreeVat =0and{l(j):1<j A j<lenl AI(j) € FixedVar} = 0.

In the sequet, sdenote elements of CQC-WFF.
One can prove the following propositions:

(16) VERUM is an element of CQC-WFF.

(17) LetP be ak-ary predicate symbol arldbe a list of variables of the length ThenP[l] is
an element of CQC-WFF if and only if the following conditions are satisfied:

@0 {li):1<ini<lenl Al(i) e FreeVat =0, and
() {I(J):1<j A j<lenl AI(j) e FixedVar = 0.

Let us considek, let P be ak-ary predicate symbol, and lebe a variables list ok. ThenP][l]
is an element of CQC-WFF.

One can prove the following two propositions:

(18) —pis an element of CQC-WFF iff is an element of CQC-WFF.

(19) pAqis an element of CQC-WFF ifp is an element of CQC-WFF argis an element of
CQC-WFF.

2 The propositions (8) and (9) have been removed.
3 The proposition (12) has been removed.
4 The proposition (14) has been removed.
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VERUM is an element of CQC-WFF. Let us consideiThen—r is an element of CQC-WFF.
Let us consides. Thenr Asis an element of CQC-WFF.
We now state three propositions:

(20) r = sis an element of CQC-WFF.
(21) rvsisan element of CQC-WFF.
(22) r < sis an element of CQC-WFF.

Let us consider, s. Thenr = sis an element of CQC-WFF. Thanv sis an element of
CQC-WFF. Thenr & sis an element of CQC-WFF.
Next we state the proposition

(23) Vxpis an element of CQC-WFF iff is an element of CQC-WFF.

Let us considex, r. ThenVyr is an element of CQC-WFF.
The following proposition is true

(24) dyr is an element of CQC-WFF.

Let us consideg, r. Then3yr is an element of CQC-WFF.

In this article we present several logical schemes. The scl@@@ Ind concerns a unary
predicateP, and states that:

For everyr holdsP|r]
provided the following condition is satisfied:
e Letgivenr,s, x, k, | be a variables list df, andP be ak-ary predicate symbol. Then
P[VERUM] and ?[P[l]] and if P[r], then®[-r] and if P[r] and P[g], thenP[r A g
and if 2[r], then®[Vyr].

The schem€QC Func Exdeals with a non empty sét, an elemenfB of A2, a ternary functofF
yielding an element off, a unary functorG yielding an element aof, a binary functor#{ yielding
an element of4, and a binary functor yielding an element of, and states that:

There exists a functioR from CQC-WFF into4 such that
() F(VERUM) =3, and
(i) forall r, s, x, k and for every variables lidtof k and for everyk-ary pred-
icate symbolP holds F(P[l]) = #(k,PI) andF(-r) = G(F(r)) andF(r AS) =
H(F(r),F(s)) andF (¥xr) = I(x,F(r))
for all values of the parameters.

The schemeCQC Func Unigdeals with a non empty set, a function 3 from CQC-WFF
into 4, a functionC from CQC-WFF into4, an elementD of 4, a ternary functorf yielding an
element of4, a unary functorg yielding an element ofd, a binary functor# yielding an element
of 4, and a binary functof yielding an element off, and states that:

B=C_C
provided the parameters satisfy the following conditions:

e (i) B(VERUM)=D, and
(i) forall r, s, x, k and for every variables lidtof k and for everyk-ary pred-
icate symbolP holds B(P[l]) = ¥ (k,P,l) and B(—r) = G(B(r)) and B(r AS) =
H(B(r),B(s)) andB(Vxr) = I(x,B(r)),

and

e (i) C(VERUM)=9D,and
(i) forall r, s, x, k and for every variables lidtof k and for everyk-ary pred-
icate symbolP holds C(P[l]) = F(k,RI) and C(—r) = G(C(r)) and C(r AS) =
H(C(r),C(s)) and C(Vxr) = (X, C(r)).

The schem&QC Def correctnesdeals with a non empty set, an elementB of CQC-WFF,
an element of 4, a ternary functorf yielding an element of1, a unary functorg yielding an
element of4, a binary functor# yielding an element of1, and a binary functor yielding an
element of4, and states that:
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(i) There exists an elemedtof 4 and there exists a functidh from CQC-WFF
into 4 such thad = F(B) andF(VERUM) = C and for allr, s, X, k and for every
variables list of k and for everyk-ary predicate symbd? holdsF (P[l]) = 7 (k,P,1)
andF(—r) = G(F(r)) andF (r As) = H(F(r),F(s)) andF (Vxr) = I(x,F(r)), and

(i) forall elementsd;, d» of 4 such that there exists a functiérfrom CQC-WFF
into 4 such thad; = F(B) andF(VERUM) = C and for allr, s, x, k and for every
variables list of k and for evenk-ary predicate symbd? holdsF (P[l]) = 7 (k,P,1)
andF(-r) = G(F(r)) andF(r As) = H(F(r),F(s)) andF (Vxr) = I(x,F(r)) and
there exists a functioR from CQC-WFF inta4 such thatl; = F (B) andF (VERUM) =
C and for allr, s, x, k and for every variables lidtof k and for everyk-ary pred-
icate symbolP holds F(P[l]) = F(k,P1) andF(-r) = G(F(r)) andF(r As) =
H(F(r),F(s)) andF (Vxr) = I(x,F(r)) holdsd; = d

for all values of the parameters.

The scheme&CQC Def VERUMdeals with a non empty set, a unary functorf yielding an
element of4, an elementB of 4, a ternary functorg yielding an element ofd, a unary functor
H yielding an element ofd, a binary functor! yielding an element ofd, and a binary functoy
yielding an element ofd, and states that:

F(VERUM) = B
provided the parameters meet the following requirement:

e Let p be an element of CQC-WFF armtlbe an element of. Thend = ¥ (p) if
and only if there exists a functioR from CQC-WFF intoA4 such thatd = F(p)
andF (VERUM) = B and for allr, s, x, k and for every variables ligtof k and for
everyk-ary predicate symbd? holdsF (P[l]) = G(k,P,I) andF (-r) = #H(F(r)) and
F(rAs)=I(F(r),F(s)) andF (¥xr) = J(x,F(r)).

The schem€&QC Def atomialeals with a non empty set, an elementB of 4, a unary functor
F yielding an element ofa, a ternary functorg yielding an element ofd, a natural numbec, a
C-ary predicate symbaD, a variables listE of C, a unary functor# yielding an element of2, a
binary functor! yielding an element of, and a binary functoy yielding an element of2, and
states that:

F(DIE]) = G(C.D.T)
provided the parameters satisfy the following condition:

e Let p be an element of CQC-WFF antibe an element ofi. Thend = 7 (p) if
and only if there exists a functioR from CQC-WFF intoA4 such thatd = F(p)
andF (VERUM) = B and for allr, s, x, k and for every variables ligtof k and for
everyk-ary predicate symbdt holdsF (P[l]) = G(k,P,I) andF (-r) = #H(F(r)) and
F(rAs)=I(F(r),F(s)) andF (Vxr) = J(x,F(r)).

The scheme&QC Def negativeleals with a non empty se, a unary functorf yielding an
element of4, an elementB of 4, a ternary functoG yielding an element o, a unary functor{
yielding an element af1, an element of CQC-WFF, a binary functof yielding an element of,
and a binary functoy yielding an element off, and states that:

F () =H(F(0))
provided the following condition is satisfied:

e Let p be an element of CQC-WFF amtibe an element off. Thend = F(p) if
and only if there exists a functioR from CQC-WFF into4 such thatd = F(p)
andF (VERUM) = B and for allr, s, x, k and for every variables ligtof k and for
everyk-ary predicate symbdt holdsF (P[l]) = G(k,P,I) andF (-r) = H(F(r)) and
F(rAs)=I(F(r),F(s)) andF (Vxr) = 9(x,F(r)).

The schem&C Def conjunctiveleals with a non empty set, a unary functorf yielding an
element of4, an element of 4, a ternary functoG yielding an element off, a unary functot’/
yielding an element af1, a binary functorl yielding an element of, an element” of CQC-WFF,
an elementD of CQC-WFF, and a binary functgryielding an element off, and states that:

F(CAD) = I(F(C), F(D))
provided the following condition is satisfied:

e Let p be an element of CQC-WFF artlbe an element of. Thend = ¥ (p) if
and only if there exists a functioR from CQC-WFF intoA4 such thatd = F(p)
andF (VERUM) = B and for allr, s, x, k and for every variables ligtof k and for
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everyk-ary predicate symbd? holdsF (P[l]) = G(k,P,I) andF (-r) = #H(F(r)) and
F(rAs)=I(F(r),F(s)) andF (¥xr) = J(x,F(r)).

The schem&C Def universaldeals with a non empty set, a unary functorf yielding an
element of4, an elementB of 4, a ternary functoG yielding an element off, a unary functot/
yielding an element of1, a binary functor yielding an element ofd, a binary functor/ yielding
an element of4, a bound variable”, and an elemenD of CQC-WFF, and states that:

F(VeD) = 1(C, F (D))
provided the following condition is met:

e Let p be an element of CQC-WFF amtlbe an element of2. Thend = ¥ (p) if
and only if there exists a functioR from CQC-WFF intoA4 such thatd = F(p)
andF (VERUM) = B and for allr, s, x, k and for every variables ligtof k and for
everyk-ary predicate symbd? holdsF (P[l]) = G(k,P,I) andF (-r) = #H(F(r)) and
F(rAs)=I(F(r),F(s)) andF (¥xr) = J(x,F(r)).

Let us considep, x. The functorp(x) yields an element of WFF and is defined by the condition
(Def. 6).

(Def. 6) There exists a functidn from WFF into WFF such that

() p(x)=F(p),and

(i)  for every q holds F(VERUM) = VERUM and if q is atomic, thenF(q) =
PredSyniq)[Args(q)[ap——X]] and if g is negative, thefr (q) = —F (Arg(q)) and ifq is con-
junctive, thenF (q) = F(LeftArg(q)) A F(RightArg(q)) and if g is universal, ther(q) =
(Boundq) =x— QavBounc(q)F (Scopgaq))).

Next we state a number of propositions:
(28F] VERUM(x) = VERUM.
(29) If pis atomic, therp(x) = PredSynip)[Args(p)[ao——X]].

(30) For evenk-ary predicate symbdP and for every list of variablek of the lengthk holds
PlI](x) = P[l[ag——x]].

(31) If pis negative, thep(x) = = Arg(p)(X).

(32) (=p)(x) = =p(x).

(33) If pis conjunctive, them(x) = LeftArg(p)(x) A RightArg(p)(X).
(34) (PAG)(X) = P(X) AG(X).

(35) If pis universal and Bour{gh) = X, thenp(x) = p.

(36) If pis universal and Bour(gh) # X, thenp(X) = Ygounq p) SCOPEP) (X)-
(37)  (Vxp)(X) = Vxp.

(38) Ifx#Yy, then(Vxp)(y) = Vxp(y).

(39) If Freep=0, thenp(x) = p.

(40) r(x)=r.

(41) Fixedp(x) = Fixedp.

5 The propositions (25)—-(27) have been removed.
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