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Summary. Convexity is one of the most important concepts in a study of analysis.
Especially, it has been applied around the optimization problem widely. Our purpose is to
define the concept of convexity of a set on Mizar, and to develop the generalities of convex
analysis. The construction of this article is as follows: Convexity of the set is defined in the
section 1. The section 2 gives the definition of convex combination which is a kind of the
linear combination and related theorems are proved there. In section 3, we define the convex
hull which is an intersection of all convex sets including a given set. The last section is some
theorems which are necessary to compose this article.

MML Identifier: CONVEX1.

WWW: http://mizar.org/JFM/Voll4d/convexl.html

The articles[[1R],T21],[[271,191,123],[18],10], 18], [T4], [12], [[15], [[14], [[16],[16],[110],16], and]7]
provide the notation and terminology for this paper.

1. CONVEX SETS

LetV be a non empty RLS structure, Mtbe a subset df, and letr be a real number. The functor
r-M yielding a subset 0¥ is defined by:

(Def. 1) r-M={r-v;vranges over elements ¥ ve M}.

LetV be a non empty RLS structure and Mtbe a subset of . We say thaM is convex if and
only if:

(Def. 2) For all vectorsy, v of V and for every real numbersuch that O< r andr < 1 andu e M
andv e M holdsr-u+(1—r)-ve M.

Next we state a number of propositions:

(1) LetV be areal linear space-like non empty RLS structiidge a subset df, andr be a
real number. IM is convex, them - M is convex.

(2) LetV be an Abelian add-associative real linear space-like non empty RLS structuvé and
N be subsets of. If M is convex andN is convex, theM + N is convex.

(3) For every real linear spaseand for all subsetM, N of V such thatM is convex andN is
convex holdsM — N is convex.
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(4) LetV be anonempty RLS structure aktlbe a subset of . ThenM is convex if and only
if for every real number such that 0< r andr < 1 holdsr-M + (1—r)-M C M.

(5) LetV be an Abelian non empty RLS structure akidbe a subset of/. SupposeM is
convex. Letr be areal number. If & r andr < 1, then(1—r)-M+r-M C M.

(6) LetV be an Abelian add-associative real linear space-like non empty RLS structure and
M, N be subsets df. SupposeM is convex andN is convex. Letr be a real number. Then
r-M+(1—r)-Nis convex.

(7) LetV be areal linear spack| be a subset df, andv be a vector o¥/. ThenM is convex
if and only if v+ M is convex.

(8) For every real linear spaseholds UgOy ) is convex.
(9) For every real linear spadeholds UgQy ) is convex.

(10) For every non empty RLS structweand for every subsédl of V such thaiM = 0 holds
M is convex.

(11) LetV be an Abelian add-associative real linear space-like non empty RLS strudture,
M> be subsets of/, andry, ro be real numbers. IM; is convex andV is convex, then
ri-Mi+ro-Msis convex.

(12) LetV be areal linear space-like non empty RLS structidene a subset df, andrq, r»
be real numbers. Them; +r2)-M Cri-M+r2-M.

(13) LetV be areal linear spac®)] be a subset df, andr, ro be real numbers. ify > 0 and
rp > 0andM is convex, thems - M +r2-M C (ry+r2) - M.

(14) LetV be an Abelian add-associative real linear space-like non empty RLS strudture,
M,, M3 be subsets df, andrq, rp, r3 be real numbers. 1, is convex andV, is convex and
Ms is convex, themy - M1 +r2- My +r3- M3 is convex.

(15) LetV be a non empty RLS structure aRdbe a family of subsets of. Suppose that for
every subseM of V such thaM € F holdsM is convex. Therf\F is convex.

(16) For every non empty RLS structweand for every subsé¥l of V such thatM is Affine
holdsM is convex.

LetV be a non empty RLS structure. One can check that there exists a subsethich is

convex.

LetV be a non empty RLS structure. One can check that there exists a subsethith is
empty and convex.

LetV be a non empty RLS structure. One can check that there exists a suldsehath is non
empty and convex.

We now state four propositions:

(17) LetV be areal unitary space-like non empty unitary space strudtiiee a subset of, v
be a vector oW, andr be a real number. I = {u;u ranges over vectors &f: (ulv) >r},
thenM is convex.

(18) LetV be areal unitary space-like non empty unitary space strudtiiee a subset of, v
be a vector oW, andr be a real number. M = {u;u ranges over vectors &f: (ulv) > r},
thenM is convex.

(19) LetV be a real unitary space-like non empty unitary space strudiiee a subset of, v
be a vector o¥/, andr be a real number. ¥ = {u;u ranges over vectors &f: (u|v) <r},
thenM is convex.

(20) LetV be areal unitary space-like non empty unitary space strudtiis a subset of, v
be a vector oV, andr be a real number. I = {u;u ranges over vectors &f: (u|v) <r},
thenM is convex.
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2. CONVEX COMBINATIONS

LetV be areal linear space and lebe a linear combination of. We say that is convex if and
only if the condition (Def. 3) is satisfied.

(Def. 3) There exists a finite sequerfeef elements of the carrier & such that
(i) F isone-to-one,
(i) rngF =the support of, and

(i)  there exists a finite sequendeof elements ofR such that lef = lenF andy f =1 and
for every natural number such than € domf holdsf(n) = L(F(n)) andf(n) > 0.

The following propositions are true:

(21) LetV be areal linear space ahdbe a linear combination &f. If L is convex, then the
support ofL # 0.

(22) LetV be areal linear spack,be a linear combination &f, andv be a vector o¥/. If L is
convex and_(v) <0, thenv ¢ the support of..

(23) For every real linear spateand for every linear combinatidnof V such that is convex
holdsL 75 OLCV-

(24) LetV be areal linear spacebe a vector oV, andL be a linear combination dfv}. If L
is convex, ther(v) =1 andy L =L(v)- V.

(25) LetV be areallinear space,, v, be vectors o¥/, andL be a linear combination dfvy, v»}.
Supposer; # vz andL is convex. Theri(vq) +L(v2) =1 andL(v1) > 0 andL(vz) > 0 and
> L= L(Vl) -V + L(Vz) -Vo.

(26) LetV be areal linear spac®s, Vo, v3 be vectors oW, andL be a linear combination of
{v1,V2,v3}. Supposer; # v, andv, # vz andvs # vq andL is convex. Ther(vy) +L(v2) +
L(vs) =1andL(vq) > 0andL(v2) >0andL(v3) >0andy L =L(v1) -vi+L(v2) -va+L(v3)-
V3.

(27) LetV be areal linear spacepe a vector o¥, andL be a linear combination of. If L is
convex and the support &f= {v}, thenL(v) = 1.

(28) LetV be areal linear space;, v» be vectors oW/, andL be a linear combination of.
Supposé. is convex and the support bf= {v1,v2} andvi # vo. ThenL(v1) +L(v2) =1 and
L(vi) > 0andL(vz) > 0.

(29) LetV be a real linear spacey, v, v3 be vectors olV, andL be a linear combination
of V. Supposd is convex and the support &f= {v1,v2,v3} andvy # v, andv, # v3 and
v3 # vi. ThenL(vy) +L(v2) +L(vs) = 1 andL(v1) > 0 andL(v2) > 0 andL(v3) > 0 and
> L= L(Vl) -V1+ L(Vz) -Vo + L(Vg) V3.

3. CoONVEX HuLL

In this article we present several logical schemes. The scl@&mBamExRL8eals with an RLS
structureq and a unary predicat, and states that:
There exists a familf of subsets 0f such that for every subsBtof 4 holdsB € F
iff P[B]
for all values of the parameters.
The schem&ubFamEXRLS@eals with an RLS structur@ and a unary predicatg, and states
that:
There exists a familfF of subsets 0f such that for every subsBtof 4 holdsB € F
iff P[B]
for all values of the parameters.
LetV be a non empty RLS structure and Mtbe a subset of . The functor Convex-Family
yields a family of subsets &f and is defined by:
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(Def. 4) For every subs@ of V holdsN € Convex-FamilyM iff N is convex andvl C N.

LetV be a non empty RLS structure and Mtbe a subset df. The functor con yields a
convex subset df and is defined by:

(Def.5) conwW = Convex-FamilyM.

The following proposition is true

(30) LetV be anon empty RLS structun, be a subset df, andN be a convex subset bf. If
M C N, then conM C N.

4. MISCELLANEOUS
The following propositions are true:

(31) Letp be afinite sequence andy, z be sets. Suppogeis one-to-one and rng= {x,y, z}
andx #yandy # zandz# x. Thenp= (X,y,2) or p= (X, z,y) or p= (y,X,2) or p= (y,zX)
orp=(zXxYy) orp=(zy,X).

(32) For every real linear space-like non empty RLS structusnd for every subsé¥l of V
holds 1 M = M.

(33) For every non empty RLS structifeand for every empty subskt of V and for every real
numberr holdsr -M = 0.

(34) For every real linear spatkand for every non empty subddtof V holds 0 M = {0y }.

(35) For every right zeroed non empty loop structMrend for every subse¥l of V holds
M+ {0/} =M.

(86) For every add-associative non empty loop structuasnd for all subsetM;, M2, M3 of V
holds(M1 4+ M3) + M3z = M1 + (M2 + M3).

(37) LetV be areal linear space-like non empty RLS structiene a subset df, andrq, r»
be real numbers. Then - (r2-M) = (r1-r2) - M.

(38) LetV be areal linear space-like non empty RLS structie, M, be subsets df, andr
be a real number. Then (M1 + M) =r-My+r1-Ma.

(39) LetV be a non empty RLS structur®], N be subsets o¥, andr be a real number. If
M C N, thenr-M Cr-N.

(40) For every non empty loop structuveand for every empty subsét of V and for every
subseN of V holdsM + N = 0.
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