JOURNAL OF FORMALIZED MATHEMATICS
Volume2,  Released 1990,  Published 2003
Inst. of Computer Science, Univ. of Bialystok
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Summary. This article is a continuation df[3]. We define a neighbourhood of a point
and a neighbourhood of a set and prove some facts about them. Then the definitions of a
locally connected space and a locally connected set are introduced. Some theorems about
locally connected spaces are given (based 6n [2]). We also define a quasi-component of a
point and prove some of its basic properties.

MML Identifier: CONNSP_2.

WWW: http://mizar.org/JFM/Vol2/connsp_2.html

The articlesl[5],[6],14], 7], [3], and 1] provide the notation and terminology for this paper.
Let X be a non empty topological space andXdie a point ofX. A subset ofX is called a
neighbourhood ox if:

(Def. 1) x€ Intit.

Let X be a non empty topological space andAdbe a subset oK. A subset ofX is called a
neighbourhood oA if:

(Def. 2) AC Intit.

In the sequeX denotes a non empty topological spacegenotes a point ok, andU; denotes
a subset oK.
The following propositions are true:

(3H Let A, B be subsets oK. Suppose is a heighbourhood of andB is a neighbourhood of
X. ThenAUB is a neighbourhood of.

(4) LetA, Bbe subsets ak. ThenA s a neighbourhood of andB is a neighbourhood of if
and only ifANB is a neighbourhood of.

(5) For every subset; of X and for every poink of X such thatJ; is open and € U; holds
U; is a neighbourhood of.

(6) For every subseét; of X and for every poink of X such thatJ; is a neighbourhood of
holdsx € U;.

(7) Supposé&); is a neighbourhood of. Then there exists a non empty subéetf X such that
V is a neighbourhood ofand open an¥ C U;.

(8) Ugqis a neighbourhood ofiff there exists a subs#&t of X such tha is open and/ C U;
andx e V.

1 The propositions (1) and (2) have been removed.
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(9) LetU; be a subset oK. ThenUs is open if and only if for every such thatx € U; there
exists a subsek of X such that is a neighbourhood of andA C U;.

(10) For every subsét of X holdsV is a neighbourhood dfx} iff V is a neighbourhood of.

(11) LetBbe anon empty subset ¥f x be a point ofX |B, A be a subset oX[B, A; be a subset
of X, andx; be a point ofX. SupposeB is open andA is a neighbourhood of andA = A;
andx = x1. ThenA; is a neighbourhood of;.

(12) LetBbe anon empty subset ¥f x be a point ofX B, Abe a subset ok [B, A1 be a subset
of X, andx; be a point ofX. Supposé\; is a neighbourhood of; andA = A; andx = x;.
ThenA s a neighbourhood of

(13) LetAbe asubsetdk andB be a subset oK. If Ais a component ok andA C B, thenA
is a component oB.

(14) For every non empty subspaxgof X and for every poink of X and for every poink; of
X1 such tha = x; holds Componerfx;) € Componen(tx).

Let X be a non empty topological space andxdie a point ofX. We say thai is locally
connected irx if and only if the condition (Def. 3) is satisfied.

(Def. 3) LetU; be a subset oX. SupposeJ; is a neighbourhood of. Then there exists a subét
of X such thaV is a neighbourhood of and connected and C U;.

Let X be a non empty topological space. We say & locally connected if and only if:
(Def. 4) For every poink of X holdsX is locally connected im.

Let X be a non empty topological space,Adbe a subset ok, and letx be a point ofX. We say
thatAis locally connected i if and only if the condition (Def. 5) is satisfied.

(Def. 5) LetBbe a non empty subset ¥f Supposé\ = B. Then there exists a poixt of X B such
thatx; = xandX[B is locally connected ix;.

Let X be a non empty topological space andAdie a non empty subset #f We say tha# is
locally connected if and only if:

(Def. 6) X[Ais locally connected.

We now state a number of propositions:

(19E] Let givenx. ThenX is locally connected ix if and only if for all subset¥/, Sof X such
thatV is a neighbourhood ofandSis a component df andx € SholdsSis a neighbourhood
of x.

(20) Let givenx. ThenX is locally connected ix if and only if for every non empty subset
Uz of X such thatJ; is open and € U; there exists a point; of X|U; such that; = x and
x € IntComponen(xy).

(21) If Xislocally connected, then for every subSaif X such thaSis a component ok holds
Sis open.

(22) Suppos« is locally connected ix. Let A be a non empty subset &f. If Ais open and
x € A, thenAis locally connected .

(23) If X is locally connected, then for every non empty sudsef X such thatA is open holds
Alis locally connected.

(24) Xislocally connected if and only if for every non empty sub&ef X and for every subset
B of X such thatA is open and is a component of holdsB is open.

2 The propositions (15)—(18) have been removed.
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(25) Suppos« is locally connected. LeE be a non empty subset #f andC be a non empty
subset oX [E. Suppose€ is connected and open. Then there exists a subsEtX such that
H is open and connected a@d= ENH.

(26) X is aTy space if and only if for all subse#s, C of X such thatA # 0 andC # Qx and
A C C andA is closed ancC is open there exists a subggtof X such thatG is open and
ACGandGCC.

(27) Suppos« is locally connected and & space. LefA, B be subsets oK. SupposeA # 0
andB # 0 andAis closed and is closed andh missesB. Supposé is connected anB is
connected. Then there exist subdgtS of X such thaRis connected an8is connected and
Ris open andsis open andA C RandB C SandR missesS,

(28) Letxbe a point ofX andF be a family of subsets of. Suppose that for every subgeof
X holdsA € F iff Ais open and closed and= A. ThenF # 0.

Let X be a non empty topological space anddéie a point ofX. The quasi-component afis
a subset oK and is defined by the condition (Def. 7).

(Def. 7) There exists a familly of subsets oK such that
(i) for every subsef of X holdsA € F iff Ais open and closed ands A, and
(i) NF =the quasi-component af

The following propositions are true:
(30 X € the quasi-component af

(31) LetA be a subset oK. SupposeA is open and closed ande A. SupposeA C the
guasi-component of. ThenA = the quasi-component af

(32) The quasi-component gfis closed.

(33) Componerik) C the quasi-component af

REFERENCES

[

Agata Darmochwat. Compact spacdsurnal of Formalized Mathematic$, 1989 http://mizar.org/JFM/Voll/compts_1.html,

[2

Kazimierz Kuratowski.Wstep do teorii mnodsi i topologii PWN, Warszawa, 1977.

3

Beata Padlewska. Connected spadesirnal of Formalized Mathematic$, 1989 http://mizar.org/JFM/Voll/connsp_1.html}

[4

Beata Padlewska and Agata Darmochwat. Topological spaces and continuous funatiormsal of Formalized Mathematic4, 1989.
http://mizar.orqg/JFM/Voll/pre_topc.htmll

[5

Andrzej Trybulec. Tarski Grothendieck set theodpurnal of Formalized Mathematic#xiomatics, 1989 http://mizar.org/JFM/
Axiomatics/tarski.html.

6

Zinaida Trybulec. Properties of subsedsurnal of Formalized Mathematic§, 1989 http://mizar.org/JFM/Voll/subset_1.html}

[7

Mirostaw Wysocki and Agata Darmochwat. Subsets of topological spdeesnal of Formalized Mathematic$, 1989 http://mizar.
orqg/JFM/Voll/tops_1.html}

Received September 5, 1990

Published January 2, 2004

3 The proposition (29) has been removed.
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