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Summary. Investigations on affine shear theorems, major and minor, direct and indi-
rect. We prove logical relationships which hold between these statements and between them
and other classical affine configurational axioms (eg. minor and major Pappus Axiom, De-
sargues Axioms et al.). For the shear, Desargues, and Pappus Axioms formulated in terms of
metric affine spaces we prove they are equivalent to corresponding statements formulated in
terms of affine reduct of the given space.

MML Identifier: CONMETR1.

WWW: http://mizar.org/JFM/Vol3/conmetrl.html

The articles([8], [[2], [4], 5], [1], [3], [6], and[[7] provide the notation and terminology for this
paper.

We use the following conventionX denotes an affine plane, a;, ap, as, as, b1, b2, bs, by
denote elements of, andM, N denote subsets .

Let us considelX. We say thaiX satisfies minor Scherungssatz if and only if the condition
(Def. 1) is satisfied.

(Def. 1) Letgivenay, az, ag, a4, by, by, bz, by, M, N. Suppose thatl // N anda; € M andaz € M
andb; € M andbz € M anday € N andas € N andb; € N andbs € N andas ¢ M anday ¢ M
andb, ¢ M andbs ¢ M anda; ¢ N andag ¢ N andb; ¢ N andbs ¢ N andag,a, || bs, b, and
az,ag ” bg, bl andal, a ” bl, b4. Thenag, a ” [')37 b4.

We introduceX satisfies minor Scherungssatz as a synonyi sétisfies minor Scherungssatz.
Let us consideX. We say thaiX satisfies major Scherungssatz if and only if the condition
(Def. 2) is satisfied.

(Def. 2) Let giveno, a1, ay, ag, as, b1, by, bz, bs, M, N. Suppose tha¥l is a line andN is a line
ando e M ando € N anda; € M andag € M andb; € M andbs € M anda, € N andag € N
andby € N andbs € N andas ¢ M anda; ¢ M andb, ¢ M andbs ¢ M anda; ¢ N and
az ¢ N andb; ¢ N andbz ¢ N andag, a; 1| bs, b, andag,a; | bz, b; anday,as 1] by, bs. Then
33734” b3,b4.

We introduceX satisfies major Scherungssatz as a synonyi sditisfies major Scherungssatz.
Let us consideK. We say thaK satisfies Scherungssatz if and only if the condition (Def. 3) is
satisfied.

(Def. 3) Let givena, ap, as, as, by, by, bz, bs, M, N. Suppose tha¥l is a line andN is a line and
a; € M andag € M andb; € M andbz € M anday € N andas € N andb, € N andbs € N and
as ¢ M andaz ¢ M andb, ¢ M andbs ¢ M anda; ¢ N andaz ¢ N andb; ¢ N andbz ¢ N
andag, ay || bs,be anday,a; || b, by anday, a4 || by, bs. Thenag, ag || bs, ba.
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We introduceX satisfies Scherungssatz as a synonyiX eétisfies Scherungssatz.
Let us consideX. We say thaiX satisfies indirect Scherungssatz if and only if the condition
(Def. 4) is satisfied.

(Def. 4) Let givenas, ay, ag, as, b1, by, bz, bg, M, N. Suppose thatl is a line andN is a line and
a; € M andag € M andb, € M andb; € M anda, € N andas € N andb; € N andbs € N and
as ¢ M andaz ¢ M andb; ¢ M andbs ¢ M anda; ¢ N andag ¢ N andby ¢ N andbs ¢ N

andag,ay | bs,bz anday,a; 1 bz,bs anday, a4 || by, bs. Thenag,as || bs, bs.

We introduceX satisfies Scherungssdtas a synonym oX satisfies indirect Scherungssatz.
Let us consideX. We say thatX satisfies minor indirect Scherungssatz if and only if the
condition (Def. 5) is satisfied.

(Def.5) Letgivenay, az, ag, as, by, by, bs, by, M, N. Suppose thatl // N anda; € M andaz € M
andb, € M andbs € M anda, € N andas € N andb; € N andbs € N andas ¢ M anda; ¢ M
andb; ¢ M andbs ¢ M anda; ¢ N andas ¢ N andb, ¢ N andby ¢ N andag, az [ bs, b, and
az, a1 || bz, by anday, a4 || b1, bs. Thenag,as || bs, ba.

We introduceX satisfies minor Scherungssétas a synonym of satisfies minor indirect Scherungssatz.
Let us consideiX. We say thatX satisfies major indirect Scherungssatz if and only if the
condition (Def. 6) is satisfied.

(Def. 6) Let giveno, a3, ap, ag, as, b1, by, b, bs, M, N. Suppose tha¥l is a line andN is a line
ando € M ando € N anda; € M andaz € M andb, € M andbs € M anday € N andasg € N
andb; € N andbz € N andas ¢ M anda; ¢ M andb; ¢ M andbz ¢ M anda; ¢ N and
az ¢ N andb, ¢ N andbs ¢ N andag,a, || bz, by andaz, a; || bz, by anday, a4 || by, bs. Then
ag, a4 || bs, ba.

We introduceX satisfies major Scherungsséats a synonym oX satisfies major indirect Scherungssatz.
The following propositions are true:

(1) X satisfies Scherungssdt#f and only if X satisfies minor ScherungssétandX satisfies
major Scherungssatz

(2) X satisfies Scherungssatz if and onlyXifsatisfies minor Scherungssatz aXdsatisfies
major Scherungssatz.

(3) If X satisfies minor ScherungsséatzhenX satisfies minor Scherungssatz.
(4) If X satisfies major ScherungssatzhenX satisfies major Scherungssatz.
(5) If X satisfies ScherungssdtzhenX satisfies Scherungssatz.
(6) If X satisfieddes thenX satisfies minor Scherungssatz.
(7) If X satisfiedDES, thenX satisfies major Scherungssatz.
(8) X satisfiedDESIff X satisfies Scherungssatz.
(9) X satisfiegpap iff X satisfies minor Scherungssétz
(10) X satisfiedPAP iff X satisfies major Scherungssétz
(11) X satisfiePPAPIff X satisfies Scherungssédtz

(12) If X satisfies major ScherungssétzhenX satisfies minor Scherungssatz

In the sequeK denotes a metric affine plane.
The following propositions are true:

(13) The affine reduct oX satisfies Scherungssatz iff Scherungssatz hol¥s in



SHEAR THEOREMS AND THEIR ROLE IN AFFINE .. 3

(14) Trapezium variant of Desargues Axiom holdsXrif and only if the affine reduct oK
satisfiesTDES.

(15) The affine reduct oX satisfiedesiff minor Desargues Axiom holds iX.
(16) Pappos Axiom holds iX iff the affine reduct oiX satisfiedPAP.
(17) Desargues Axiom holds X iff the affine reduct oiX satisfiedDES.
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