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Summary. This article is a continuation of[1]. It is divided into five sections. The
first one contains a few useful lemmas. In the second part there is a definition of conjugate
sequences and proofs of some basic properties of such sequences. The third segment treats of
bounded complex sequences,next one contains description of convergent complex sequences.
The last and the biggest part of the article contains proofs of main theorems concerning the
theory of bounded and convergent complex sequences.

MML Identifier: COMSEQ_2.
WWW: http://mizar.org/JFM/Vol8/comseq_2.html

The articles[[10],[12],18],16], [3], [11],14], 71, [9], [5], and.[1] provide the notation and terminol-
ogy for this paper.

1. PRELIMINARIES

We adopt the following rulesn, m denote natural numberns,g denote elements @, ands, s, s;
denote complex sequences.
We now state two propositions:

(1) 1fg# Oc andr #0c, then|g™t 1| = o1,

(2) For everyn there exists a real numbersuch that O< r and for everym such thaim < n
holds|s(m)| < r.

2. CONJUGATE SEQUENCES

LetC be a non empty set and létbe a partial function fronT to C. The functorf yields a partial
function fromC to C and is defined as follows:

(Def. 1) domf =domf and for every elememtof C such that € domf holds f (c) = f..

LetC be a non empty set and Iétoe a function fronC into C. Then f can be characterized by
the condition:

(Def. 2) domf =C and for every element of C holds f (n) = f(n).

LetC be a non empty set and Igtbe a function fronC into C. Note thats; is total.
The following propositions are true:
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(3) If sis non-zero, thers is non-zero.

(4) Ts5=T3S.

(5) s€=3¥¢.
(6) sl=s1.
(7) S/s=79/s.

3. BOUNDED COMPLEX SEQUENCES

Let us consides. We say thasis bounded if and only if:
(Def. 3) There exists a real numbesuch that for every holds|s(n)| <.

Let us note that there exists a complex sequence which is bounded.
The following proposition is true

(8) sis bounded iff there exists a real numbesuch that 6< r and for everyn holds|s(n)| <.

4. CONVERGENT COMPLEX SEQUENCES

Let us consides. We say thasis convergent if and only if:

(Def. 4) There existg such that for every real numbgprsuch that < p there exists such that for
everymsuch than < mholds|s(m) —g| < p.

Let us consides. Let us assume thatis convergent. The functor liswields an element of
and is defined as follows:

(Def. 5) For every real numbegrsuch that O< p there exists1 such that for everynsuch thah <m
holds|s(m) —lims| < p.

The following two propositions are true:
(9) If there existgy such that for every natural numbeholdss(n) = g, thensis convergent.

(10) For everyg such that for every natural numbeholdss(n) = g holds lims= g.

Let us note that there exists a complex sequence which is convergent.
Let sbe a convergent complex sequence. Observeshiatconvergent.
One can prove the following proposition

(11) If sis convergent, then lifg| = |lim g|.

Let sbe a convergent complex sequence. One can verifystimtonvergent.
We now state the proposition

(12) If sis convergent, then lim = lims.

5. MAIN THEOREMS

Next we state a number of propositions:
(13) If sis convergent and is convergent, thea+ < is convergent.
(14) If sis convergent and is convergent, then lifs+ ') = lims+lims’.

(15) If sis convergent and is convergent, then lifs+ S| = |lims+lim §].

(16) If sis convergent and is convergent, then lim+s = lims+ limg'.
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(17) If sis convergent, thens is convergent.
(18) If sis convergent, then lifns) =r-lims.
(19) If sis convergent, then linns| =|r|-|limg.
(20) If sis convergent, then lims =T - lims.

(21) If sis convergent, thersis convergent.

(22) If sis convergent, then lifa-s) = —lims.
(23) If sis convergent, then lifa-s| = |lim g|.
(24) If sis convergent, then limrs = —limss.

(25) If sis convergent and is convergent, thea— < is convergent.
(26) If sis convergent and is convergent, then ligs—s') = lims—Ilims.

(27) If sis convergent and is convergent, then lins—s| = |lims—lims/|.

(28) If sis convergent and is convergent, then lim—s = lims— lim§s'.

Let us note that every complex sequence which is convergent is also bounded.
One can check that every complex sequence which is non bounded is also hon convergent.
We now state a number of propositions:

(29) If sis a convergent complex sequence dnid a convergent complex sequence, thehnis
convergent.

(30) If sis a convergent complex sequence &hds a convergent complex sequence, then
lim(ss)=Ilims-lims.

(31) If sis convergent and is convergent, then lifs S| = |limg| - |lim §].

(32) Ifsis convergent and is convergent, then lirmg = lims- lims'.

(33) If sis convergent, then if lim # O¢, then there exista such that for everyn such that
n<m holdsm < |s(m)|.

(34) If sis convergent and lire# Oc andsis non-zero, thes™ is convergent.

(35) If sis convergent and lim+# O andsis non-zero, then lifs ™) = (lims) 2.

(36) If sis convergent and lim+# Oc andsis non-zero, then lifs™1| = |limg/~L.

(37) If sis convergent and lim+ Oc andsis non-zero, then lins= = Tims 1.

(38) If §'is convergent andis convergent and lim+£ Oc andsis non-zero, thes'/sis conver-
gent.

(39) If &' is convergent and is convergent and lim# O¢ ands is non-zero, then lirfs'/s) =
lims

(40) If ' is convergent and is convergent and lim=# Oc ands is non-zero, then ling /s =
|lims/|
[lims| *

(41) If S is convergent and is convergent and lim## Oc ands is non-zero, then ling'/s =
limg
lims

(42) If sis convergent ang; is bounded and lim= O¢, thens g is convergent.
(43) If sis convergent ang; is bounded and lim= Oc, then lim(s ) = O¢.
(44) If sis convergent ang; is bounded and lim= Oc, then lim|s g | = 0.

(45) If sis convergent ang; is bounded and lirm= O¢, then limsg = Oc.
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